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Preface

IME DELAYS are ubiquitous in control applications. They represent mass and heat transport phenomena,
T computation and communication time lags, many effects of unmodeled high-frequency dynamics, et
cetera. Dynamics of continuous-time systems involving delays are intrinsically infinite dimensional, which
complicates their analysis and associated control design methods. In many situations, delays have negative
effects on the stability of control systems and impose severe limitations on their attainable performance.
These factors suggest that understanding time-delay systems and corresponding control analysis and design
methods is of vital importance.

These notes are intended to be an introduction to the realm of time-delay control systems. Their main
emphasis is laid on the linear time-invariant (LTI) setting and input and/or output delays. The reason
is twofold. First, this class, dubbed dead-time systems, is of great importance in applications, where a
major harm is caused by loop delays. Second, these systems constitute the best understood class of time-
delay systems, with plenty of rigorous, yet still transparent and intuitive, analysis and design methods
available. Therefore, dead-time systems are a convenient class of time-delay systems, on which concepts
can be explained without the need to dig into overly convoluted technicalities. Still, many ideas behind the
studied systems are generic and extendable to more general settings.

Two aspects of the control of time-delay systems are highlighted throughout the text. The first one is
prominence given to dead-time compensation (DTC) methods as the control architecture in the context of
time-delay systems. I am convinced—and hope that the text conveys this opinion—that DTC is intrinsic to
delayed dynamics and is a natural extension of classical concepts of state feedback and state observation. As
such, quite a lot of space is devoted to motivating the DTC structure, its use in various control and estimation
problems, as well as to related implementation issues. The second peculiarity is that the presentation is
not dominated by stability analyses. Stability requirements comprise a compulsory part of requirements to
control systems, of course. But the stabilization is hardly ever the ultimate goal of control design. Control is
about imposing desired behaviors on controlled systems, reducing the sensitivity to disturbances on them,
and so on. These aspects are extensively discussed in the notes.

This is an engineering text, so first and foremost it aims at developing an engineering insight into the
impact of delays on control systems and at exploiting the structure of the delay element in various analysis
and design situations. As a result—whether this is a welcome outcome or not depends on viewpoint—the
notes are less concerned with such apparently fascinating issues as associated initial value problems, the
smoothness of solutions, clustering closed-loop poles for systems with multiple incommensurate delays,
and so on. Also, the math is not always self contained, some technical results are presented without proofs.
Nonetheless, reasonable levels of rigorousness and self-containment are endeavored (although with only a
partial success).

Haifa (32.7746,35.0230) LeoNID MIRKIN
October, 2019
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Nomenclature

N set of positive integers (natural numbers)

Z set of integers

/4 set of nonnegative integers

Z_ set of non-positive integers, Z_ = Z \ N

Zi, i, integer interval from i; to and including iy, i.e. Z;, ;, :=={i € Z | i; <i < iy}
R set of real numbers, R = (—oc0, 00)

R4 set of nonnegative real numbers, Ry = [0, 00)

R_ set of non-positive real numbers, R_ = (o0, 0]

jR set of pure imaginary numbers

C set of complex numbers

Rez the real part of z € C

Imz the imaginary part of z € C

C, open right half-plain, to the right of « € R, i.e. C, :={z € C|Rez > «a}
Cq closed right half-plain, to the right of & € R, i.e. Co := {z € C |Rez > a}
T unit circle, T :={z € C | |z| = 1}

D interior of T (open unit disk), D :={z € C | |z] < 1}

D closed unit disk, D:={z € C||z| <1} =DUT

F generic field, frequently used as an alias of either R or C

cPrm(I) class of continuous functions I — F7*” for I C R (it is denoted C?(I) if m = 1 and C(I)
if the dimensions are irrelevant or clear from the context)

L5*m(T) Lebesgue space of square integrable functions I — F#*™ (or L,(I))

L5X™(R)  space of square integrable functions R — F#*™ vanishing in R \ R (or L4 (R))
LEX™(R) space of square integrable functions R — 7> vanishing in R \ R_ (or L,_(R))
£5>m™(T) space of square summable functions I — F?>*™ for I C Z (or £,(I))

£5X™(Z)  space of square summable functions Z — 7™ vanishing in Z \ Z (or {»{(Z))
£2X™(Z)  space of square summable functions Z — [F#*™ vanishing in Z (or £,—(Z))

LP>m™(T) space of absolute integrable functions I — F#*™ (or L;(I))

L™ (I) space of essentially bounded functions I — F#*™ (or Ly (1))

HZX™(A) Hardy space of holomorphic and bounded functions A — [#* for some A C C (or Hwo)

X; finite-window history of x at time 7, X;(s) = x(¢t + s) for all s € [—7, 0] and some 7 > 0

ix



11 indicator of either asetll C R, 11(¢) = (1) ioftltlefvgise’ orll C Z, g[t] = (1) i)ftliefvgise

1 unit step, either 1:= Tg, or 1:= 1z,

8 either Dirac (in the continuous time) or Kronecker (in the discrete time) delta
e the ith standard basis in F"; ¢ := [1 0 0 -+~ 0], ep:=[0 10 --- 0], etcetera

I n x n identity matrix (just / if the dimension is irrelevant)

M’ transpose of a matrix M € R / complex-conjugate transpose of a matrix M € C**™

Ai(M) ith eigenvalue of a matrix M € """

spec(M) spectrum of a matrix M € [F"*", i.e. the set of all its eigenvalues
o(M) spectral radius of a matrix M € F™", p(M) = max{|[A{(M)|, ..., |A.(M)|}
Amin(M) the minimum eigenvalue of a symmetric matrix M = M’ € F™*"

Amax(M)  the maximum eigenvalue of a symmetric matrix M = M’ € F"*"

o(M) the maximum singular value of a matrix M € F#*™
a(M) the minimum singular value of a matrix M € 7>
tr(M) trace of a matrix M € F" tr(M) = > 7_,mi; = Y r_ Ai(M)
| M || spectral norm of M € F™™ | M ||? :== p(M'M) = p(MM')
| M| Frobenius norm of M € F™™ ||M |2 := tr(M'M) = tr(MM") = Y/, > 7 Imi; |?
M, 0
diag{M;}  block-diagonal matrix with M; on its diagonal, i.e. diag{M;} := :
0 My,
Csigna signof a € R, ie.signa = 1ifa > 0,signa = —1 ifa < 0,and signa = 0ifa =0

deg P(s) degree of a polynomial P (s)

lef left coprime factorization over Hoo, like G = M~'N

ref right coprime factorization over Hyo, like G = NM ™!

F1(G, R) lower linear fractional transformation, 7(G, R) = G1; + G12R(I — G2, R)"'Gy,
Fu(G,R)  upper linear fractional transformation, (G, R) = G2, + Go1 R(I — G11R) 1G5
Fi(G.G1y) Gi2(I — G11G2)'G1a :|

GG Redheffer star product, G « G = | ~ . ~
Ga1(I — G22G11)” G2 Fu(G, G22)



Chapter 1

Systems with Time Delays

ATENCY is an intrinsic part of mass and information transfer. After all, no mass / information can travel

faster than the speed of light. Information processing takes time as well. Hence, every control system
should take potential latency into account. This chapter introduces the delay element, which is the basic
module describing latency, and discusses its fundamental properties, in both continuous and discrete times,
and effects on finite-dimensional dynamics.

1.1 Delay elements and their dynamics

1.1.1 Delay in discrete time

Although we are mostly concerned with continuous-time systems, throughout this text we occasionally use
their discrete-time counterparts to gain insight into underlying ideas. This is because the dynamics of the
delay element are more conventional in discrete time, which facilitates grasping ideas without the need to
dig into advanced mathematical notions.

With this logic in mind, we start with defining the discrete-time delay element as a system D, : u > y,
acting as

y[t] = ult — 1] ie. R TR B i (1.1)

for some 7 € N, called the delay, and all u : Z — R™. This is an ordinary linear shift-invariant (LSI)
causal system, whose impulse response d.[t] = §[t — t]/,, and the (vm)-order transfer function, which is
the z-transform of d,

0 I, - 0]0
Dr(Z)ZZ_r]mZ 0 0 - I,|0 |- (1.2)
‘ 0 0 0 |In

I, 0 0 0|0
The chosen state-space realization above is in the canonical companion form and is one of many possibil-
ities, of course. Another route to end up with this realization is to construct the state vector of D, first.
This can be done via the interpretation of the state vector as a memory accumulator. It is readily seen that
given an arbitrary time instance ¢ > 0, the knowledge of u[t + s] for all s € Z_,__; is what we need to
determine the present and future values of y given the inputs from ¢ on. The (vm)-dimensional vector

ult — 1]
x[t] := : (1.3)
ult —1]

1



is thus a logical candidate for the state vector of D,. Under this choice, the state propagation equation
becomes

0/, - 0 0
5. x[t+1] = 0 0 ['m x[t] + 0 uft] (1.4)
o0 --- 0 1,
yiel=[1In 0 -+ 0]x[r]

and agrees with (1.2). As a matter of fact, the observability matrix of this realization equals /., and its
controllability matrix is the block-exchange matrix with m-dimensional blocks. Hence, realization (1.4)
is minimal. If the delay element is not assumed to be in its zero equilibrium at # = 0, a nonzero initial
condition x[0], which is the history of its inputs in Z_,__;, can be introduced.

The delay element D, is £,(Z )-stable. This follows by the fact that all poles of its transfer function
in (1.2) are at the origin, i.e. in the open unit disk D. Another way to see that is via the readily verifiable
relation || D ul|, = |lu||2, which holds for all u € £5(Z ).

Remark 1.1 (varying delays). A natural generalization of D, is the varying delay element D}, which acts
as y[t] = u[t — t[t]] for a function t[¢] > 0. This system is substantially knottier than the constant delay
element, even its dimension varies from step to step. Another, somewhat surprising, fact is that D,[;) might
be ¢,(Z +)-unstable for some t[¢]. For example, if t[¢t] = ¢, then we have that y[t] = u[0] for all t € Z .
So the choice of u[t] = §[¢t], which is an £,(Z +)-signal, results in y[t] = 1[¢t], which is not. Yet it can
be shown that Er[,] is £5(Z +)-stable if t[t] is uniformly bounded, say by T € N, with its induced norm
upperbounded by +/1 + 7 > 1 then. \Y%

1.1.2 Delay in continuous time

The continuous-time delay element D, : u > y is similar to its discrete-time counterpart from (1.1). It is
defined as

y(t)=u( —r1) ie. DR - = (1.5)
for some constant delay v > 0 and all # : Ry — R™. The similarity is not complete though. System (1.5)
is more complex than that in (1.1), chiefly because the former is infinite dimensional.

Remember that the dimension of a dynamic system is the size of its minimal possible state vector, its
smallest history accumulator. For the system in (1.5) the history, required to continue from a given time
point . > 0, is clearly the whole trajectory of u in the time interval [z, — 7, £.]. Indeed, this is exactly what
we need to calculate y(¢) for ¢t € [tc, . 4+ t]. In other words, given an arbitrary time instance ¢ > 0, we
have to know the function i, : [—t, 0] — R™ such that

u(s) =u+s), Vsel[-10], (1.6)

to determine the present and future values of y given the inputs from ¢ on. This is a perfect analogy with
the discrete delay. Yet there is a qualitative difference between the discrete- and continuous-time cases.
The set of all discrete m-dimensional functions over the finite interval Z_, _; is a finite-dimensional linear
space, after all it is equivalent to the set of all Tm-dimensional vectors, cf. (1.3). Unlike this, the set of all
continuous-time functions over the finite interval [—t, 0] is an infinite-dimensional linear space, because
the number of linearly independent functions is unbounded there'. Hence, the continuous-time D in (1.5)
is an infinite-dimensional system. Its state is i, defined by (1.6). But writing down corresponding state
equations would require advanced technical tools, which goes beyond the scope of these notes.

!For example, the functions f; () := eJ27*/7 are linearly independent for all i € Z .
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Fig. 1.1: Frequency response plots of the continuous-time delay element

B If not stated otherwise, we assume that the initial conditions for (1.5) are zero, i.e. 11g = 0. In this case
D actually equals the shift operator S; defines by (B.2). The delay element is LT7 and stable. Indeed,

[De (o + Bu)l(t) = (eu + v)(t — 1) = au(t — 1) + fv(t — 1) = a(Du)(1) + B(Dv) (1)

for all constants o and # and inputs u and v, which implies linearity. Because DSy = S;49 = Sy D:, we
have time invariance. And L, (R )-stability follows, similarly to the discrete-time case, from the fact that
| Doull2 = |ull, for all u € L,(R4). The delay element is obviously causal and its impulse response is

d.(t) = 8([ =),

where m is the dimension of u(¢) and y (). Thus, D, can be analyzed in transformed domains, like Fourier
and Laplace.
The transfer function of D, is
D.(s) := &{d,;} = e *°I,,. (1.7)

It is a non-rational function of s, which is yet another indication that the continuous-time delay element is

an infinite-dimensional system. The function e~** is an entire function of s (i.e. holomorphic in the whole

©). It is also bounded in every right-half plane C, := {s € C | Res > a},as |[e™™| <e ™ forall s € C,

and © > 0. Hence, the transfer function D, € H,, which is the set of all holomorphic and bounded

functions in C,. This is yet another proof that the continuous-time delay element is L,-stable and causal.
The frequency response of the delay element is

D.(jo) 1= F{d.} = eI, (1.8)
In the scalar case, m = 1, its magnitude and phase are quite simple:
|ID.(jw)] =1 and arg D.(jw) = —tw. (1.9)

Thus, the frequency response magnitude of the delay element is unit for all frequencies and its phase is
a linearly decreasing function of w, i.e. the delay element adds a phase lag growing linearly with the fre-
quency. The Bode, Nyquist, and Nichols plots of D, are presented in Fig. 1.1. Expressions (1.9) facilitate
the analysis of time-delay systems in the frequency domain, making it in some cases rather intuitive and
substantially simpler than the analysis in the time domain.

Remark 1.2 (varying delays). Like in the discrete-time case, we can generalize D, as the varying delay
element 5,(,), which acts as y(¢) = u(t—t(¢)) for some function 7(¢) > 0. Curiously, this system might be
L, (R4 )-unstable even if |t(¢)| < T for all t € R4 and an arbitrary upper bound 7 > 0 (consider finding an
example of such a delay function as a homework assignment). A yet more general situation is if the delay
depends not only on time, but also on its input, so that y(#) = u(t — t(¢,u(¢))). Such a delay element,
5,0),“, is nonlinear and its properties are yet more involved. \Y



(a) Sensing in rolling mill (b) Actuating via conveyor belt

Fig. 1.2: Examples of systems with sensing and actuating delays

1.2 Interactions of delays with other dynamics

One seldom faces processes containing the delay element alone. In most situations delays interact with
other dynamic processes. In this section some of such interactions are studied. For the sake of simplicity,
we mostly consider systems with a single and constant delay, which simplifies their analysis. Remarks on
multiple-delay systems and time-varying delays will be provided mostly to highlight potential differences.

1.2.1 Input and output delays

Arguably, the principal source of delays in feedback control applications are delays arising in the “control
pass,” i.e. in transferring information between the sensor and the actuator ends of the controller. These are

sensing delays, like that in measuring the thickness of a metal strip in rolling mills, see Fig. 1.2(a), where
X-ray gauge measurements are on a distance, say d , from the roll gap and have access to measurements
only t = d/v time units after the rolls, where v is the velocity of the exist strip;

actuation delays, like that in the conveyor belt in Fig. 1.2(b), where a material through which some process
is affected can reach the process only after T = //v time units after injecting into the system, where /
is the length of the conveyor pass and v is its velocity;

communication delays, which are more and more common in light of the trend to distribute information
acquisition and processing, with the use of communication networks to exchange local information
between various components of control systems;

computational delays, which are inevitable if controllers are implemented on digital computers;

et cetera. From the plant modeling viewpoint, such delays can be viewed as input and/or output delays,
that is delays connected in series with a controlled plant. A good collection of examples of systems with
input / output delays arising in various, mostly process control, applications can be found in [53].

Let a plant P be LTI and input and output delays be uniform, say all input channels are delayed by the
same 7, > 0 and all output channels are delayed the same by 7, > 0. This yields D, PD, as the new
plant. By the very time invariance, Ery PD,, = Pﬁtyﬂu, meaning that without loss of generality we may
regard such systems as input delay systems PD, with the transfer function

Pr(s) = P(s)e™ ™, (1.10)

where t = 15, + 1,,. Systems of form (1.10) are known as dead-time systems.

Although P; is infinite dimensional, its properties are relatively intuitive. The impulse response of P
is p.(t) = p(t — 1), by definition, with support in [z, c0). The addition of the delay element does not alter
stability properties of the delay-free P. As e~ is an H, function, it does not add any instability. In fact,
it does not introduce additional poles, because it is entire. Moreover, e~ ** # 0 for all s € C, so it cannot
cancel poles of P(s).
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To gain insight into the state space structure of P, consider its discrete-time counterpart, whose transfer
function is P;(z) = P(z)z~*. This is a finite-dimensional system, provided of course P is finite dimen-
sional itself, and its state-space realization can be derived from those of P(z) = D + C(zI — A)~'B and
the discrete delay element in (1.2) using (B.25) on p. 169:

A'B 0 --- 0]0

I, --- B

R 0:0 I --- 010

Al B - T O

Pr(Z)Z[?’F] 0 0 I, 0 = 00 O I‘ O . (1.11)

0 0 -+ 0|l 00 o ols

| "
fm 00070 | C:D 0 0 0|0 |

The state vector of this system is the union of states of its components and includes thus both the state
of P and the history of the input signal over the last t steps, cf. (1.3). Following this logic, the state of
the continuous-time input-delay system P, with the transfer function as in (1.10), at a time instance ¢ is
(xp(t), 1) € R* x {[—7,0] — R™}, i.e. it comprises both the state xp of the delay-free P and the history
of the input signal over the time interval [t — 7, ¢]. The space of all such states is infinite dimensional.
In the SISO case the frequency response of P, can be easily derived from that of P. It follows from
(1.9) that
|P:(jw)| = |P(jw)| and arg P.(jw) = arg P(jw) — tw. (1.12)

In other words, the addition of the delay element does not alter the magnitude and adds extra phase lag,
proportional to the frequency. These properties facilitate the construction of frequency-response plots of
input-delay systems from those of their delay-free versions, see Fig. 1.3. Specifically, the Bode magnitude
plot remains unchanged and its phase part shifts downward by T as shown in Fig. 1.3(a). Each point of
the Nyquist plot of P(jw) rotates clockwise, with the rotation angle increasing with the frequency. This
normally results in spiral curves, like that in Fig. 1.3(b). Each point of the Nichols plot shifts leftward, see
Fig. 1.3(c), by a distance increasing with the frequency.

Remark 1.3 (multiple delays). It may happen that different input and / or output channels of P have different
delays. For example, if a thickness profile of the strip in the rolling mill system in Fig. 1.2(a) is controlled,
then several points at different depths of the strip should be measured. Such sensors are normally located at
different distances from the roll gap as well, causing different measurement delays. General multiple input
and output delays can be described in the block-diagonal form diag{lsru. ;} and diag{ﬁry. .}, respectively,
for some 7,,; > 0 and 7,; > 0 and all relevant channel indices i. Such delay elements are still stable
and do not alter stability properties and pole locations of the plant. At the same time, diagonal delays no



longer commute with the plant, unless the latter is block-diagonal itself. This non-trivially complicates the
analysis of such systems. \Y%

Remark 1.4 (distributed delays). A yet more general description of the interconnection of delays and other
dynamics is in the distributed-delay. An example of such a delay element is the system u + y acting as

y(t) = /Oroz(s)u(t —s)ds = /t a(t —s)u(s)ds (1.13)

for some (generalized) function « : [0, ] — R?*™. This definition appears natural, as the integral can be
seen as a weighted sum of delays in the range [0, 7] and standard lumped delays can be produced by Dirac
delta components of «. However, this definition is also somewhat confusing. Indeed, by this logic any
causal convolution as in (B.3) is a distributed-delay system. For example, think of the case where t — oo
and a(t) = e ' 1(¢) for some a > 0. This yields ordinary first-order dynamics, whose treatment as a
distributed-delay system would only complicate matters. Therefore, the term “distributed delay” is barely
used throughout this text. When a system of form (1.13) with a finite t arises, it is referred to as an FIR
(finite impulse response) system. This is because (1.13) is a convolution representation of an LTI system,
whose impulse response has support over a finite time interval [0, t]. \Y%

Remark 1.5 (varying delays). It may be safe to claim that constant lags are not widespread in applications.
For example, if the strip velocity in the rolling mill system in Fig. 1.2(a) / the belt velocity in the conveyor
actuator in Fig. 1.2(b) varies, then the corresponding measurement / actuation delay varies with time. In
many cases such variations are small, so a constant-delay assumption is adequate. Still, there are appli-
cations, like networked control, where delay variations cannot be neglected. Properties of systems with
time-varying delays might be less intuitive than those with constant delays. As an illustration, note that

/ p(t —s)u(s —1(s))ds # / pt—t(t)—s)u(s)ds
Ry Ry

in general. Hence, the effect of an input delay 7(¢) is not equivalent to that of the same output delay and
vice versa. In fact, it might even happen that there is no equivalent output delay for a given non-constant
input delay. Such issues render the analysis of systems with varying delays substantially more involved
than that of systems with constant delays. \Y%

Delays as a compact modeling tool

In some situations input delays are used as a convenient modeling tool to represent high-order dynamics
in a concise manner, with fewer parameters. Typical examples, omnipresent in process control, are first-
order-plus-time-delay (FOPTD) and second-order-plus-time-delay (SOPTD) models, which comprise first-
or second-order dynamics connected in series with a delay element. Such models are sufficiently rich to
reflect complex dynamical phenomena with monotonic responses, while have only three or four parameters,
viz. the static gain, time constant(s), and the delay, to identify.

To provide a flavor of this approach, consider a plant P, with the transfer function of the form

Pu(s) = (s + 1)

for a large enough n € N. This kind of model can describe n identical tanks, modeled as “flow — level”
systems, connected in series; a queue of n vehicles, modeled as integrators (“‘velocity + position™) and
whose control signals are proportional to the position mismatch between the current and the next vehicle;
et cetera. The frequency response of such a system has monotonically decreasing gain and phase, with a
large phase lag at high frequencies. It can then be beneficial to approximate these dynamics by lower-order
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Fig. 1.4: Step response of P, and its second-order-plus-time-delay (SOPTD) approximation P,

ones connected in series with a delay element to account for the high-frequency phase lag. For example,
for n = 5 and n = 8 the SOPTD approximations

e—l.7236s e—3.8451s

P - d P = A 1 e 1 12
S,T(s) (16875S + 1)2 an S’T(S) (21626S + 1)2

fit the step responses of the plant reasonably well, see Fig. 1.4.

1.2.2 Internal delays

In some systems delays arise not as a result of control path latency, but rather in connection with internal
interactions. To illustrate this phenomenon, consider a process described by the one-dimensional wave
equation

Pw(x.1)  ,%w(x,1)

oz T ax?
where w is a physical variable of interest evolving both in time # and in space x, ¢ > 0 is the speed of
wave propagation in the medium, and L > 0 is the medium length. This kind of equations can describe a
number of processes propagating in one-dimensional media, like acoustic waves in a duct, vibrations of a
string, torsion of a rod, electrical transmission lines, et cetera. They vary in the nature of their excitation
and interaction with the surrounding environment, which may be lumped (i.e. via boundary conditions) or
distributed. Throughout this section we assume the former kind, which is simpler, of a type motivated by
acoustic waves in a cylindrical duct, see [9] and the references therein for details. In this case dw/dt and
—poc?0w/dx, where py is the air density, are the velocity and pressure of the air in a duct.
Assume that the system is excited only at x = 0 via the boundary condition

forO<x < Landt >0, (1.14)

ow(0, 1)

o = u() (1.15)

for some exogenous signal u. Assume also that the other end, that at x = L, is passively connected to the
environment and the interaction of waves in the medium with its surrounding at x = L is characterized as

w5 el D) (1.16)

—cZ
¢ ax  lx=L o1

for some end impedance operator Z;, where Z,, = poc > 0 is the impedance of the free propagation
in the medium. The zero boundary impedance, Z; = 0, corresponds to an open duct, for which the end
pressure is zero. The infinite impedance Z; = oo implies that the velocity at the end is zero, which may
correspond to a sealed duct. The waves simply reflect in this case. If Z; = Zy,, then we effectively have
a semi-infinite duct, with waves totally transmitted. The end impedance need not be constant. In more
realistic models Z; is a dynamic system, frequently LTI, whose transfer function is positive real, i.e. such
that Z; (s) > 0 for all s € Cy. It is not uncommon to have Z; (0) = 0 and Z; (00) = Zn,.
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The relation between u and w can be derived by taking the Laplace transform of (1.14) with respect to ¢,
which results in the ordinary differential equation ¢292 W (x, s) = s>W(x, s) with the boundary conditions
sW(0,s) = U(s) and sZ (s)W(L,s) + ¢ ZmdxW(L,s) = 0, where d, f := df/dx and 92 f := 9° f/dx>.
The solution to this ODE is

Wix,s) | _ 0 1 W(0,s) | | cosh(sx/c)/s csinh(sx/c)/s U(s)
[ 0. W(x.s) ] - eXp([ s2/c? 0 } x) [ 3, W (0, 5) ] - [ sinh(sx/c)/c  cosh(sx/c) ] [ 3, W (0, 5) ] ’
where d, f(0, ¢) is meant for dy f(x, ?)|x=¢. The second boundary condition reads then

cosh(sL/c)/s csinh(sL/c)/s U(s) _
[sZ16) CZm][sinh(sL/c)/c cosh(sL/c) ”axW(o,s)} =90

which is solved by ¢d, W (0, s) = Vo(s)U(s), where

1 + R(s)e 2L/ Z1(s) — Znm

|4 = — for R =+ 7
0(s) 1= R(s)e—2@/ars " =200+ Zn

(1.17)

The parameter R(s) is known the reflectance of the system at its end. If Z; (s) is positive real, then we
have that |R(s)| < 1 for all s € C¢ and the equality holds iff Z; (s) = 0 (think of it as Tustin’s transform
of —Z1 /Zy). This is an important property of the considered system. Thus, we have that

sWi(x,s) T _ [ cosh(sx/c) sinh(sx/c) 1
|:CaxW(x,S) ] N [ sinh(sx/c) cosh(sx/c) :| [ Vo(s) ] U(s). (1.18)

If we are interested in the effect of u on the pressure p, = —cZ,0,w at the very point x = 0 of its
application, then the transfer function of the system Gq : u +— po is

1+ R(s)e™ ™

Go(s) = —Vo(8)Zm = T-R(s)e =

Zm, (1.19)
where t := 2L/c > 0 is the time that takes a wave to travel to the end of the medium and back. This
transfer function includes a delay element as its internal part, which renders Gg(s) substantially more
tangled than R. It might not be easy even to derive a closed-form impulse response of this system. This
is possible in some special cases, for example for R(s) = —1 the impulse response is the impulse train
go(t) =6(t) —28(t —t) +28(t —271) —28(t — 37) + - - -, cf. (B.4). Also, the Bode plots of the frequency-
response Go(jw), shown in Fig. 1.5 for two different simple R(s), exhibit a rich behavior, with numerous
resonances, even though only a few parameters are required to model this system. Moreover, not for every



Fig. 1.6: Block-diagrams of G, whose transfer function is given by (1.21)

stable R this Gy is stable. For example, the system with R(s) = —1, whose frequency response is depicted
in Fig. 1.5(b), is unstable (stability issues in delay systems are discussed in Chapter 2).
Another complication is the location of poles of G(s). They are among the roots of the function

X<(s) = MR(s) — Nr(s)e™™, (1.20)

where Ng(s) and Mg (s) the numerator and denominator polynomials of R(s), assuming the latter is ra-
tional. This y.(s) is not a polynomial in s as it contains the transcendental term e~ **. Such functions are
known as quasi-polynomials. In order to provide a flavor of difficulties associated with analyzing its roots,
consider two simple cases with reflectances from Fig. 1.5. For R(s) = —1 we have y.(s) = 1 + e ** and
every s; = j(2i + 1)z/t,i € Z, as its root. In other words, this y.(s) has infinitely many roots. This is
typical to quasi-polynomials. Not quite typical is the possibility to have these roots analytically. In fact,
this possibility is essentially limited to the case when both Ng(s) and Mg(s) are constants. For example,
if R(s) = —1/(2s + 1), as in Fig. 1.5(a), then (1.20) reads y.(s) = 2s + 1 4+ e~ ™ and its roots cannot be
expressed analytically. Nevertheless, some of its modal properties can be analyzed. For example, because
the equality |25 + 1| = |e~*°| must hold true at every root of this y.(s), we can conclude there are no roots
in the closed right-half plane C,. This is because |25 + 1| > 1 at all points there except the origin, whereas
le=™| < 1 for s € Co. A simple check yields then that y.(0) = 2 # 0 in this case. More details about
properties of quasi-polynomials are presented in Section 2.1.

Yet more complex dynamics connect the exogenous input u with the pressure p, at internal points
x € (0, L). The transfer function of the system Gy : u — p,, which is derived from (1.18), is

e + R(s)e ™™

Gx(s) = 1 — R(s)e—(fl-i-rz)s

i~ (1.21)

where 7, := x/c and 1, := (2L — x)/c are the times that take the original and reflected wave to reach the
given x. Two alternative block-diagram representations of this system are presented in Fig. 1.6. Note that
if the reflectance is zero, R(s) = 0, implying that the end impedance matches that of medium, then this
system reduces to the scaled delay element D, Zy,.

1.2.3 General interconnections

In light of the proliferation of interconnection configurations of the delay element(s) with finite-dimen-
sional dynamics, it may be convenient to have a unified representation of systems involving delays. A
possible choice for such a representation is presented in Fig. 1.7, where D, is the m, x m, delay element

and
G G
G — Zw Zu ]
|: Gyw Gyu
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Fig. 1.7: General single-delay interconnection for P; : u > y

is a finite-dimensional, i.e. delay-free, system. This is an upper linear-fractional transformation F,(G, D)
of the type discussed in §A.3. It defines the system (plant)

P, = fu(G7 51) = Gyu + Gywﬁr(l - szﬁr)_leu'

All single-delay systems studied so far can be viewed as particular cases of this setup for an appropriate
choice of G. The dead-time system as in (1.10) corresponds to

01
G = Ginpa := [P o] (1.22)

and the wave equation with the transfer function (1.19) corresponds to

(1.23)

R Z
G = Gwave,O = |: m :|

2R Zm

Note that having a nilpotent “G,,” part implies that the dependence of P on the delay is affine (or linear, if
Dy, = 0 as well). The choice of G producing a given P; is actually non-unique. Because DM = M D,

for every time-invariant M, systems can be moved from the “z” to “w” channel without affecting the

operator P,. In other words, if there is a multiplier M such that G,,, = G, M and Gyw = Gwa , then

[ G Gu |[M O M 0[] G Gou ] . A
o=lGanllv 7] - [V 7][& 6ul=0
and thus

Fu(G, D) =

QzQx
E

@NQ
S =
1
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S
~ o
1
b|
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~—
—

= Fu
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Qle
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S =
1
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N———"
|
Iy
~—
—
o X
~ o
1

regardless of M. This transformation can always be carried out for a square and nonsingular M. In some
situations it is also possible to use non-invertible and even non-square multiplies, which might help in
reducing problem dimensions as is seen in the example below.

Example 1.1. Let

G(s) =

oS = O O
—_ Ol =

11;
11
00
00

—_
e
e
e
e
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which interacts with a 2 x 2 delay element D,. Taking M = [1 1], the system can be equivalently
generated by

interacting with a scalar delay, which is a more economical description. \Y%

Remark 1.6 (multiple delays). Systems with multiple delays can also be presented in the form of Fig. 1.7.
It is only required to replace the single-delay operator D, with its block-diagonal counterpart diag{ Dy, }.
For instance, the wave equation with the transfer function (1.21) can be expressed in this form by removing
all three delay blocks at the block-diagram in Fig. 1.6(b) and connecting the inputs (wy, w,, w3, u) with the
outputs (21, 22,23, y) for y = py,

01 0{Zn
ROO:O0
- G = Gyavex := __()___]__(_)_E_Z_n}_ (124)
0RO
and taking diag{D-,, D, } as its delay element, where D, is scalar and D, is 2 x 2. v

The separation of delay-free and delayed parts is conceptually appealing. It facilitates manipulating
time-delay systems. For example, closing a feedback loop between y and u of the form

u=R(y+v)

for some delay-free “controller” R and a “reference signal” v results in the the same configuration, just
now with a different, yet still delay-free, “G” part and v instead of u. For example, for a dead-time system
with G as in (1.22) we end up with

(1.25)

G=GPR:=[RP R]’

P 0
which can be verified by simple signal tracing (z = R(y + v) = RPw + Rv). This Gpg has a nonzero
“G,yw” part, meaning that it is no longer a system with input delay. The separation in Fig. 1.7 is also
convenient in numerical simulations (this is how delay systems are implemented in MATLAB, as a matter
of fact), since standard tools can be used for the finite-dimensional part and all infinite-dimensionality is
concentrated in the relatively simple pure delay element. For example, simulating Fy(Gwave.0. D<) may be
easier than that of the corresponding wave PDE.

The separation of the delay element from the delay-free dynamics also facilitates the use of convenient
state-space machinery in analyzing time-delay systems. Bring in a minimal state-space realization of the
transfer function

= | C, | Dow Duu |- (1.26)

G(S) — |:sz(~9) GZM(S) i|

Gyuw(s) Gyu(s)
This transfer function defines the following time-domain relation:

x(t) = Ax(t) + Byw(t) + Byu(t)
G q2(1) = Cox(1) + Dzyw(t) + Dyu(r)
y(1) = Cyx(t) + Dyww(t) + Dyyu(?)
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These equations should be complemented by the delayed relation w(¢) = z(¢ — 1), resulting in

X(l) _ A By X(l) B,
|:Z(t):|_|:cz Dzwi||:Z([_T)1|+|:Dzui|u(t)
P, (1.27)

y(@)=[Cy Dy ] |:Z(;C(_t)r) ] + Dy u(1)
describing the mapping P; : u — y. Equations of this kind are known as delay-differential equations
(DDEs), aka differential-difference equation, which are a subclass of functional-differential equations.
The “x” part of its propagation is governed by a differential equation and the “z” part is governed by a
delay (difference) equation. Equation (1.27) is a general single-delay DDE. Its state at every time instance
t > 0 comprises the state x(z) of G and the whole time history of z over the interval [t — t,¢] (c.f. the
discussion in §1.1.2), i.e. it is (x(¢),Z;) € R" x {[—7,0] — R™}. The transfer function of P; is readily
derived using standard properties of the Laplace transform and assuming zero history in ¢ < 0:

—1
sI —A —Bype™ B
P:(s) =D Cy Dyye™™ v it 1.28
() yu T+ [ y Dywe ] [ —C, I —Dgue™™ ] |: Dy :| ( )

Because e~ " vanishes as Re s — o0, the matrix that is inverted in (1.28) has full normal rank and thus the
inversion is well defined. The function P.(s) above is normally a non-rational function of s. Namely, each
its element is a quotient of quasi-polynomials of a more general form than (1.20) (see §2.1.1 for details).

Remark 1.7. The transfer function (1.28) can be equivalently presented as
-1
s — A —B B
Pf(s):Dy”—l—[Cy Dyw]|: _Cz e™] —uz)zwi| |:Dzuui|, (1‘28/)
which is a more symmetric form of P;(s). However, it is conventional to use e~* in transfer functions
with delay elements and quasi-polynomials, so we proceed with (1.28). \Y%

Form (1.27) of delay-differential equations in is not quite orthodox. Two its special cases frequently
studied in the literature are presented below.

1. If Dy = 0, then the second row of (1.27) reads z(¢) = C,x(t)+ D,u(t). Substituting this expression
to the first row, we end up with the following dynamics:

X(t) = Ax(t) + Ax(t — 1) + Byu(t) + Byu(t — 1) (1.29)

for A, := By C; and B; := By, D;,. This is a conventional form of so-called (single-delay) retarded
DDEs, in which the derivative term does not include delays. Note that its state at a time instance 7 is
still (x(¢),Z;) € R" x {[—t,0] — R™<}, rather than (X;, ;) € {[-7,0] —> R"} x {[-7,0] — R™}.

2. If D,y # 0, but there exists a square matrix E; such that By, D;, = —E; By, (take the lowest rank E,
satisfying it), then pre-multiplying the second row of (1.27) by B,, and using the first row we have:
Byz(t) = ByCyx(t) — EcByz(t — 1) + By Dzyu(t)
= By Cox(t) — Ec(x(1) — Ax(t) — Byu(r)) + By Dzyu(t).

Hence, we end up with the dynamical equation
X))+ Ex(t—1) =Ax(@t) + Ax(t — ) + Byu(t) + BLu(t — 1) (1.30)

for A; := B,C, + E.A and B; := By, D, + E;B,. This is a conventional form of so-called neutral
DDE:s (single-delay, again), in which the derivative term is delayed as well.

Throughout this text the general DDE (1.27) corresponding to the setup in Fig. 1.7 is preferred, partially
by pure aesthetic considerations.
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1.3 Finite-dimensional approximations of the delay element

The continuous-time delay element (1.5) is infinite dimensional and so are its interconnections. To avoid
associated complications, one may consider to approximate the delay element by a finite-dimensional sys-
tem, so that standard methods can be used. Such approximations are addressed in this section.

Remark 1.8 (to approximate, or not to approximate). Before discussing approximations techniques, a brief
disclaimer is in order. One of the central themes of these notes is the exploitation of the structure of the
delay element, especially in various control design problems. Approximating delays by finite-dimensional
systems might damage this structure, rendering the problem in hand less transparent. Approximations are
thus suggested to be used as merely a convenience, e.g. a tool for performing quick initial screening or
simulations. As such, their simplicity and transparency are preferable to accuracy to some extent. \Y%

First, consider perspectives of approximating the pure delay element D, by a stable finite-dimensional
LTI system, say R,. We say that R, approximates D, if the approximation error eg = |D; — R¢|| is
“small,” where ||-|| stands for a system norm of choice. If the H,, norm is chosen as the measure to the
approximation accuracy, then

€R = ”51 — Relloo = sup|5,(ja)) — R (jo)| = Sup|e_jm} — Re(jo)|.
weR weR
Because R.(s) is rational, the argument of its frequency response is bounded and approaches some finite
value as w grows. At the same time, it follows from (1.9) that the phase lag of D.(jw) is unbounded.
Hence, there is an infinite increasing sequence of frequencies, say {w; };en, such that

arg R, (jo;) — arg D, (jor) = 7 + 2mk; > el@gReGon—areDe(on) — _
for some k; € Z. At those frequencies we have that
|51(jwi) — Re(jor)| = |51(le)| + |R:(joi)| = 1+ |R:(joi)|.

Therefore,
e > 1+ sup|R:(jw;)| =1 =|D; =0 co-
ieN
The lower bound eg = 1 above is attained only if |R;(jw;)| = 0 for all i € N. Because R,(s) is rational,
the only possible choice here is R; = 0. In other words, the best finite-dimensional approximation of
D is the zero system. This optimal approximation is useless and effectively implies that any attempt to
approximate the pure delay element in the H,, metric? is futile.

However, we might never need to approximate the delay element over the whole frequency range. In
most engineeringly-motivated control problems only a finite frequency band is of interest, just because re-
alistic processes have finite bandwidths. As the phase lag of D, over any finite frequency range is finite, the
approximation problem in this setting does make sense. A possible approach to that end is to approximate
F D, for a stable low-pass filter ', whose bandwidth defines the frequency range of interest.

There are various approaches to approximate F D, by finite-dimensional systems, see [58, Sec. 6.3]
and the references therein for an overview. Similarly to model order reduction methods for finite-dimen-
sional systems, delay approximation methods can be roughly divided into those oriented on singular value
decompositions and those based on power series expansions of the delay element in the Laplace domain.
The first group has normally built-in stability and performance guarantees and are thus more accurate.
An example is the balanced truncation procedure, popular for finite-dimensional systems and based on
calculating Hankel singular values of the original system and corresponding Schmidt pairs (singular vec-
tors). This approach does extend to systems of the form F D, with calculable Hankel singular values and

2The same conclusion is immediate for approximating D in the A-norm, which is the Leo (R )-induced system norm.
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Schmidt pairs. Yet involved calculations entail transcendental equations and are not quite easy to use, even
in the simplest case of a first-order F(s). For that reason, results based on singular value are far less pop-
ular than those based on power series expansions. The idea there is to truncate a power expansion of e~ %%,
or a function involving it, up to some term and under certain additional (interpolation) constraints. Such
methods are frequently rather easy to implement. On the downside, accuracy and even stability are often
not their natural by-products. For instance, it might appear natural to approximate the transfer function of
D, via the relation
e _ € Ou(ots/2)
e/ On(ts/2)

where the polynomial Q,,(s) := 1 + s + s2/2! + --- + s /n! is the nth order partial sum of the Maclaurin
series of e*. However, this Q,(s) is Hurwitz only for n < 4, which renders this approach quite limited.

1.3.1 Padé approximant of e~**

Perhaps the best known truncation-based approach is to approximate the delay element by its Padé approx-
imant of a given degree. Consider first the general logic of this approach. Let ¢ (s) be a complex function,
analytic in some neighborhood of the origin. A rational function

Pu(s)  pms™ + -+ p15s+ po

R = —
ma®) = o ) T g g 1

is said to be the [m, n]-Padé approximant of ¢ (s) if the first n + m + 1 terms of the Maclaurin series of ¢ (s)
and Ry, ,(s) coincide. In other words, the [m, n]-Padé approximant matches ¢ (s) and its n + m derivatives
ats = 0,i.e.¢@0) = RD() foralli € Zg_,1m. An alternative condition for the Padé approximant,
which is useful for computing the required coefficients g; and p;, is that ¢ (s) — Ryn(s) = O(s™"*1) or,
equivalently,

d(5)0n(s) — Pp(s) = O™ty ass — 0. (1.31)

This Bézout-like identity is solvable iff ¢(s) and —1 are coprime, i.e. have no common roots, which is
obviously always true. Hence, the sought polynomials always exist and are unique. The m + n + 1 free
coefficients of P, (s) and Q,(s) can be selected from (1.31) by the use of the Maclaurin series expansion
of ¢ (s) and zeroing the coefficients of all powers of s from 0 to m + n. The latter procedure can, in turn, be
expressed as the following set of n + m + 1 linear equations (here we assume that n > m, i.e. that R, ,(s)
is proper):

R
T g - O 0 0 0 -1 0 0] @
¢ o 0 0 0:0 —-1- 0 :
E Do Gm
e S N S 0:0 0 - =1 1| gmps
Gm+1. Pm $ $o 0:0 0 - 0 : =0, (1.32)
Do : DT Do : dn
¢n ¢n—1 ¢n—m ¢n—m—1 ¢O E 0 0 0 Po
Do : : S I P
_¢n+m;¢n+m—1 e Py P - ¢m: 0 0 -~ 0 | :
permutated Sylvester matrix L Pm |

where ¢; = ¢@(0)/i! forall i € Z are the coefficients of the Maclaurin expansion of ¢ (s). Thus, all we
need is to solve n linear equations (the last n rows above) in ¢g; and then calculate the coefficients of P, (s)


https://en.wikipedia.org/wiki/Colin_Maclaurin
https://en.wikipedia.org/wiki/Hurwitz_polynomial
https://en.wikipedia.org/wiki/Henri_Pad%C3%A9
https://en.wikipedia.org/wiki/Analytic_function
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from the first m + 1 rows of (1.32). As a matter of fact, those n equations for the coefficients of Q,(s) are
of the form Mg = b for an n x n Toeplitz matrix M. This structure can be exploited to solve the equation
more efficiently.

Our interest is the [n, n]-Padé approximant of e~**. So consider first

[e.¢]

[ele) 1 . '
d)(s) =e' Z—' =: 'Sl.
i=0

=0

The [n, n]-Padé approximant of the transfer function e~ of the delay element D is then obtained by the
substitution s — —ts. Also, although any m < n can be considered, the choice m = n appears natural and
is by far the most common one. Still, arguments below extend to m < n seamlessly. For m = n equality
(1.32) reads

_ . [ 1]
oo 0 - 0:—-1 0 0 S
b o 0'0 —1 0 o
¢¢—1¢000—1 A =0 (1.33)
Gnt1 Pn - $12 0 0 o 0 Po
| P2n Pon—1 - Pt 00 0 | :
| Pn ]
Define
1
£1(1) Vn1(t) V) -+ Y1(2) 0 i
E@) = : = : : : | where ¥; (¢) := =
En () Von(t) Van-1(t) -+ Yn(t) q.n

(so that ¢; = v;(1)). Clearly, the last n rows in the left-hand side of (1.33) are exactly £(1). Hence, the
choice of Q,(s) in the [r, n]-Padé approximant of e is equivalent to the choice of n scalars ¢; such that
£(1) = 0. Two more facts, which follow directly from the definition of v; (¢), are important. First, £(0) = 0
for all ¢;. Second, ¥;(t) = ¥, 11 (¢) for all i € N, so that & (1) = £~ (¢). Thus, we look for a

e polynomial function &,(¢) of order 2n such that £{)(t) = 0att =0and ¢ = 1 foralli € Zy_,;.
All such polynomials can be described as a¢”(# — 1)” for some constant «. Hence, we have the equality

t2n i

E,(1) = @ )'+Z(2n o= "t —1)", Vielol] (1.34)

It follows then by the binomial theorem that « = 1/(2n)! and

2n —i)! ;. @2n—i)!n!
g = (1) (l) ot~ TV @ o o

foralli € Z, ,. Note that an alternative expression for ¢; can be obtained by differentiating (1.34) 2n —i
times at t = 0, to have

gi = n2n l)(O)
It is only left to obtain the coefficients p; from the first 74 1 rows of (1.33). The first row yields po = 1.

By repeating the arguments about the last n rows and taking into account that £ (1) = (—1)'£{?(0), we
have that

pi = £ = (1) EP0) = (~1)'qi, Vi € Zyy.


https://en.wikipedia.org/wiki/Toeplitz_matrix
https://en.wikipedia.org/wiki/Binomial_theorem
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This implies that P,(s) = Q,(—s) and the resulting R, ,(s) is all-pass, in the sense that |R, ,(jw)| = 1
for all w € R.
Summarizing, the [n, n]-Padé approximant of the delay element D, has the transfer function

-5 . On(—15) . " (n 2n —1)! ;
e " & Ryn(ts) = m, where Q,(s) = ;(i )Tn)'s (1.35)

(mind substituting s — —ts to derive the approximant of e~ from that of e*). The five lowest-order
polynomials Q,(s) are

01(s) = 1+,

2

05(s) 1+1+12

s) = -85+ — 57,
2 2° T 12

1 1 1
=1 _ 2 3
0s(s) +2s+10s +120s,

13 1 1
14 22— P —
Qu(s) =T s+ 25 + 575 + 1550

11 1 1 1
14l L BRI ST S SIS
Os() =T+ s+ 355+ 25+ 7008 + 30220°

Two properties of the Padé approximation method are given below without proofs. The first one is
about the stability of R, ,, which should be an essential property of any approximation of D:

Proposition 1.1. The polynomials Q,(s) defined in (1.35) are Hurwitz for all n € N.

The second result provides a simple, yet tight at very low frequencies, upper bound on the approxi-
mation error in the frequency domain. To formulate it, we need the normalized Butterworth polynomials,
which are k-order Hurwitz polynomials By (s) satisfying | Bx (jw)|?> = 1 + 0?*. Fork = 2n + 1

n .
n+1—i
B2n+1(S) = (S + 1)11:!(5‘2 —+ 2COS(WJT>S =+ 1)

and its roots are equidistant on the left unit semi-circle.

Proposition 1.2. The Padé approximant (1.35) satisfies |e ¢ — R, ,(jw)| < 2.02|Hapt1(jw)| for all

w € R, where
(S/wn)Zn-‘rl

Bony1(s/wn)
is the high-pass Butterworth filter, whose cutoff frequency

= (2 w)l/(znﬂ)

T (n1)?

is such that {w,} = {2.8845,4.2823,5.7251,7.1814,8.6435, .. } and lim, e w,/n = 4 /e ~ 1.4715.

Hapyq(s) =

Although the bound of Proposition 1.2 is conservative, it does show that the Padé approximant is accurate
at low frequencies and the approximations accuracy increases with n. These conclusions are intuitive.
Indeed, the equality €™ — R, ,(s) = O(s*>"*!), which defines the method, effectively says that R, ,(s)
interpolates e~ and its 2n derivatives at the origin, i.e. at @ = 0. An immediate consequence of the result
of Proposition 1.2 is that | (D — Ry.n) Flleo < 2.02||Hant1F |loo for all F € Hy. If F is a low-pass filter,
then the lower its bandwidth is, the smaller is || Hz, 41 F || o This is also intuitive.


https://en.wikipedia.org/wiki/Butterworth_filter#Normalized_Butterworth_polynomials
https://en.wikipedia.org/wiki/Butterworth_filter
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Fig. 1.8: Go(s) from (1.19) for Z, = 1 and v = 5 with [4, 4]- and [12, 12]-Padé approximants of the delay

To illustrate traits of Padé approximants, consider the system G, driven by the wave equation (1.14),
whose transfer function is given by (1.19) on p. 8 and the frequency responses are presented in Fig. 1.5. If
the reflectance R has a finite bandwidth, i.e. if its transfer function R(s) is strictly proper, then the delay
has a limited effect on the high-frequency dynamics of Gy. We can then expect that the use of a Padé
approximant of a sufficiently high degree will result in a good approximation of Gy. This is indeed the
case, as can be seen from the plots in Fig. 1.8(a) for the strictly proper R(s) = —1/(2s + 1), representing
the original system (thin pale line) and its [4, 4]- and [12, 12]-Padé approximants (thick lines). It is also
clear that the higher-order Padé results in a higher approximation accuracy. The situation is different if
the bandwidth of R(s) is infinite. As no finite-dimensional approximation of the delay element succeeds
over all frequencies, the high-frequency dynamics of G¢ can no longer be captured by its approximation.
This is seen from the plots in Fig. 1.8(b), where the approximation error for the bi-proper R(s) = —1 is
unbounded, no matter what degree of the Padé approximant is chosen.

Remark 1.9. The approximation of the delay element in Go(s) = Zn (1 + R(s)e™™*)/(1 — R(s)e™ ™) might
not be the best way to approximate this function. A more accurate approximation could be obtained via
deriving a Padé approximant of ¢(s) = Gy(s) directly. But this would require to develop new formulae
and software, rather than to use widely available ones for ¢ (s) = e~ 5. \Y%
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CHAPTER 1. Systems wiTH TiME DELAYS



Chapter 2
Stability Analysis

TABILITY IS A VITAL PROPERTY Of every control system. So the first analytic chapter of these notes ad-

dresses the stability analysis of the single-delay system P, : u +— y in Fig. 2.1 for a finite-dimensional
G, given in terms of its state-space realization (1.26), and an m, x m. delay element D, of the form defined
by (1.5). Both i/o stability (in the L, sense) and Lyapunov stability are studied below. In both these cases
the analysis reduces to that of autonomous versions of the system, much in parallel to what happens in the
finite-dimensional case. Details are more delicate and involved though.

2.1 I/O stability and modals

We start with analysing the i/o stability. We say that a linear system G : u + y is L,-stable (or simply
stable) if y € L,(R) forall u € L,(R) and ||y||» is bounded for all u such that ||u|, = 1. If G is LTI, then
it is stable iff its transfer function G(s) belongs to H,, which is the space of holomorphic and bounded
functions in Cy, see (B.17). If G is finite-dimensional, then G(s) is rational and G € H, iff G(s) is proper
and its poles are in the open left-half plane C \ Co. An appropriately defined properness is also required
in delay systems and it always holds for the system in Fig. 2.1 with a proper G(s). In this section we thus
concentrate on “poles” of P.(s) or, more accurately, on its characteristic function.

2.1.1 Characteristic function of delay-differential equations

A direct verification of whether a transfer function like

-1
sI —A —Bpe™ B
P =D Cy Dyye™™ > u 21
() yu + [ y Pyw€ ] |: —C, [ —D,pe™™ :| |: Dy i| @D

belongs to Hy might not be an easy task in general. In the rational case, corresponding to m, = 0 and
having P;(s) = Dy, + Cy(sI — A)~! By, there is a simple alternative. It is based on the observation that
P, € Hy whenever so does (sI — A)~!, which represents the autonomous state dynamics x(¢) = Ax(z).

Fig. 2.1: General single-delay interconnection
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The function (s —A)~! is not holomorphic only at the eigenvalues of A and is bounded (actually, vanishes)
as |s| — oo. Thus, if all roots of the characteristic function (polynomial) det(s/ — A) are in the open left-
half plane C \ Cy, then P, € Ho. Moreover, this condition becomes necessary if (A4, B,) is stabilizable
and (C,, A) is detectable.

The counterpart of the characteristic function for a general P; in (2.1) is naturally

sI —A —Bpe™™ ]

—C, I—Dgype™ (2.2)

x<(s) := det |:

which also represents the free motion of the state of the system in Fig. 2.1, that is

x(t) | | A By x(1)

z(1) B C; Dzy z(t—1) |
The roots of y.(s), dubbed the modes of P, represent then nontrivial solutions of the free motion dynamics.
Modes are the poles of @ 1(s), where

(2.3)

. . —1s
. (s) = [sl A By,e i| ’

—C, I—Dgpe™

which is the only factor in (2.1) that might not be in H,,. We may thus anticipate that the absence of
modes of P; in C, is indicative of the stability of P,. This may indeed be the case, although not always,
with the analysis complications caused by potentially intricate properties of @.(s) at |s] — oco. On top
of this, finding roots of y.(s) for a nonzero v might be a hard task in itself. Still, stability analysis via
the characteristic function is frequently a practical approach. All this will be discussed in the remaining
subsections of Section 2.1. But before that, some terminology is introduced.

It can be shown that the characteristic function (2.2) is of the form

k
xe(s) =D Qi(s)e™™ (24)
i=0

for some k € Z and finite polynomials Q;(s) such that deg Qo(s) > deg Q;(s) foralli € Z; ;. As we
already know from the discussion on p. 9, this kind of functions is known as qguasi-polynomials. Because
Qo(s) = det(s] — A), its roots are the eigenvalues of A. If the condition deg Qo (s) > deg Q;(s) holds
for all i € Z, , then the quasi-polynomial (2.4) is termed retarded. Otherwise, i.e. if there is at least
one j € Z; j such that deg Qo(s) = deg Q;(s), it is called neutral. The same terminology is used with
respect to DDE (1.27) itself. There are classes of delay systems, whose characteristic quasi-polynomials
have deg Qo (s) < deg Q; (s) for at least one j. They are known as advanced and not studied in this text.
They cannot result from the system in Fig. 2.1 with a proper G(s) and should not be expected in realistic
situations. If k = 1, then y.(s) in (2.4) is said to be a quasi-polynomial with a single delay, like that in
(1.20). If £ > 1, then (2.4) is a quasi-polynomial with multiple commensurate delays, as all its delays are
integer multiples of one r > 0. It should be emphasized that a single-delay system, like that in Fig. 2.1,
can potentially have a multiple-delay characteristic function, see Example 2.3 below. Yet such a function
is always of the commensurate type. In multiple-delay systems, like that in Remark 1.6, characteristic
quasi-polynomials can be of the form Qo(s) + Y_; Q;(s)e”%* with at least one irrational 7;, /7;,. Such
multiple-delay quasi-polynomials are said to have incommensurate delays and their properties are normally
way messier than those of their commensurate counterparts.

Example 2.1. Consider an input-delay system as in (1.10) for the plant P(s) = D + C(sI — A)~!B. From
(1.22), the state-space realization

A|lB O
Ginpa(s) = 00 [ =  x(5) = det|:
C|\D 0

sl —A —Be™™*

0 I i| = det(s/ — A).
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This y.(s) is a standard polynomial, agreeing with the discussion in §1.2.1. \Y%

Example 2.2. If the reflectance R in (1.19) has R(s) = D + C(sI — A)~! B, then

sl —A —Be™™
Gwaveo(s) =| C | D Zn = x5 = det|: C 1 De-ts ]
2C 2D Zn
The static R(s) = —1 as in Fig. 1.5(b) results in the already familiar, from a discussion on p. 9, y.(s) =

1 + e~ %%, which is a single-delay neutral quasi-polynomial. If R(s) = —1/(2s + 1), as in Fig. 1.5(a), then

_ s+1/2 -7 |
xr(s)—det[ e }—(

which is a single-delay retarded quasi-polynomial. \Y%

1 1
_ _e—‘cs7
s + 2) + >

Example 2.3. Let

0 1 0 1;0

—qoo —qo1|—q10 11

Gs)=| 1 0] 0 00
0 o 0 00

for some o € R. The corresponding characteristic function is

2ts

12 (8) = 5% 4 go15 + qoo + (—as + qro + agoo)e™ ™ + agioe”

If @ # 0, this is a multiple-delay commensurate quasi-polynomial. If « = 0, y.(s) has only one delay. In
fact, in the latter case

. 0 1 0 1.0
1.0 q q q 11
! —400 —4o1|—410 !
GO =190 11— 170 00
R L N A 1)

and M = [(1)] can be moved through the 2 x 2 delay element and then (G, D;) = Fu(G, D) for

0 1 0 1.0 0 1 0.0
qoo —dor | —quo 131 || 110 oo —qo1|—q10: 1
=y _ | =400 —qo1|—q10 1. ! _ | =400 —qo1|—q10:
OO T o o o | g T T 0 [0 o
1 0 0 0:0 1 0 0.0
and the 1 x 1 delay element D, which is a simpler setup (cf. Example 1.1). \Y%

Example 2.4. If D,,, = 0, then the corresponding characteristic function is always retarded, cf. (1.29).
Yet Dy, # 0 does not necessarily lead to a neutral y.(s). To see this, consider

1170 00

whose Dy, = [8 (1)] # 0 (although it is nilpotent), but the characteristic function y.(s) = s +e~2% is still
retarded. \Y
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* Ims * x Ims
x x x
x x x
x x %
|
|
|
|
|
¥ ‘ %
Infe| nfa| - njos] Res Res
T T ‘ T
1
|
x x *
x x x
x x x
%S %S x
(a) Neutral chains, «; € {1/4,1,2} (b) Asymptotic retarded chain, oy = 13

Fig. 2.2: Asymptotic chains of roots of y.(s)

2.1.2 Asymptotic root properties

The quasi-polynomial y.(s) in (2.4) is an entire function of s, i.e. it is holomorphic in the whole C. Hence,
the set of roots of y.(s) is countable and there are no accumulation points [65, Thm. 10.18]. This, in turn,
implies that the number of roots of (2.4) in every bounded region of C if finite.

Because quasi-polynomials have an infinite number of roots, there must be root sequences with un-
bounded magnitudes. Although calculating those sequences exactly is seldom possible, their asymptotic
behavior is understood rather well. For commensurate quasi-polynomials of the form (2.4), which are ei-
ther neutral or retarded, roots for large |s| are always organized in a finite number of chains of two possible
kinds (follows by Rouché’s arguments).

1. Neutral chains are asymptotic, under sufficiently large |s|, to the solutions of the equations e™ = «;
for some «; € C \ {0}. Those solutions are at the sequence {s;x }rez With

In|o; 2wk + argo;
| l|+] - g i

All these s; are on a vertical line, either in the left-half plane (if |«;| < 1), or in the right-half plane
(if ;| > 1), or on the imaginary axis (if |o;| = 1), see Fig. 2.2(a).

2. Retarded chains are asymptotic, under sufficiently large |s|, to the solutions of the equations se™ = w;
for some «; € C\{0}. Those solutions asymptotically approach [58, Lem. 6.1.2] the sequence {s;x }xen
with

In(2rk) — In|ra;| 4 2rk + argo; — /2

J
T T

Sik = —

for sufficiently large k, as well as their complex conjugates. The real parts of these s;; approach —oco
irrespective of «;, although slower than their imaginary parts approach £oo, see Fig. 2.2(b).

If (2.4) is retarded, i.e. if deg Q¢(s) > deg Q;(s) for all i € Z;_j, there are only retarded chain(s). Other-
wise, there is at least one neutral chain and, possibly, also retarder chain(s). More details can be found in
[6, Ch. 12] or [58, Sec. 6.1], but digging into this issue is beyond the scope of these notes.

Remark 2.1 (incommensurate delays). The asymptotic roots behavior for quasi-polynomials with incom-
mensurate delays, i.e. of the form P(s) + > _; Q;(s)e™ % with at least one irrational ratio t;, /7;,, is slightly
different. While retarded chains, if exist, are the same as in the commensurate case, neutral modes do
not approach infinity in a regular way. Nonetheless, they are asymptotically confined to the vertical strip
|Re s| < B for some finite S > 0. \Y%


https://en.wikipedia.org/wiki/Rouch%c3%a9%27s_theorem
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Neutral chains can be quantified in terms of the matrix D, € R™=*™+, To this end, note that s/ — A
is nonsingular whenever |s| is large enough (whenever |s| > p(A4), to be precise). By (A.5a),

% (s) = det(s] — A)det(] — D, ™ — Co(sI — A) ' Bye™™)

and only roots of the second factor are of interest. At every neutral chain we have that |s| — oo, whereas
le~**| remains bounded. Hence, the term C,(sI — A)~! B,,e~* vanishes and we end up with

det(/ —Dzpe ™) =0 < det(e™] — Dzy) =0.

Thus, all neutral chains are along the vertical lines Re s = In|A;|/t for distinct nonzero eigenvalues A; of
D;,. There are no neutral chains iff D, is nilpotent, which agrees with Example 2.4.

2.1.3 Stability and roots of characteristic function

Our next step is to connect the modes of P, which are the roots of the characteristic function (2.2), with
its stability. It should be clear that if y.(s) has a root in Co, then P; ¢ Hoo, unless this root is a hidden
modes, canceled by other factors of P.(s). Yet would the absence of RHP modes be sufficient to guarantee
stability? Unlike the finite-dimensional case, answering this question for time-delay systems might not be
trivial. The main delicacy lies in the behavior of @.(s) defined by (2.3) at |s| — oco. What helps to sort
that out in most cases is the understanding of asymptotic properties of roots of y.(s). Depending on the
spectral radius of the matrix D,,, three situations may be considered separately.

The case p(Dzy) > 1 is fairly straightforward and technically simple. Namely, there is clearly an
infinite number of roots of y(s) in Co and thus an infinite number of unstable poles of @ !(s). Unless all
of them are canceled by other terms in (2.1), which is possible only if the setup in Fig. 2.1 is redundant, we
may conclude that P, & H,, which is quite in line with the finite-dimensional intuition.

The case p(D;y) < 1 is also uncomplicated. Indeed, by (A.2a) we have that

o1 (s) = [ [ (sI —A)"'By,e™ ]

0 1

(s — A)~! 0 I 0
[ 0 (I = Doye™ — Ca(sT — A) ' Bye™)"! } [ ColsI —A)7H 1 ] |

Because (s/ — A)~! vanishes as |s| — oo and |[e™**| < 1 in s € Cy, we have that

lim sup | @' (s)[| = limsup | (/ — Dze ™) 7|

s€Co,|s|—>o00 s€Co,|s|—>o00

<sup |(/ = Dzwe ™)' = max |[(/ — Do)~ '|| < 00
seCo ZED

because Dy, is a Schur stable matrix (the “max” term is the Ho, norm of a discrete system with the proper
transfer function z(z/ — Dzyy) ™' = I + (21 — D)~ ' D;y). Thus, @, !(s) might become unbounded only
at its poles and the following result can be formulated.

Proposition 2.1. If p(Dzy) < 1, then P.(s) given by (1.28) belongs to H, whenever the characteristic
function (2.2) has no roots in C.

The condition of Proposition 2.1 is only sufficient. Similarly to the finite-dimensional case, it might be that
P, € Hy, even if y, has RHP roots. This happens if all unstable roots of y, are hidden modes of P, i.e. if

A—sl B
A—sl B B " b
rank 5in v “ | <n+m, or rank C, Dgy—¢€“Iy, | <n+m
C, Duw—e*Ip Do
c, Dy

at all roots s of y.(s) in Co.
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Example 2.5. Consider the system in Fig.2.1 with t = 1 and

0|lae* —«
1 a _ e _ |
G(s):—[“eas “]: 1o 1 s p =D
S e — 1 0 0 § — qer—s

for o > 0. Its
_aea—s

xz(s) =det|:_sl X :| =s5—ae*’

is a single-delay retarded quasi-polynomial. Because y.(ct) = 0, this characteristic function has at least
one root in Cy, at s = . However, the singularity of P.(s) at s = « is removable, because lim;_,, P;(s) =
—a/(1 + ), which follows by applying L' Hopital’s rule. This could have been expected, because

|:A—s] By Bui| _[—s ae® —a] _[—a ae® —a]
s—a I —e 1 s—a I —e* 1

CZ DZH) - el’SI Dzw
has reduced rank for every «. In fact, P, € Hy, if « is sufficiently small. To see that, rewrite

_ pd—s 1
Pels) = _%’ where ¢ (s) = a% = /0 ae@ ) dr.

The function ¢ (s) is a finite integral of an entire function, e®~*), and is therefore entire itself. Moreover,

1 1 1
sup [¢(s)| < sup / lwe@™|dr = sup / ae e Restqy =/ ae dt =e¥ — 1= ¢(0) < oo,
Res>0 Res>0J0 Res>0J0 0
sothat ¢ € Hy and ||@|lec = €% — 1. If & < In2 & 0.693, then ||¢|| < 1 and we have that P, € Hy, by
the Small Gain Theorem. Actually, this bound on « is conservative and P, € Hy, for all @ < a4, where
ox A~ 1.293 is the real solution to axe** = 1.57 (see Example 2.9 on p. 32 for explanations). \Y%

The case p(Dzy) = 1is the most delicate one. On the one hand, we can no longer bound ||®;!(s)]| in
{s € Cq | |s| — oo} as was done under p(D_,,) < 1. On the other hand, we may have no poles in the RHP,
even if as they asymptotically approach the imaginary axis. This is where our finite-dimensional insight
might betray us, as demonstrated by the example below.

Example 2.6. Consider the system in Fig. 2.1 for r = 1 and

1
=|1][-1 -1 = Ps) =

G(S)=|:_S/(S+1) _S/(S+1)] - -
s+ 1+ses’

I/s+1) 1/(s+1)

Hence,
s+1 —e*

Xr(S)Zdet|: 4 1+e_si| =s+1+se",

which is a single-delay neutral quasi-polynomial. Now, y.(s) = 0iff s satisfies —e™ = 14 1/s. Assuming
that s = 0 + jw is a root of this y.(s), the magnitude equality |e™*| = |1 4+ 1/s| can be expressed as

e_“=‘1+

(14 o oW - o
o+jw| 0% + w? Jaz—l—wz - 02 4+ w?
First, let o = 0. The first equality above reads then 1 = 1 + 1/|w|, which holds for none w € R. Now, let
o > 0. In this case the inequality above leads to e > 1, which is again impossible. Thus, P.(s) has no
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poles in the closed RHP. Nevertheless, this P, ¢ Hoo. To see this, let {s;} € C \ C, be a sequence of roots
of y.(s) such that

si+1+se =0, with lim|s;| = oo,
1—>00
which always exists as we already know. Define then another sequence, {5;} € Cy with §; = —s;, such that
lim;_, |3;| = oo as well. The values of P (s) at each §; are
P.(5;) 1 : 1+
Si) = = - Si.
o 1—si—siei 1—s; +s2/(1+s) l
So we have a sequence in Cy at which lim;_, | P;(5;)| = oo. Thus, P (s) is not bounded in C,. \Y%

Thus, if p(D;y) = 1, it might happen that a system having no poles in Cy is nevertheless unstable,
which has no counterparts for finite-dimensional systems. To muddle even more, the transfer function

1
(s+D(s+1+ses)’

which has the same poles as the transfer function in Example 2.6, plus an additional pole at s = —1,
does belong to H, see [59], and is thus stable. Moreover, there are systems with p(D;,,) = 1 that have
infinitely many roots in Cy.

It is possible to characterize all these situations, which is intricate and might not be quite important
from the engineering point of view. This is because of an observation that even if a system with p(D;,,) = 1
is stable, this property is extremely fragile and thus impractical. Indeed, a very small perturbation to Dy,
can render p(D;,,) > 1 and the system unstable, with an infinite number of poles in C,. For that reason,
we regard delay systems with p(D;,,) = 1 as practically unstable, which simplifies the analysis and does
not entail any loss of engineering generality.

Remark 2.2 (regaining the link). The discussion above effectively says that the connection between stability
and roots of the characteristic function is conventional for the class of systems of interest, those with
p(Dzy) < 1. Still, we do not have this connection for a general D, anymore. But it can be regained with
a slight modification of the stability area in the complex plane. Namely, the system is stable whenever there
is € > 0 such that all roots of y.(s) lie in C \ C_.. The price to pay for this modification is the loss of a
clear intuition for transfer functions along this new stability boundary, —e + jR. Because the problematic
case of p(Dy) = 1 is ruled out anyway, we proceed with the standard definition. \Y%

2.1.4 Nyquist stability criterion

The Nyquist criterion is an elegant way to count the number of unstable closed-loop poles using the knowl-
edge of the number of unstable open-loop poles and the behavior of the polar plot of the loop frequency
response. Mathematically, the criterion is an application of Cauchy’s argument principle to the open-loop
transfer function with respect to the Nyquist contour. The latter comprises a semicircular arc connecting
+jr and —jr in the clockwise direction, i.e. r cos 6 + jr sin 6 for 6 € [—n, x|, for r — oo, which is closed
along the imaginary axis (encircling pure imaginary poles of the loop transfer function from the right, if
present). A key factor enabling stability analysis with this approach is that all unstable poles of both open-
and closed-loop systems lie inside the Nyquist contour. The criterion also complements well the loop
shaping design method, because the loop transfer function on the Nyquist contour is merely its frequency
response, with values at the semicircular arc collapsing to a point in the finite-dimensional case.

Projecting these ideas to the system in Fig. 2.1 in the case when G, is SISO, we may consider ana-
lyzing its unstable poles on the basis of the polar plot of the “loop gain”

L.(s) = Gp(s)e ™. (2.5)


https://en.wikipedia.org/wiki/Nyquist_stability_criterion
https://en.wikipedia.org/wiki/Argument_principle
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A clear advantage here is that G, is finite dimensional, i.e. standard, and effects of the delay on the
frequency response of L, are simple and intuitive, as discussed in §1.2.1 on p.5. Certain care should be
taken to analyze poles of P (s) properly. This is because the Nyquist analysis of L, is only concerned with
the poles of (1 —L;)™! = (I — Gy, D;)~", whereas P, = Gy, + Gyy Do (I — G,y D)~ G, might contain
additional modes, those of G, Gy, and Gz, or might have some modes canceled. Still, accounting for
those potential additions / cancellations is not a challenge because G is finite dimensional. A simplest way
to do that is to use a potentially nonminimal form of G, (s), with all poles of G(s) included into it. In fact,
if such canceled poles are unstable, the system is unstable for all t. If these poles are stable, they have no
effect on the stability of P;.

So, let G, be SISO and assume that |Gy, (00)| < 1 (otherwise the system is unstable anyway). With
the assumption above, we know that there may be only a finite number of “closed-loop” poles in C,. Hence,
the Nyquist contour still encircles all possible unstable poles and can be used as is. The only subtle point
here is the values of Gy, (s) at the semicircular arc of the contour, whose radius approaches infinity. If
G,y (s) is strictly proper, then Gy (s) is zero at all its parts, exactly as in the finite-dimensional case. But
if G,y (00) =y # 0 for some |y| < 1, then

L.(rcosf + jrsinf) Iz ye Treosfgiersing

is no longer a point. Rather, it is a curve connecting ye!” and ye ™" through the origin and remaining within
the closed disk |y| D C D. Although this behavior deviates from that in the finite-dimensional case, it does
not affect the stability analysis, as the connecting curve remains within the open unit disk D. Thus, the
Nyquist stability criterion extends to delay systems in Fig. 2.1 with |G, (c0)| < 1 verbatim.

Example 2.7. To illustrate the use of the Nyquist criterion in the context of the stability analysis of the
delay system in Fig. 2.1 and insights one can gain from it, consider the system with

0 1] 010
—qgo0 —qo1|—¢q10:1 1 —q10 1
G(s) = = , 2.6
O=1"T 000 el A 26)
1000

which is the system studied in Example 2.3 on p.21 (under « = 0). It is readily seen that poles of P.(s)
coincide with those of 1/(1 — L) in this case. Let oo = 1, go1 = 0.1, and g19 = 0.4. For this choice of
the parameters the system G, is itself stable, so the system is stable iff the Nyquist plot of L, does not
encircle the critical point. It might be easier to analyze the behavior of L, (jw) on the Nichols chart, because
it is cleaner than the Nyquist plot for systems with large phase lags and several crossover frequencies. The
Nichols plots of the studied system for several values of t are presented in Fig. 2.3. We can readily conclude
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Fig. 2.3: Nichols plots of the loop frequency response of (2.6)
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that P, is stable for T = 0 and t = 4 (solid lines) and unstable for t = 2, t = 8, and t = 11 (dashed
lines). As a matter of fact, if t = 2 or r = 8§, there are 2 unstable poles of P.(s), while if ¢ = 11, there are
4 of them.

Because the impact of t on L. (jw) is uncomplicated—only the phase is affected by 7, linearly—Nyquist
arguments offer a valuable insight into the effect of D, on the stability of the system. Indeed, with G from
(2.6), L;(jw) has two crossover frequencies, i.e. the frequencies at which |L;(jw)| = |Gy (jw)| = 0[dB].
They are w1 ~ 0.7795 and w., ~ 1.1757 (rad/s), denoted by round and square markers, respectively,
on Fig.2.3. Poles of P.(s) cross the imaginary axis when the Nichols plot of L.(s) crosses any of the
critical points (—180 — 360k, 0), k € Z. Because the delay does not affect the magnitude of L.(jw), a
critical point can only be crossed at either of the crossover frequencies. Being stable at t = 0, the system
clearly remains stable for sufficiently small ¢ > 0. But as ¢ becomes sufficiently large, the plot crosses the
critical point (—180, 0) at w = w.» and the system loses stability, see the dashed line for r = 2 in Fig. 2.3.
Then, as T grows further, the second point crosses that critical point, this time at w = ;. It happens that
at this very t the point L. (jw2) is still to the right of the next critical point, (—540, 0). Hence, as soon
as L. (joc,1) passes (—180,0), the system becomes stable again, cf. the solid line for r = 4. As t keeps
growing, L. (jw¢z) eventually crosses (—540,0) at which point stability is lost again, see the dashed line
for r = 8. And the system never becomes stable again after that. To understand the reason, note that the
angular distance between L (joc,1) and L. (jw. ) grows with 7, just because the phase lag due to the delay
element is proportional to the frequency and w¢» > 1. Hence, there is a delay t = ., such that

_ 2w + arg Gy (jore 2) — arg Gy (jore,1)

We,2 — We,1

arg Lo, (jocz) = arg Lo, (joc,1) —2m <= 1.

(in our case 7, ~ 9.1775) and the angular distance between L (jw. 1) and L (joc,2) exceeds 360° for all
T > 1,. Thus, there is at least one critical point (and for larger delays even more, like for the pale dashed
curve in Fig. 2.3 corresponding to t = 11) between them for all such delays. \Y%

The arguments above apply to a general situation. Although details might be knotty and stability condi-
tions are not readily formulated for every possible frequency-response curve, some qualitative conclusions
can be drawn. In particular, it is not hard to convince oneself that the following properties hold:

e if there are no nonzero crossover frequencies, then stability / instability property of the zero-delay
system holds for all T > 0 (delay-independent condition);

e stability / instability of the zero-delay system is preserved for “sufficiently small” 7 > 0;

e unless there are no nonzero crossover frequencies, there is a finite 7, such that the system is unstable
for all T > ..

This said, the Nyquist criterion might still not the the most convenient tool for computing intervals of ¢
for which the system is stable. Direct analyses of characteristic quasi-polynomials studied in the next two
subsections, might be advantageous in this respect.

2.1.5 Delay sweeping (direct method of Walton—Marshall)

A fundamental property of quasi-polynomials y.(s) as in (2.2) under p(D;y) < 1 is that the rightmost
frontier of their roots, i.e. SUP,,_ (5)=0 Re s, is a continuous function of 7 for all t > 0, see [11, Thmg. 2.2
and 2.3]. Consequently, as T changes in R, the roots might migrate from the left-half plane C \ Cj to
the right-half plane C, or vice versa through the imaginary axis only. Thus, we can start with counting
unstable roots of the zero-delay version of it, yo(s), which is a standard polynomial analysis problem, and
then count crossings the imaginary axis by the roots of y.(s) as t sweeps the whole positive semi-axis.
Each time roots cross from left to right, which is referred to as a switch, we add to the count of unstable
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poles. If roots cross from right to left, a reversal, we subtract that count. John E. Walton and Keith Marshall
in [78] showed that this count can be carried out efficiently, using only finite polynomial analysis and most
of its steps depend only on properties of Q;(s) and are independent of .

Single-delay quasi-polynomials

Let us start with the single-delay version of (2.4), which is the quasi-polynomial

x=(s) = Qo(s) + Q1(s)e™™, 2.7)
where the real polynomials Qg(s) and Q1 (s) satisfy the following assumptions:
Aj: deg Qo(s) > deg Q1 (s),
Az [limgoo Q1(5)/ Qo(s)| < 1,

A3: Qo(s) and Q;(s) have no common roots in C,

Ag: 00(0) + 01(0) # 0.
Assumption A4 just says that y.(s) is either neutral or retarded. A, guarantees that there are no neutral
root chains in Co. Indeed, roots of (2.7) satisfy the relation e?R¢S = |Q1(s)/Qo(s)|, meaning that as
s — oo they are all in the open left-half plane. In other words, A is equivalent to p(Dy,) < 1 for the
system in Fig.2.1. Common unstable roots of Qg(s) and Q;(s) are roots of y.(s) regardless of z, which
justifies Ajz. If A4 does not hold, then y.(s) has an (unstable) root at the origin for all 7. Thus, 414 do
not impose any loss of generality, if they do not hold, then the stability analysis is futile.

By the logic of the method, we now analyze pure imaginary roots of y.(s) for t > 0. In other words,
we seek for w € R that solve

~ 04(jo)

0o(jw) + 01(jw)e™ ™ =0 < ™= Oolio)

The latter equation, in turn, is equivalent to the following two equalities:

|Qo(jw)| = |Q1(jw)| (2.8a)

(Qo(jw) and Q1 (jw) cannot vanish simultaneously by .A3), known as the magnitude relation, and
tw =arg Q(jw) —arg Qo(jw) + 2k — )7 forsome k € Z, (2.8b)

dubbed the phase relation. Three observations on potential solutions of (2.8) in w and t are in order. First,
if @ = 0 solves the gain relation (2.8a), then the phase relation (2.8b) is not valid because of A4. This
agrees with the intuition that roots cannot cross the imaginary axis at the origin, r has no effect on y.(s)
there. Second, if w = w; # 0 solves (2.8a), then so does @ = —w; and every 7 solving (2.8b) for w; does
that for —w; too. Therefore, roots always migrate in pairs. Third, if ® = w; > 0 solves (2.8a), then (2.8b)
is solved by all positive o
ik =ti0o+—k, keZ,y, (2.9)

Wi
where ;¢ is the smallest nonnegative solution of the phase relation for w;. Thus, to find pure imaginary
roots of y.(we) s only need to find all positive solutions of the magnitude relation (2.8a), which are known
as crossing frequencies. It is readily seen that these frequencies are the positive roots of

P (@) = Qo(jw) Qo(=jw) — O1(jw) Q1 (—jw), (2.10)

which is an even polynomial whose leading coefficient is positive, by Ay, and whose effective degree,
i.e. the degree with respect to w2, equals that of Q(s). If ¢(w) has no positive real roots, no imaginary
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axis crossings can take place and stability properties are delay independent. If (2.10) is solvable, then there
are an infinite number of crossings as 7 increases. But if roots of (2.7) do cross jR as t grows, it happens
only at a finite number of points, independent of T. This is an important property, which facilitates the
characterization of stability regions in terms of 7.
Having found crossing frequencies, the next step is to understand directions of those crossings. The

following result clarifies this issue:
Lemma 2.2. Let w; > 0 be a solution of ¢(w;) = 0. Each pure imaginary point jw; is

1. a switch iff ¢(w) changes its sign from minus to plus at ® = w; as w increases,

2. areversal iff ¢(w) changes its sign from plus to minus at = w; as w increases,

3. a tangential point, at which no roots of y.(s) cross the imaginary axis, otherwise.
In particular, the point is a switch (reversal) if d¢(®)/dw|p=w; > 0 (d¢(w)/dw|p=w, < 0).
Proof. Crossing directions are determined by the function
d
o(w) = signRe l .
dr s=jw

Namely, we have a switch at w; if o (w;) > 0, areversal if o (w;) < 0, and an uncertain situation if o (w;) = 0,
where higher derivatives are required. Thus, our first goal is to calculate o(w) at the imaginary roots of
xz(s). To this end, differentiate the characteristic function by 7 along any of its roots:

Hence,

ds _ 501(s)e” _ (QO(S) 20, )

dr Qq(s) + Qi(s)e™™ — Q1 (s)e™™ Qo(s)  01(5) ’
where equality Q1(s)e™™ = —Qq(s) was used and (-)" stands for the differentiation with respect to s.
Because signRe z7! = signRe z,

T (o)) 0w
0(w) = signRe __'_(Qz(jw) 0roy T )}

o T (20 0)Ge) T
= signRe (Qo(jw) Ql(jw))] (because Re o 0)

T Qaliw) Q’l(jw))}
= sine i (Goiey - 510
Multiplying expression under “sign” by Q¢(jw) Qo(—jw) = 01(jw) Q1(—jw) > 0 we get:

d
o(w)=signRe[j( 4Q0U0) ) | (_jwy - 92102) ;) (—Jw))]

(because w > 0)

(o) o)
—signRe| T2 0y(—jo) - L g, (o) |
Because sign Re z = sign(z + 2),
d j —i d
o 0) = sign ( BI04 (o) ~ L2 0, (o) + “L4I 040 - LI 9, i
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reversal switch tangential point reversal switch

Fig. 2.4: Qualitative sketch of ¢ (®)

This proves the last statement.
To complete the proof we need to address the singular case of o (w;) = 0. Its handling is quite technical
and can be found in [78, §6.2]. O

Remarkably, not only crossing frequencies, but also crossing directions are independent of . Moreover,
because ¢ (w) is even and its leading coefficient is positive (by A3), limy 0 ¢(@) = +oo. This means
that the last, at the highest o, cross of the zero level by it is always a point where the sign changes from
minus to plus. Hence, the highest non-tangential crossing frequency is always a switch. Also, switch and
reversal frequencies always alternate, see Fig. 2.4 for a qualitative picture.

Having understood crossing directions at each crossing frequency, it is time to return to the delay chains
in (2.9), which solve the phase relation (2.8b). Each crossing frequency determines such a chain and each
chain is stuck with the same crossing direction. All we need now is to order all crossing delays as an
ascendant sequence {7;};cz, With 7o = 0, still marked by their crossing direction, and start counting the
number of Cy roots of y.(s), say v € Z, as t grows from 7 = 0 up. At each t; the counter v changes,
so we end up with a sequence {v;};ez, . Its starting point is the zero-delay vy and v; at each j € N are
updated as

vi—1 +2 if t; corresponds to a switch
vj = qvj—1 —2 if t; corresponds to a reversal (2.11)

Vi1 if ; corresponds to a tangential point

(the counter changes by 2 as roots migrate at both jo; and —jw;). The system is then stable in each interval
T € (7j, 1j41) with v; = 0. There number of such intervals might be arbitrary and the first stable interval is
not necessarily [0, 7;), meaning that the delay might have a stabilizing effect. Anyhow, unless all crossing
frequencies are tangential points, there is always a finite j, € Z4 such that v; > O for all j > j,, i.e.
the counting may stop at a finite j. This is because the highest non-tangential crossing frequency wy is
always a switch, so the distance between two successive switch delays in that chain, 7 x+1 — 7k = 27/ 0y,
is always smaller than that between any possible reversal delays. Hence, switches accumulate faster and
the sequence {v;} is unbounded.

Example 2.8. Now, consider again the system from (2.6) for goo = 1, go1 = 0.1, and some g9 > 0. The
zero-delay characteristic polynomial is yo(s) = s2 + 0.1s + 1 + g0 in this case and it is Hurwitz, i.e.
vo = 0. The polynomial

¢(@) = (—o* + j0.1o + ) (~w® —j0.lo + 1) — g}y = ©* —2-0.995w> + 1 — g3,

and ¢(w) = 4w(w? —0.995) is zero only if w2 = 0.995. Four scenarios are possible, depending on ¢.

1. If0 < g10 < V1 —0.9952 &~ 0.0999, there are no real roots of ¢ (w). Hence, taking into account that
vo = 0, the system is stable for all = > 0, i.e. it is delay-independent stable.

2. If g10 = V1 —0.9952, there is a double positive real roots of ¢ (w),

w7, = 0.995.
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Because ¢(w) = (w? —0.995)2 > 0 for this ¢19, ¢ (w) does not change its sign at crossing frequencies
and we have a tangential point. The delays at which the roots of y.(s) are on the imaginary axis can
be determined from the phase relation (2.8b). To this end, note that

arctan %! ifo<w<1
w-—1

Olo _ 7 jfe>1
w-—1

arg Q1 (joo) — arg Qo (jo) = arg g1o — arg(l — w” + j0.1w) =
arctan

Because w1, < 1, (2.8b) reads

0.10)1,2

Twi = arctan + 2k — D ~ —1.5207 + 2k — )7

wi, — 1

and crossing delays are positive iff kK € N. Thus, the system is stable iff

T # 1.62495 + 6.31476k, k € Z,,.

. If V1 —-0.995% < g19 < 1, there are two positive real roots of ¢ (w),

®? =0.995 + /0.9957 — 1 +¢2, and @2 = 0.995— /0.995% — 1 + ¢2,.

the first of which is a switch and the second is a reversal. To illustrate properties of the system, select
q10 = 0.4, like in the Nyquist analysis of Example 2.7. With this choice w; ~ 1.1757 and w, ~ 0.7795
and the phase relations read

Tk &~ 0.2537 4 5.3441k = {0.2537,5.5978,10.9419, 16.286, 21.6301, 26.9742, .. .}
for switches and
Tor &~ 3.7785 + 8.0602k = {3.7785,11.8387,19.8989,27.9591,36.0193, .. .}
for reversals. The sequence of all crossing delays is then (gray elements mark reversals)
{r;} ={0,0.2537,3.7785,5.5978, 10.9419, 11.8387, 16.286, 19.8989, 21.6301, 26.9742, 27.9591, .. .}.

Hence, the counter of unstable poles reads {v;} = {0,2,0,2,4,2,4,2,4,6,4,...} in this case. At
j =3 and j = 4 we have two successive switches (and, expectably, never two successive reversals).
Thus, we may stop counting after j = 4 and conclude the system is stable iff

7 € [0,0.2537) U (3.7785, 5.5978),

which agrees with what we have via the Nichols chart in Fig. 2.3.

. If g10 > 1, there is one positive real root of ¢ (w),

®? =0.995 + /0.9957 — 1 + g2, > 1.99

and it is a switch, of course. This implies that the system is stable only until the first crossing delay,
710. The phase relation (2.8b) reads now (mind that w; > 1)

0.1 0.1
6011 — 1 4+ (2k — 1) = arctan 6011 +2(k — )m,

1 1

Twi = arctan

S0 its minimum positive solution corresponds to k = 1. Hence, the system is stable iff

1 0.1
0 <t < — arctan 2_6011 where w] = 0.995 + v/¢7, — 0.009975

w1 wy —

which is a decreasing function of ¢;0 > 1, as a matter of fact.
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Ugh, that was long, but nevertheless quite straightforward ... \Y%

Example 2.9. Let us return to the system studied in Example 2.5, whose transfer function
aE ™ —-1)
Pes) = =
We already saw that the root of its characteristic function at s = « is a removable singularity of P(s).
Moreover, it is readily seen that no other root of the denominator may be canceled by a root of the numerator
(any zero must satisfy e*~% = 1, at which points the roots of the denominator satisfy s = «). Therefore,
P, € Hy, iff the denominator has no other roots in Cy. To apply the delay sweeping analysis to this task,
we need to consider a general delay t, so the characteristic function of interest

xo(s) =5 —ae%e™ .

It clearly satisfies \A1_4. The zero-delay version of it, yo(s) = s — ae®, has its only root at s = we®, in
Co, so it is not Hurwitz. Moreover, the polynomial ¢(w) = w? — «?e?® has only one positive real root, at
w1 = ae®, which must be a switch. Hence, P, with ¢ = 1 is stable iff the first crossing delay < 1. By
(2.8b), the crossing delays satisfy, for k € Z,

_ (4k—Dr

Tw] =argja)1—argae“+(2k—1)n=Z—O—i—(Zk—l)n == T
2 20ce®

3 ’ f
T = = 1
20ce”

0 O o

The smallest positive solution

then. This crossing delay is a strictly decreasing function of « ranging the whole R. Hence, there is a
unique o, satisfying a.e** = 1.5z at which t = 1 (in fact, @« &~ 1.29313) and P; is stable iff @ < .
This explains how the upper bound on « was obtained in Example 2.5. \Y%

Remark 2.3 (necessary condition). An interesting, and sometimes useful, observation from the develop-
ments above is that roots can cross the imaginary axis only in pairs. Therefore, if y((s) has an odd number
of unstable poles, the system is delay-independent unstable. Using Vieta’s formulae, this observation leads
to a simple necessary condition for the existence of ¢ for which all roots of y.(s) are in C \ Cy. Namely,
if yo(s) = s" + )(o,n_ls”_l + -+ =4 xo015 + Yoo, then there is no t > 0 for which all roots of y.(s) are
stable whenever ygo < 0. The case of y¢ < 0 is exactly the condition for y¢(s) to have an odd number of
unstable roots. The case of yg9 = 0 corresponds to the situation when y.(0) = 0 for all 7. \Y%

Remark 2.4 (Nyquist connections). Comparing the results of the third scenario of Example 2.8 with those
in §2.1.4, we can see that crossing frequencies of the former match the crossover frequencies of the latter.
This is not a coincidence and is a general property, just because Q;(s)/Qo(s) is exactly the “open-loop”
transfer function Gy, (s). In the same vein, the quantities ;¢ in (2.9) can be interpreted as delay margins of
the loop L. from (2.5). Still, there are qualitative differences. For instance, while the Nyquist arguments
are based on the number of unstable roots of Qg(s), the delay sweeping method uses unstable roots of
Qo(s) + Q1(s) as its starting point. It might be that this very difference renders the direct method easier
to “algoritmize” than the Nyquist criterion. At the same time, the Nyquist criterion arguably offers more
insight into properties of the system and is more visual. \Y%

Multiple-delay quasi-polynomials

Arguments above extend to general commensurate quasi-polynomials of form (2.4), although technicalities
become rather cumbersome. To provide a flavor of the approach and associate complications, consider the
two-delay version of the problem for

Xe(s) = Qo(s) + Q1(s)e™ + Qa(s)e>™,


https://en.wikipedia.org/wiki/Vieta%27s_formulas
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such that counterparts of A1_4 hold (i.e. no neutral chains in Co, no common unstable roots of all 0i(s),
and ) ; Q;(0) # 0). The underlying idea is still to count imaginary crossings of roots of this y.(s) as t
increases from v = 0. Because y.(s) is real, its pure imaginary roots coincide with those of

e 25 e (=5) = Qa2(=5) + Q1(=5)e"™ + Qo(—s)e ™.

But then, every imaginary root of y.(s) is also a root of yet another quasi-polynomial

Xo(8) := Qo(=8) x(s) — Q2(5)e™ " y(—s)
= Qo(=5)Qo(s) — Q2(—=5)Q2(s) + (Qo(—S)Ql(S) — 01(=5)02(s))e™,

which is a single-delay quasi-polynomial of the form (2.7) and whose imaginary roots we can analyze.
The catch is that y.(s) might have additional imaginary roots, which are an artifact of the procedure. To
understand these additional roots, consider the magnitude equality part of the equation y.(jw) = 0, which
is
(1Qo(jo)| — [Q2(j@) [ x=(jo)| = 0.

This equality holds if either |y, (jw)| = 0, which is what we are interested in, or |Q¢(jw)| = |Q2(jw)|,
which is an artifact in potentia (it might not be, there is also a phase relation to satisfy). Thus, all positive
frequencies at which the magnitudes of Q¢ and Q» coincide should be checked separately. There might
be only a finite number of such frequencies (otherwise, we necessarily have Q¢ (s) = Q»(s) and a neutral
chain on the imaginary axis, which contradicts our assumptions). Assuming that |Qo(jw;)| # |02 (jw;)|
at all imaginary roots jw; of y.(s), it can be shown [78, Sec. 6.3] that the crossing directions of y.(s)
and y.(s) coincide iff |Q¢(jw;)| > |Q2(jw;)| and are opposite iff |Q¢(jw;)| < |Q2(jw;)| at each crossing
frequency w;.

Example 2.10. Let
Xr(s) =5+ e—rs + e—21s7
for which yo(s) = s + 2 is Hurwitz. The only positive frequency at which |Q¢(jw)| = |Q2(jw)|is w = 1
then. Now,
Je(s) == —1—(s+ D)e™™
and the corresponding ¢(») = (1 —0?)? — (1 + w?) = w?(w? — 3) has one admissible solution, w; = /3.
As this w; # 1, there are no artifact crossing frequencies. All crossings of y.(s) at this frequency are

switches and, because |Qo(jwi)| = V3 > 1 = |Q2(jw1)], so are the crossings of x.(s). To find the
smallest positive T at which this switch takes place, consider the phase relation for y.(s), which is

tw; = arg(—1 — jo;) — arg(w] — 1) + (2k — )7 = arctan w; + 27k = % + 27k.
Its smallest positive solution is T = 7/(3+/3) & 0.6046. Hence,

0<t<—
<t< m

is the range of delays for which this y.(s) has no unstable roots. \Y
The procedure outlined above applies to general quasi-polynomials of the form (2.2) recursively, each

step reducing one delay. It should be clear that even in a general commensurate case crossing frequencies

and root directions are independent of the delay, which is a useful insight. Computational details are rather

dull though. Also, dimensions of involved polynomials grow rapidly in those iterations, so the approach

might not be quite practical for quasi-polynomials of the form (2.4) with a large k.

Remark 2.5 (incommensurate delays). The situation is way more complicated for quasi-polynomials with

incommensurate delays. Roots crossings there no longer happen at a finite number of frequencies, so the
analysis is a nightmare even for quasi-polynomials with 2 delays and constant Q;(s) and Q»(s). \Y%
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Fig. 2.5: General interconnection with RekaSius substitution

2.1.6 Bilinear (RekasSius) transformation

An alternative take on the idea of checking crossings of the imaginary axis by roots of y.(s) as t sweeps
the whole positive semi-axis was proposed by Zenonas V. RekaSius in [63]. A key observation is that at
each frequency w € R, the locus of e 717 in the complex plane as T sweeps R (which is the unit circle T,
as a matter of fact) coincides with that of Ry (jw), where

= -5+ o

Rals) 1= ——. (2.12)

as o sweeps the whole real axis R. Moreover, for every w; € R \ {0} and 7; € Ry there is o; € R, viz.

T; Wi
2 b

o = w; cot (2.13)
such that the equality e 1%® = R, (jw;) holds.

These observations suggest that frequency-response properties of the delay systems in Fig.2.1 can be
studied in terms of those of the finite-dimensional system in Fig. 2.5, which is obtained by the substitution
D, — R,. A state-space realization of this finite-dimensional system can be derived similarly to that of
the delay system (1.27). The only difference is the replacement of the relation w(¢) = z(t — r) with

X(t) = —axe(r) + 2(1)
w(t) = 2o (1) — 2(1)

which represents the Laplace-domain relation W(s) = (—s 4+ «)/(s + «)Z(s). Eliminating z and w from
the model we then end up with the transfer function of P; : u + y in terms of its state-space realization

A—ByR;,C;, 2aBy Ry By — By Rz Dy
Pr(s) = szcz a(Dzw — I)sz szDzu s (2.14)
Cy — Dyw Rz C; 2Dy Rzw ‘Dyu = DywRzwDzy

where Ry, := (I + D;y,) ! is well defined if we assume that p(D;,,) < 1. The corresponding character-
istic function is

s — A+ ByR;»C, 2aBuy Ry

k
e sI +a(I — Dzy)R } =71 s+ ) (@=90i(s), (215
w2z zZw zw —

Xa(s) :=det [
where the last expression follows from (2.4) for y # 0 such that y(s) is monic. Nonzero pure imaginary
roots of y.(s) in (2.4) coincide then with those of y,(s) in (2.13). Moreover, crossing directions of such
roots of yq(s) are closely related to those of y.(s), as established by the result below.

Lemma 2.3. Let s, and sy be roots of y.(s) and x4 (s), respectively. If jo; # 0 is a root of both these

functions, then
ds ds
. = —signRe —|

sign Re
T ls=jw; o ls=j

(]


https://www.vle.lt/straipsnis/zenonas-vytautas-rekasius/
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Proof. Consider the equation

sI—A —Byt
det v =0
|: -C, I-— Dzwf]

and let £ (s) denote its solution. Clearly,

—Sq +

e T =10(sr) and ———— ={(sq)-
Sq¢ +
Thus,
d ds ds
Ee—tsf — _e TSt (Sr 47 d;) — é-/(sr) d‘[f
and
d —s4 +« 2 dsy ¢ )dsa
— = Sog —a— | = '(sq)—
da sy + (5¢ + )2 \'* da *da’

where ¢'(s) := d¢(s)/ds. Hence,

i ds;\ " B 2 dsg \ !
- (S’(E) “)‘ (sa+a)2(s“(a) _“)

whenever s; = s,. In particular, at s, = s, = jo; # 0 we have that e 1" = (—jw; + «)/(jw; + o) and
4 ds, -1 2 . dsy -1
T wj = — |0 — W;
1 4z w? + a? 191\ e

ds; -1 2 dsy T 2u
—) =) tizlt-—=—=)
dr wf + o do w; w; + o

The result then follows by the fact that sign Re z = sign Re z7!. U

or, equivalently,

Thus, we can analyze imaginary crossings of y.(s) via those of y4(s). A good news is that this y,(s)
is a standard polynomial, rather than a quasi-polynomial from (2.4). A bad news is that the parameters of
xa(s) are functions of «, so the analysis has to be carried out in parametric form. This can be done via
the Routh—Hurwitz stability criterion, although handling singular cases there might be a mess. Arguably,
the delay sweeping method is more streamlined and easier to use, especially in the analysis of various
low-order applications, see Section 3.1. Still, the bilinear transformation may also be helpful in analyzing
properties of delay systems, examples can be found in §4.1.1.

Example 2.11. Return to the system with G as in (2.6). Assume that goo = 1, go1 = 0.1, and g;9 = 0.4,
like in the third item of Example 2.8. The counterpart of y.(s) = s2 4+ 0.1s + 1 + 0.4e~** in this case is

Ya(s) =52 4+ (@ + 0.1)s* + 0.1(a + 6)s + 1.4a.

We can construct its Routh array, of course, but for third-order polynomials the condition of having a pair
of nonzero pure imaginary roots is

7.9 £ v60.01

lda =0.1(c +6)(x+0.1) = «a12= 5

The corresponding imaginary roots (with positive frequencies) are then

S12 = j\/ 01(0[ -+ 6)|a=a1‘27


https://en.wikipedia.org/wiki/Routh-Hurwitz_stability_criterion
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Fig. 2.6: Equivalent form of the system in Fig. 2.5 with isolated «, here Gipe(s) = 1/s - [

which yields crossing frequencies w; ~ 1.1757 and w, &~ 0.7795, exactly as in Example 2.8. Crossing
directions can be found by constructing the corresponding root locus plot. But we already know, from the
analysis in §2.1.5, that the highest crossing frequency is a switch and the next one is a reversal. Inverting
(2.13), we then get

2 .
Tik = —(arctan il + nk), Vk eZ

i o

from which the results derived in Example 2.8 are recovered. \Y%

Remark 2.6 (pulling « out). It is readily seen that Ry (s) = ]:u([ _12/ § 1_/1s ] «). This form facilitates extract-
ing « from the LFT in Fig. 2.5 in the equivalent form presented in Fig.2.6. The latter system, in turn, is
equivalent to F, (G, al), where

0 (I + D)7 'C; (Dzw — (I + Dzy)™! (I + Dzw)~!
o~ O A_Bw(I+DZW)_1CZ ZBW(I+DZW)_1 BM_BW(I+DZW)_1DZM
G(s) =

1 0 0 0

0 Cy— Dyw(I + D)7 'C;| 2Dy + Dzw)™'  Dyy— Dyw(I + Dzw) "' Dy

is the Redheffer start product G = [_ZGI““ g"l“] * G, where Gy is the integrator with the transfer function
Gine(s) =1/s-1. \Y,

2.2 Lyapunov stability and Lyapunov’s direct method

Another way to address the stability of dynamic systems is to analyze the Lyapunov stability of unforced
motion via Lyapunov functions. These methods are not in the center of these notes, mainly because of
personal preferences (Lyapunov methods do not appear to be well suited to analyze meaningful control
performance and to design dynamic controllers). So such methods are only outlined below. There is hefty
literature on this subject, which can be consulted for more details and (sometimes) insight, see e.g. [22, 28]
and the references therein.

2.2.1 Ordinary differential equations

We start with a brief overview of the Lyapunov stability and Lyapunov’s direct (aka second) method for
finite-dimensional systems described by equations of the form

x(t) = f(x(@)), (2.16)

where x : Ry — R" is a state and f : R” — R” is a locally Lipschitz continuous function. Assume that
Xeq € R is its equilibrium, i.e. f(xeq) = 0. We say that this equilibrium is stable if for every ¢ > 0 there


https://en.wikipedia.org/wiki/Lyapunov_stability
https://en.wikipedia.org/wiki/Lyapunov_function
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is § = 8(e) > 0 such that [[x(0) — xeql| <8 == |[|x(¢) — xeq|| < € for all 1 € Ry. Asymptotic stability
requires, in addition, that there is § > 0 such that [ x(0) —Xeq|| < § == lim; 0 [|x(¢) —Xeql| = 0. The set
of initial conditions that generate converging states is known as the region of attraction of an asymptotically
stable equilibrium. If the region of attraction is the whole R”, then the equilibrium is said to be globally
asymptotically stable.

A key idea of Lyapunov’s direct method is that the stability of (2.16) can be analyzed without the need
to solve it explicitly. Rather, stability can be concluded from properties of the derivative of certain function
V : R" — R, known as a Lyapunov function, along trajectories of (2.16). Without loss of generality we
assume hereafter that x.q = 0, in which case f(0) = 0 (otherwise, shifting x — x — x.q does the trick). In
this case a legitimate Lyapunov function shall be continuously differentiable and satisfy V'(x) > 0 for all
x # 0 and V' (0) = 0. The derivative of V' along trajectories of (2.16) is defined as

V) v dx V()

Vix):= dr ox dr  Ox

J ().

The following results hold true:
1. if V(x) < 0 for all x, then (2.16) is Lyapunov stable;
2. if V(x) < 0 for all x # 0, then (2.16) is stable asymptotically;
3. if V(x) < 0 for all x and V (x) = 0 implies x = 0, then (2.16) is also stable asymptotically

(the last condition follows by LaSalle’s invariance principle, which says that if V' < 0, then all trajectories
accumulate in the set {x | V(x) = 0}). If the statements “for all x” above are understood as “for all x
in some neighborhood of the origin,” then properties are local. For global stability the statements above
should be valid for all x € R" and the condition lim |- V' (x) = oo hold.

A catch in the use of this method is to find a Lyapunov function, which might be a highly nontrivial task
in its own. Still, in some situations such functions can be constructed. This is the case when a Lyapunov
function can be interpreted as an energy function of the system, for instance. The problem is perhaps
best understood for linear systems, where f(x) = Ax for certain A € R™*”. A handy choice here is the
quadratic Lyapunov function

V(x)=x'Px, P =P >0. (2.17)

With this choice V (x) = 2x’PAx = x’(PA + A’ P)x and the system is stable if there is P > 0 such that
PA 4+ A’P < 0. This requirement can be formulated as the existence of P > 0 satisfying the Lyapunov
equation PA + A’P 4+ C'C = 0 for some C. In this case V = —||Cx||?> < 0. If C has full row rank, then
[Cx| > 0 for all x # 0 and we have asymptotic stability. In fact, it is sufficient to have (C, A) observable,
because in that case Cx = 0 iff x = 0 and we can apply LaSalle’s invariance principle to conclude about
asymptotic stability. Note that asymptotic stability does not imply that ||x (¢)|| is a monotonically decreasing
function of 7. Yet the existence of a quadratic Lyapunov function implies that in some coordinate bases,
namely P!/?x, the state of an asymptotically stable system does decay monotonically. This property is
useful in analyzing various classes of switched systems.

2.2.2 Delay-differential equations

Now consider the delay system in Fig. 2.1. Because the purpose of this section is to provide mainly a flavor
of the approach, in the analysis of its Lyapunov stability we consider only the particular case of retarded
DDEs, for D;,, = 0, and concentrate on systems described by

X(1) = Ax(t) + Aex(t — 1), (2.18)

where A; := By, C,. This is the autonomous version of (1.29) and we may consider X, € C"([—t, 0]) as
its state at a time instance ¢. If rank A, < n, this is not a minimal state, cf. a comment after (1.29). Still,


https://en.wikipedia.org/wiki/LaSalle%27s_invariance_principle
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this choice is sufficient for our purposes. If we assume that the initial condition Xy € C”"([—t, 0]), i.e. is
continuous, then the solution of (2.18) exists on all R and is continuous as well, i.e. X, € C"(R) for all 7.

Once the definition of state is clear, the extension of the notion of Lyapunov stability and of Lyapunov’s
direct method to (2.18) is conceptually straightforward. All we need is to replace the vector x(¢) with the
function X,. As such, the stability of (2.18) is defined as the existence of § = §(¢) such that (mind that the
equilibrium is taken zero) || X;|| < € for all + whenever || Xo| < §, where ||| is a norm on C”([—z, 0]). The
Lyapunov function is also supposed to be of the form V' (X), possessing infinite-dimensional counterparts of
properties stated in §2.2.1. The analogy would be even more evident if DDE (2.18) was cast as an operator
differential equation in terms of X, see [10, Sec. 2.4]. However, dealing with such functions might be quite
cumbersome. This motivated other approaches, developed via attempts to extend Lyapunov’s method for
DDE:s like (2.18) while keeping conditions expressed in terms of x (#) whenever possible. Two best known
of them, outlined below, were put forward by Boris Razumikhin [62] and Nikolay Krasovskii [31].

Lyapunov-Razumikhin approach

The idea here is to still use a Lyapunov function based only on the vector x (), yet then replace the condition
on its derivative with a weaker requirement. The result, which is an LTI version of [22, Thm. 5.4.2], is as
follows.

Theorem 2.4 (Razumikhin). If there is a continuous V : R" — R such that V(0) = 0,

a(llx[) = V(x) = BdlxI. (2.192)

and
V(x() < —y(lx@)]) whenever V(x(t + 6)) < p(V(x(¢))) for all 6 € [, 0] (2.19b)
for continuous non-decreasing functions a, B,y,p : Ry — Ry such that lim)y|-e a(||x|]) = oo and

po(V) >V, then (2.18) is Lyapunov stable. If in addition p(V) > V for all V. > 0, then (2.18) is stable
asymptotically.

Loosely speaking, the Razumikhin approach does not require to keep the derivative of V' negative all
the time. Rather, it has to be enforced only when the current value of the Lyapunov function exceeds all
those over the past history of the length 7. The example below illustrates the use of this approach. Although
its procedure is not the state of the art, it does help to gain some insight into the method.

Example 2.12. Consider DDE (2.18) and select the quadratic Lyapunov function (2.17) for it. Condition
(2.19a) holds then for a(||x||) = Amin(P)||lx]|? and B(||x]) = Amax(P)]lx|*>. Now,

A'P + PA PA,H x(1) ]

V(x(t)) = 2x' () P(Ax (1) + Ax(t — 7)) = [x’(t) x'(t — 1) ] |: A p 0 Xt — 1)

This derivative cannot be negative for all ¢ if we allow arbitrary x(¢) and x (¢ — 7), for the matrix in that
quadratic form is not negative definite (its (2,2) entry is zero). Yet we need its negativity only at time
instanced when the second condition of (2.19b) holds. To exploit this fact, select p(V) = nV for some
n > 1, which is perhaps just an expedient choice. Condition (2.19b) is ensured then by the existence of
¢ > 0 such that

V(x(1)) < —tx'(t)Px(r) whenever x'(t + 0)Px(t + 0) < nx'(t)Px(t) forall 6 € [-7,0],  (2.20)

which corresponds to y(||x]|) = {Amin(P)|x||?. Checking (2.20) precisely, only at time instances when its
second inequality holds, would not be easy. The trick is to relax it. Namely, consider the function

W(t) == V(x(t)) +a(nx'(t)Px(t) — x'(t —7)Px(t — 1)), a >0,


https://ru.wikipedia.org/wiki/%D0%A0%D0%B0%D0%B7%D1%83%D0%BC%D0%B8%D1%85%D0%B8%D0%BD,_%D0%91%D0%BE%D1%80%D0%B8%D1%81_%D0%A1%D0%B5%D1%80%D0%B3%D0%B5%D0%B5%D0%B2%D0%B8%D1%87
https://en.wikipedia.org/wiki/Nikolay_Krasovsky
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Clearly, nx'(t) Px(t) > x'(t —t) Px(t —t) whenever nx'(t) Px(t) > x'(t + ) Px(t 4+ 0) for all 6 € [z, 0].
Therefore, if W(t) < —¢x'(¢) Px(t), then (2.20) holds and we may endeavor to guarantee that

A'P + PA+ (an+ )P PAri||: x(1) i|<0

W(t) + ¢x' () Px(t) = [ X' (1) x’(t_f)][ ALP —aP || x(t—1)

The latter is ensured if

|:A/P+PA+(ar]+§)P PA,]

< —
AP —aP 0

AP+ PA+aP PA. ] _ [eP O
AP —aP |~ |0 0]

where € := a(n— 1) + { > 0 may be arbitrarily small, as » > 1 and { > 0 may be chosen freely. Thus, we
end up with the inequality
!/
[AP—}—PA—i—aP PA,i|<O. 2.21)

AP —aP

If P= P > 0and ¢ > 0 guaranteeing it exist, then system (2.18) is asymptotically stable. If a is
fixed, then (2.21) is linear in its remaining free parameter P. Such inequalities are known as linear matrix
inequalities (LMIs) and can be solved efficiently, see [66]. In fact, (2.21) is equivalent to a simpler LMI,
QA +AQ+aQ—a'4,QA, <Ounder Q = P~! > 0. The scalar a may then be sought out by whatever
ad hoc parametric search. On the downside, the condition derived here is normally conservative, i.e. the
failure to solve (2.21) does not necessarily implies that the system is unstable for some t. \Y%

Lyapunov-Krasovskii approach

The idea here is to use a function of the whole state x,, V : C"([—7, 0]) — R, as a Lyapunov candidate. A
simplification is that conditions on its positively and the negativity of its derivative can still be formulated
in terms of x(¢), not the whole X,. The following result is a linear version of [22, Cor. 5.3.1].

Theorem 2.5 (Krasovskii). If there is a continuous V(X) : C"([—t,0]) — R such that V(0) = 0,
V(X) = a(lx]). and V(%) <-B(lx|) (2.22)

for functions o, B : Ry — Ry such that limy|-e0 a(||x]]) = o0, then (2.18) is Lyapunov stable. If in
addition B(||x]) > 0 for all || x|| > 0, then (2.18) is stable asymptotically.

The dependencies of functions « and 8 only on ||x(¢)] is a relaxation of expected conditions in terms
of a norm of X, (although the bound on the derivative can be interpreted in terms of LaSalle’s invariance
principle, because x = 0 obviously implies X = 0). These conditions imply that, in principle, the choice of
the Lyapunov function like in (2.17) is still legitimate, which is not quite obvious. However, such a choice
would be futile in most situations, because it is not sufficiently rich for dynamics like (2.18). Hence, finding
conditions on P guaranteeing stability is not normally possible for it, see the discussion in Example 2.12.
This is why more elaborate functions are considered.

A natural general counterpart of the quadratic Lyapunov function (2.17) for DDE (2.18) would be

0 0 0
V(Xy) = x'(t) Pox (1) + 2x'(¢) Por(s)x(t + s)ds + / / X'(t +r)Pee(r,s)x(t + s)dsdr (2.23)

for some matrix Py = Pj and functions Py, : [-7,0] — R and Py, : [-7,0] x [-7, 0] — R™*” such that
P (r,s) = P|.(s,r). Moreover, these function have to guarantee that V(X,) > a||x(¢)||* for some « > 0
to satisfy the condition of Theorem 2.5. Such functions are conventionally dubbed Lyapunov—Krasovskii
functionals. However, the form above might be “too rich.” Finding matrix functions for (2.23) might be
a hard problem to handle. For this reason, simpler particular cases of the quadratic function (2.23) are
typically sought. The example below illustrates the idea (other uses are discussed in Section 4.3).
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Example 2.13. Consider DDE (2.18) and now select

0 t

xX'(t +5)Prx(t +s)ds = x'(t) Pox(t) + / x'(s) Prx(s)ds

-1

V() = ¥'(0) Pox (1) + f

-7
for matrices Py = Py > 0 and P, = P} > 0, which corresponds to Po.(s) = 0 and P;.(r,s) = 6(r —s) P,
in (2.23). This choice satisfies the first inequality in (2.22) for a(||x||) = Amin(Po)|x]|?, so it is a legitimate
candidate. To take the derivative of this function along trajectories of (2.18), remember the Leibniz integral

rule,
db(r) da(t)

d [*® @)
O /a(t) f(s,t)ds = /a(t) gf(s,t)ds + Tf(b(z),z) — Tf(a(z),z). (2.24)

It is then readily seen that
V(%) = 2x' (1) Pox (1) + X' (1) Pox (1) — X' (t — 1) Pex (1 — 7)
= 2x"(t) PoAx (1) + 2x" (1) PgArx(t — 7) + X' (t) Pox(t) — x'(t — t) Pex(t — T)

= [ x'(1) X’(l—t)]|:A/P0+POA+Pr PoArH x(1) ]

AL Py —P, x(t —1)
Thus, if we can find Py and P, such that

APy + PyA + P, PyA, ]
<0, 2.25
[ APy —P, @25)
then My := —A'Py — PyA — P, — PyA. P A, Py > 0 and the condition of Theorem 2.5 holds for

B(1x]1) = Amin(Mo)||x||?, so that the system is asymptotically stable (in fact, for every delay 7, so we end
up with delay-independent stability). The condition above is again an LMI in its two free parameters, Py
and P.. Condition (2.25) is also conservative, i.e. the failure to solve the LMI above does not necessarily
implies that the system is unstable for some t. Still, it is less conservative than the Razumikhin condition
(2.21). Indeed, the latter is a special case of (2.25) for Pp = P and P, = a P, constraining P, ifn > 1. V

Remark 2.7 (conservatism). Stability results derived via Lyapunov’s method tend to be quite conserva-
tive. There are several sources of that. It might be that the chosen Lyapunov function is not the “best”
one, which is especially common in the Lyapunov—Krasovskii approach. Showing that the derivative is
negative normally involves bounding cross-terms and strengthening condition (2.19b) or (2.22), like was
done in Examples 2.12 and 2.13 with including terms depending on x(¢# — 7), which also induces conser-
vatism. Moreover, conservatism sources are often non-transparent, resulting in many seemingly different,
but actually equivalent results, see [83, §3.3].

Nevertheless, sometimes Lyapunov-based may be non-conservative. For example, consider the condi-
tions in Example 2.13 in the scalar case with A = —1 and A; = a,. The LMI (2.25) reads then

P-[ —2P0 Poa-[
a. Py —P;

2P2
]<0 — P, >0 A P,—2P0+afP° <0 & (P, — P> <(1-a>Pg,

T

where the first equivalence relation follows by (A.6). The last inequality is solvable in Py > 0 and P; > 0
iff a;| < 1, as in that case an appropriate P, can be found for every given P,. At the same time, the
use of any of the methods discussed in Section 2.1 yields that the system is delay-independent stable iff
a; € (—1, 1]. This implies that the Lyapunov—Krasovskii (and Lyapunov—Razumikhin, which is equivalent
if » = 1) method misses only stability under a, = 1, i.e. it is practically non-conservative in this case. V
Remark 2.8 (neutral DDEs). In the neutral delay case, like in (1.30), the Lyapunov analysis is quite sim-
ilar. An important fact is that, much like the i/o stability case, the system is Lyapunov unstable whenever
p(E;) > 1 and might be either stable or unstable if p(E;) = 1, see [61] for more details. If p(E;) < 1,
then essentially the only alteration to the conditions of Theorem 2.5 is the replacement of «(||x(¢)|) with
a(lx(r) = Ecx(r — o). v



Chapter 3

Stabilization of Time-Delay Systems
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AVING GRASPED BASIC IDEAS about the stability analysis of time-delay systems, we turn to stabilization
H problems in this chapter. We shall be mostly concerned with dead-time systems, i.e. systems compris-
ing a finite-dimensional system connected in series with a delay element, like (1.10) on p.4. The morale
of this chapter is that a right choice of the controller architecture can substantially simplify the solution,
rendering it essentially finite dimensional.

3.1 Stabilization of FOPTD systems by fixed-structure controllers

We start with a brief flirt with stabilization ideas for fixed-structure (finite-dimensional fixed-structure, to
be precise) controllers. To simplify the exposition, we consider only unstable FOPTD (first-order-plus-
time-delay) plants of the form

e—‘L’S

Pr(S):S—l

As discussed in §1.2.1, such models are important in applications, like process control. Moreover, in
some situations this model represents dynamics, left after other parts, stable and stably invertible, are
canceled by the controller. The choice of the plant pole at s = 1 does not inflict any loss of generality.
If P(s) = a/(s — a) for some a > 0, the pole can always be normalized by the substitution s — as and
scaling T — at. In other words, the delay ¢ in (3.1) should always be though of as the ratio between the
loop delay and the time constant 1/a of the finite-dimensional part of the plant dynamics.

The stabilization setup for this system is the standard unity-feedback architecture shown in Fig.3.1.
As only the stability of this system is analyzed, the exogenous signals are not relevant. The characteristic
function of the closed-loop system in this case is

(3.1

Xz(s) = (s = )Mg(s) + Nr(s)e™™, (3.2)

H R(s) F—T

Fig. 3.1: Unity-feedback control setup for a FOPTD plant
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where Ng(s) and Mg(s) are the numerator and denominator of the controller, R(s) = Ng(s)/Mg(s),
cf. (1.25). This is a single-delay quasi-polynomial of the form (2.4), which can be analyzed by the delay
sweeping method of §2.1.5 for a given R(s). In this section we consider a more challenging problem of
analyzing y.(s) as functions of controller parameters.

3.1.1 Stabilizing PI controllers

Assume that the class of controllers to be analyzed is of the form

R(s) = Ru(s) = kp(l + TLS) (3.3)

for some nonzero real kp, (known as the proportional gain) and 7; (integral time or reset time). In this case
Ngr(s) = ky(Tis + 1) and Mg(s) = Tis and the characteristic function (3.2) reads

1e() = Tis(s — 1) + kp(Tis + De ™™,

Form
p(@) = TPw* (@ + 1) =k (TP0* + 1) = TPo* — TP (k) — Do® — k.

according to (2.10). The only positive-real solution of this equation, the crossing frequency, satisfies

1 k2
w?:i(k§—1+\/(k§—1)2+4?_%), (3.4)
1
which is a switch because d¢(w)/dw = 2T7w(1 —k; +2w?) = 0only at w = 0 and ©* = (k; —1)/2,
both smaller than w?. Hence, the closed-loop system can be stable for some delays only if it is stable for
7 = 0. The zero-delay characteristic polynomial,

x0(s) = Tis> + Ti(kp — 1)s + kp,

is Hurwitz iff all its coefficients are nonzero and have the same sign. If k, < 0, then we must have 7; < 0
and T;(kp, — 1) < 0, which is a contradiction. Hence, all coeflicients must be positive, which is the case iff

kp>1 and T; > 0. 3.5
As a matter of fact, this implies that 7;w? > k, > 1. The phase relation (2.8b) for this y(s) reads

joc—1

2k — E)n

tw. = arg(jliw. + 1) —arg(jo, — 1) — % + 2k — 1) = arg 3

(Tiwc + 1) (joc + 1)
arg
w? + 1

+ (zk _ %)n = arg(l — Tiw? + j(Ti + Dawe) + (2k - %)n

Because Tiw? > 1, we have that arg(1 — Tiw? + j(Ti + 1)w.) € (7/2, ) and the smallest crossing delay
corresponds to k = 1. Therefore, the closed-loop system is stable iff (3.5) holds and

1 Tiw? —1
0 <17 < — arctan % — < (3.6)
W¢ (Ti + Dowe

for w. given by (3.4). This is a simple condition on 7 for given k, and T;, but is far from being simple in
terms of controller parameters. Even in the P controller case, which corresponds to 7; = oo, the condition

arctan vk2 — 1

0<7< Ve -1 (3.6)

2
ky—1
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1 15 2 25 3

kp

(a) in the (kp, 1/T;)-plane (b) in the (w¢, 1/ T;)-plane

Fig. 3.2: Maximum stabilizing delay contours for the PI controller (3.3)

is not solvable in k, analytically. As such, controller parameters may be chosen graphically, from the plot
of stability contours of the delay in the (k}, 1/T;)-plane, shown in Fig. 3.2(a). A suitable, viz. stabilizing
in this case, PI controller (3.3) may be then selected for each given delay t.

The crossing frequency w. in (3.4) is the crossover frequency of the loop P;R. This is an important
characteristic of the control system in Fig. 3.1, it roughly indicates the frequency range in which feedback
is useful and the closed-loop bandwidth. It follows from (3.4) that any given crossover frequency can be

attained by the choice
| 1+ w?
kp = Tia)c —1 + Tl2a)02 s

which is admissible, i.e. results in k, > 1, iff o > 1/4/T;. In other words, there is a one-to-one corre-
spondence between w. > 1/+/T; and k, > 1, so we can analyze the stability of the system in terms of its
crossover frequency instead of the proportional gain. This analysis may actually be more informative and
it facilitates deriving the analytic bound on the integral time under a given delay = > 0,

1 wdw.—tan(rw.))

— . 3.7
T; = 1 + w tan(twc) 3.7

Because t € [0, 1), the numerator in the right-hand side above is positive iff w. € (0, w.), where w, is the
smallest positive solution to w, = tan(tw;). Such w, always exists and satisfies tw, € [0,7/2). At the
same time, the denominator in the right-hand side of (3.7) is positive for all tw. € [0, 7r/2). Therefore, there
exist 7; > 0 satisfying (3.7) iff w, is strictly smaller than w,, which is a strictly monotonically increasing
function of 7. The corresponding level curves of the upper bounds on 1/7; as functions of w. for several
values of t are presented in Fig. 3.2(b).

3.1.2 Stabilizing PD controllers
Now consider the class of PD controllers of the form
R(s) = Rpp(s) = kp(1 + Tys) (3.8)

for some nonzero proportional gain k,, and real Ty (derivative time). The characteristic function (3.2) for
this choice is
Xe(s) =5 — 1+ kp(1 + Tys)e ™.
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1 1.5 2 25 3 0 1.13 233 343
ky [oN

(a) in the (kp, Tq)-plane (b) in the (wc, Tq)-plane

Fig. 3.3: Maximum stabilizing delay contours for the PD controller (3.8)

This is a neutral quasi-polynomial, so we first have to guarantee A, on p.28. This requires |kpTy| < 1,
which is assumed hereafter. The corresponding ¢ (w) is then

$(@) = (1 =g THo? = (kg —1).

Clearly, its solution must satisfy
k2—1
p

2__"p
2 :
1 —k2T7?

(3.9)
Taking into account that |k, 74| < 1, this ¢ (w) has positive roots iff |k,| > 1. If this is the case, then the
crossing frequency is is a switch, because d¢(w)/dw = 2(1 — k;T ?)w is positive there. Consider now
properties of the zero-delay version of the characteristic equation,

xo(s) = (1 + kpTa)s + kp — 1.

Because |k, Tq| < 1, its leading coeflicient is positive, so this polynomial is Hurwitz iff k,, > 1. Thus, the
system is delay-independent unstable whenever k, < 1 and is stable for all delays below the first crossing
delay if k, > 1. This crossing delay can be found from the phase relation (under k, > 0)

tw. = arg(l + jTqw.) — arg(—1 — jo.) + (2k — 1) = arctan(Tqw.) + arctan w, + 2k .

Because each one of the two first terms above is a function in (0, 7/2), the minimum positive solution of
this equation corresponds to k = 0. Hence, the system is stable iff

1 1
kp>1, |Tq4| < < I, and 0 <t < —/(arctan(Tyw.) + arctan w¢) < 2 (3.10)
p @We

for w. given by (3.9). The last relation is again not quite transparent in terms of the controller parameters
for a fixed 7. The level curves in the (k,, Ty)-plane presented in Fig. 3.3(a) can be used to choose k;, and
Ty.

Like in the PI case, the analysis is simplified if we consider the crossover frequency w. as the parameter
of choice instead of k. This is always possible, owing to the relation

1+ w?
ko =TT 72,2
1+ Tiw?
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<

Fig. 3.4: Unity-feedback system with Smith controller

which defines a one-to-one correspondence between w. > 0 and kj, > 1 provided |74| < 1. The bound on
7 in (3.10) translated then to the following bound on the derivative time as a function of t and w:
tan(tw, — arctan wc)

—-1< < T3 <1, 3.11)
We

which is nonempty iff 0 < tw. < arctanw. + 7/2 < 7w. These bounds are presented in Fig.3.3(b) and
may be useful to see limitations, imposed by the loop delay, on the attainable crossover frequency.

Although the examples above discuss simple controllers for a simple time-delay system, they can be
used to appreciate problems arising in more general situations. Namely, it is not hard to extrapolate that
finding precise stabilizability conditions might be tremendously challenging and even if such conditions can
be found, they are seldom transparent and it might not be trivial to find a meaningful re-parametrization, for
which the result is intuitive. For these reasons, the design of fixed-structure finite-dimensional stabilizing
controllers is normally addressed via conservative methods, based on various kinds of approximations and
the use of robustness techniques (some of the are studied in Chapter 4).

3.2 Problem-oriented controller architectures: historical developments

The design of (low-order) fixed-structure controllers is a challenge even for finite-dimensional plants with
high-order dynamics. Conventional wisdom has it then that the complexity of the controller should be
comparable to that of the controlled process. In particular, there are systematic and intuitive methods to
design at least (n — p)-dimensional stabilizing controllers for n-dimensional LTI plants with p measured
non-redundant outputs, whereas no such methods exist for lower-order controllers in general.

The observation above suggests that the stabilization of (infinite-dimensional) time-delay systems may
require the use of infinite-dimensional controllers. This section aims at presenting developments in the
control literature since the late *50s on methods to design infinite-dimensional controllers for time-delay,
mainly dead-time, systems, which exploit the structure of the delay element. These developments bore
several fruitful concepts, resulting in intuitive design procedures and implementable controller architec-
tures. The presentation below is technical, its main goal is to present a historical overview. The underlying
insights and somewhat more streamlined derivations of these approaches are then revealed in the next
section.

3.2.1 Dead-time compensation: Smith predictor and its modifications

The first problem-oriented controller architecture for dead-time systems was proposed by Otto J. M. Smith
back in 1957 [70]. The controller, presented in Fig. 3.4, comprises two parts, a primary controller R and a
Smith predictor P(1— D) in the internal feedback path of the controller. The overall controller R : y — u
in this case has the transfer function

_ R(s)

14+ RE)Ps)(1—e)

R(s) (3.12)


https://en.wikipedia.org/wiki/Otto_J._M._Smith
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P(s)— P(s)e™™

<

Fig. 3.5: Unity-feedback system with modified Smith predictor

Although the controller is quite complex, the setup makes closed-loop properties more transparent. The
underlying logic of this architecture can be seen from the behavior of the signal

j=y+P(1—-D)u=PDu+d)+P(1—D)u=Pu+d),

which can thus be seen as a predicted version of y. The use of the predicted output in lieu of y leads to
simpler closed-loop dynamics, as can be seen from the resulting control sensitivity,

To(s) = — W™ Rise _ R

- _ _ — = 7~“C(s),
14+ P(s)R(s)e™*s 1+ R(s)P(s)(1 —e~ %) + P(s)R(s)e™ s 1+ P(s)R(s)

and complementary sensitivity,

P(s)R(s)

— L e ¥ = T(s)e_”,
1+ P(s)R(s)

T(s) = P(s)e " Te(s) =
transfer functions. Thus, the control sensitivity function turns completely delay free and the complemen-
tary sensitivity function is left with only an input delay. From the stabilization point of view, a key fact is
that the delay is not present in the denominators of both these closed-loop transfer functions. As a result,
if the primary controller R stabilizes the delay-free systems 7 and T, then R defined by (3.12) renders the
actual 7" and 7 stable as well. This remarkable property facilitates the design of the primary controller for
the delay-free version of the plant, P, and then implementing it in the Smith form of Fig.3.4. Also note
that although the overall controller in (3.12) is infinite dimensional, it is readily implementable. All we
need is to realize a delay line and a finite-dimensional plant model in the internal feedback of the controller.

The situation is not that simple though. Consider the disturbance sensitivity transfer function

P(s)R(s) e_”) _ P&) [P)PREs)(1—e™™)

Ta(s) ) = _ _
1+ P(s)R(s) L+ P(s)R(s) L+ P(s)R(s)

P(s)1=T(s)) = P(s)(l —
=: Tu(s) + T(s)P(s)(1 —e ™).

Unless plant poles are canceled in the predictor P(s)(1 — e~ ™), they are the poles of the disturbance
sensitivity Tq(s) as well. Hence, if P(s) has unstable poles other than single poles at j2kz /7 for k € Z,
the closed-loop system is internally unstable as well, no matter what primary controller is chosen. This
implies that the Smith controller is not applicable to unstable plants in most cases.

However, instability under unstable plants is not an intrinsic property of predictor-based schemes. A
possible fix was proposed by Keiji Watanabe and Masami Ito in [80]. The idea is paraphrased in Fig. 3.5,
where the prediction element P — PD, is based on a finite-dimensional system P, which is not necessarily
the same as the plant P. With this choice, the signal § = Pu + Pd is no longer a prediction of the zero-
delay output. Still, this is a delay-free response, so that the architecture presented in Fig. 3.5 is dubbed the
dead-time compensator. The four closed-loop transfer functions of interest are then

S(s) Tals) 1 P(s)=P()e™™ |[ S(s) Ta(s) J[1 —P(s) + P(s)e™™ (3.13)
Tc(s) T(s) 0 1 T.s) T(s) || 0 | ; .


https://ieeexplore.ieee.org/author/37336702800
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where _ _
S(s) Ta(s) ] 1 |: 1 ] -
~ ~ = ~ 1 P(s
R o =1 FoRe LR |1 PO
are the closed-loop transfer functions associated with the unity-feedback interconnection of delay-free P
and R. If the finite-dimensional system P is such that the prediction block P — PD, is itself stable, then

1 0 ‘ 1 07 1 0]
Ps)—Pi)e™ 1| M | B+ Ps)e™ 1|7 | Pls)— P(s)e™ 1

are bi-stable and o
S T S Tc
|:TdTi|€Hoo<:>|:7~,d7~,:|€Hoo

This, in turn, implies that the stabilization problem for the input-delay plant PD, reduces to that for the
delay-free P.

Thus, the stabilization problem boils down to finding a finite-dimensional P for which P — PD, is sta-
ble. This turns out to be always possible. The choice proposed in [80], based on the state-space realization
of P(s) = C(sI — A)~'B,is

P(s) = Ce 4" (s —A)"'B (3.14)

and has the same order and the same poles as P(s). In this case the transfer function of the predictor,
known as the modified Smith predictor (MSP), is

T
P(s)— P(s)e™™ =C(e " —e ™I)(s] —A)'B=Ce™™ / 133 (3.15)
0

This is an entire function bounded in Cy, cf. a discussion in Example 2.5 on p. 24. Hence, it belongs to Hy,
and the MSP is stable. There are other choices, some of which are proposed in [80], all of them are based
on canceling unstable poles of P(s) in the predictor P(s) — P(s)e ™. Because of those cancellations,
certain care should be taken in implementing such predictors, this issue is discussed in Chapter 7. But,
in any case, the use of the dead-time compensation (DTC) architecture renders the stabilization problem
essentially finite dimensional, which is a clear advantage in comparison with the methods discussed in
Section 3.1.

3.2.2 Finite spectrum assignment

Consider now the system
X() = Ax(@) + Bu(t — 1), (3.16)

which is a dead-time system with the whole state of its delay-free part measurable. We assume that (A4, B)
is stabilizable. Conceptually, the stabilization problem for it would be simple if we measured the future
vector x (¢ + t) at each . The control law u(t) = Kx(t + tv) + K,v(t), where v is an exogenous signal and
K, is some gain, is obviously stabilizing if A + BK is Hurwitz. Finding an appropriate K is a standard
step of designing a state feedback controller for the zero-delay version of (3.16). Of course, the control
law above, based on x (¢ + 7), is not implementable. But we may try to imitate it by replacing x (¢ + 7)
with its prediction. This logic is reminiscent of that of observer-based feedback, where unmeasurable state
is replaced with its estimate.
A prediction of x can be obtained by solving (3.16),

t+t t
x(t + 1) =ex(t) + / AT By (r — 1)dr = e x (1) + / e~ Bu(r)dr.
t t—1
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This is a linear function of the state of (3.16), which is (x(z),1,) as discussed in §1.2.1, and is causally
implementable. Thus, a candidate for the predictor-based feedback is

u(t) = K(eA’x(t) + /t eA(t_’)Bu(r)dr) + K,v(1), (3.17)

where K is such that A + BK is Hurwitz.

To analyze the stability of the closed-loop system with the control law (3.17), rewrite it in the Laplace
domain. To this end, note that the last term in it is the convolution of u(¢) and e B T0,71(¢), where Tjo (1)
is the indicator function of the interval [0, 7]. As such, the Laplace transform of it is the product of the
Laplace transforms of each one of these functions, i.e.

t o0 T
z{ / eA(’_’)Bu(r)dr} = / e Bljp 1 (1)e™'dtU(s) = / e CI=D14rBU(s). (3.18)
t—1 0 0

Thus, (3.17) can be written as
T
(1 -K / e‘(”_A)tdtB)U(s) = Ke"X(s) + K,V (s).
0
Combining this relation with the Laplace-domain version of (3.16), we end up with the closed-loop equa-

tions
sI—A —Be™™ Xs)| |0 V(s)
—KeAT [ —K[leCI=Map || Us) |~ | K, |

The stability of these dynamics can be analyzed via its characteristic function, which determines the
existence of a nontrivial free motion under v = 0. By the logic of §2.1.1, this function is

(3.19)

—_ . —TS
feai(s) = det [ sl —4 Be } .

—KeA® [ — K[y e 6I=DidrB

Although the task of finding its roots appears complicated, it is actually not. Just note that
T
e T (s] — A)/ e CI=D'qrB = e 4B — Be ™,
0

cf. the second equality of (3.15). Therefore,

sI — A —Be™™ [ sI—A e (s] —A) [{ e $I=D"diB — e~ "B

—KeA™ [ — K [je 6I=MidtB | T | —Ke”® I —K /[, e ¢I=MdtB
_[s1—A —e B[ 1 e [fe I drB
T | —Ketr T 0 I

and

_ _ AT
Yeal(s) = det [ S_IKe A e , B } — det(s] — A — e " BKeA™) = det(e 47 (s] — A — BK)e"")

= det(s/ — A — BK),

where the second equality follows by (A.5b). In other words, y.ci(s) in (3.19) is actually a plain polynomial
of degree n, whose roots are the eigenvalues of A + BK, exactly as in the delay-free case. For this reason,
the strategy behind control law (3.17) is called the finite spectrum assignment (FSA). The term was coined
by Andrzej Manitius and Andrzej W. Olbrot in their 1979 paper [34], where the stabilization problem in
a slightly different, albeit essentially equivalent, form was studied. The ideas behind controller (3.17) can
be traced back to the late 60s, see [17, 36, 30], where similar configurations were discussed in various
contexts.


https://volgenau.gmu.edu/profiles/amanitiu
https://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=5575499
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Remark 3.1 (multiple delays). Remarkably, the FSA approach extends to a rather general class of multiple
input delay systems. Although such kinds of extensions are not as intuitive as the predictor-based approach
described above, they can be deduced from the analysis above and still produce finite closed-loop spectra.
For example, consider a plant described by the equation x(r) = Ax(t) + >, Biu(t — v;) for delays ; > 0.
The control law

u(t) = K(x(t) + Z/t eA(t_”_’)Bu(r)dr) + Kyv(1)

assigns the spectrum of the closed-loop system to the roots of det(s/ — A — Y_; e~4% B; K), which is a
polynomial of degree 7, and the stabilization is possible iff (4, ", e=4% B;) is stabilizable. \Y%

If only a part of the vector x is measured, say if (3.16) is complemented by the measurement equation
y(t) = Cx(t), then (3.17) should be complemented by an observer of x, resulting in the control law

£(t) = AR(t) + Bu(t — ) — L(y(t) — C£(t)) (3.20a)

t
u(t) = K(e‘”fc(t) + / eA(’_’)Bu(r)dr) + Kyv(t), (3.20b)
t—t
for some L such that A + LC is Hurwitz, which exists iff (C, A) is detectable. With the standard trick of

replacing x(¢) with the observer error ¢(¢) := x(¢) — X(¢) by a similarity transformation, the closed-loop
system reads in the Laplace domain as

sI—A—LC 0 0 E(s) 0
0 sl —A —Be™™ X(s) [ =] 0 | V().
Ket®  —Ked™ I — K[ e “I="dB | | U(s) K,

Its characteristic function

sl —A—-LC 0 0
Yrcl(s) = det 0 sl —A —Be™™ =det(s] —A—LC)det(s] —A— BK)
KeA™  —KeAT | — K [fe 6= dqrB

is again a polynomial, now having the degree 2n, coinciding with that in the delay-free observer-based
feedback. Controller (3.20), dubbed observer-predictor, was analyzed by Toshio Furukawa and Etsujiro
Shimemura in [18], although perhaps appeared for the first time in Davis Q. Mayne’s paper [36] of 1968
and also as a part of the LQG optimal control law in David L. Kleinman’s paper [30] of 1969.

3.2.3 Kwon-Pearson—-Artstein reduction

A related, albeit a bit more general, approach was proposed by Wook Hyun Kwon and Allan E. Pearson in
[32] and then extended by Zvi Artstein in [3]. Consider again (3.16) and introduce the variable

t
() = x(t) + / e By (s)dr,
t—1t

—At

which is effectively a prediction of e™*x (¢ 4 ). Differentiating this variable results in the relation

() =x@)+ A /t eI Bu(rydr + e 4T Bu(t) — Bu(t — 1)

-1

t
= Ax(t) + A/ e By (r)ydr + e 4T Bu(r),
t—1


https://en.wikipedia.org/wiki/David_Mayne
https://www.aptima.com/team-profile/david-l-kleinman
http://kwonlecture.snu.ac.kr/whkwon
https://vivo.brown.edu/display/apearson#All
https://www.wisdom.weizmann.ac.il/~zvika/
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where the first equality is obtained via the Leibniz integral rule (2.24) on p.40 and the second equality
follows by (3.16). Thus, the variable x satisfies the ODE

X(1) = AX(t) + e 4T Bu(r). (3.21)

Note that controllability-related characteristics of (A4,e 47 B) are equivalent to those of (4, B). System
(3.21) is called the reduced system and it can be stabilized by standard methods. For example, if the state-
feedback u(t) = K%(t) + K,v(t) is used for it, then the reduced system is stable iff A + e 4*BK is
Hurwitz. But then
t
x(1) = X(t) — / A= BK%(r)dr
-7

is bounded whenever so is ¥, merely by the triangle inequality and the boundedness of |[e™4$ BK|| for
s € [0, t]. Thus, the stabilization problem for (3.16) is yet again reduced to the stabilization of a delay-free
system, this time (3.21). The stabilizing controller in terms of the original vector x is given by

u(t) = k(x(z) + /t eA“—f—')Bu(r)dr) + Kyv(t), (3.22)

which actually equals the FSA control law (3.17) under K = KeA4*.

Remark 3.2 (time-varying delays). The main difference of the reduction approach from the FSA is in their
analyses of the closed-loop stability. While the FSA does that via the characteristic function, the reduction
approach uses time-domain arguments. As such, they can be applied to time-varying delays as well. As an
example, consider the system x(¢) = Ax(¢) + Bu(6(t)) for some absolutely continuous function 6(¢) < ¢
such that 6(r) > 0, which is a special case of the system analyzed in [3, Ex.5.6]. This is an input-delay
system with the time-varying delay 7(¢) = ¢t —6(z) > 0. Denote by 8! (¢) the inverse of 0(¢), i.e. the value
of r for which 6(r) = ¢. It is unique whenever é(t) > 0 and satisfies 071 (¢) > ¢. The function

t
F(t) = x(1) + / eA 0T O BA~ (1 (r)dr
6(r)

satisfies then the reduced equation
() = AR() + e ACTTOD BRI (1) y(p),

which is free of delays. Actually, the variable x(¢) := eA(e_l(’)_’)fc(t) is the prediction of x(671(z)), so
the variable #~'(t) — ¢t > 0 can be thought of as the prediction horizon required for the delay ¢ — 6(z).
Moreover, it can be shown that X(f) = AX(t) + Bu(t), so its dynamics are time invariant. Yet, similarly
to the discussion in Remark 3.1, the prediction interpretation is not evident in extending the approach to
multiple-delay systems of the form x(t) = Ax(¢) + Y_; Biu(6;(¢)), in which case reduced dynamics are
intrinsically time varying. \Y

3.2.4 Connections

Remarkably, all three approaches studied in Section 3.2 share essentially the same structure of their con-
trollers. Namely, they all result in controllers having internal feedback of the form presented in Fig. 3.6,
where the “primary controller” R is designed for a delay-free system and the “dead-time compensation”
block [T is determined by the plant (exogenous signals are taken zero for brevity). Indeed, the Smith con-
troller in Fig.3.4 corresponds to this form under I7(s) = P(s)(1 — e~*) and the primary controller R
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Fig. 3.6: Common controller structure (DTC, FSA, reduction)

designed for P. The MSP in Fig. 3.5 chooses I1(s) in form (3.15). The FSA controller (3.17) can be cast
in the form presented in Fig. 3.6 under y = x, the static R(s) = Ke“®, and

T
m(s) = e Bl ) =" / R 17: 5
0

cf. (3.18). Likewise, the controller of (3.22) is the same modulo the choice of f(’(s) = K. In fact, the
multiple-delay extension discussed in Remark 3.1 can also be cast in the form presented in Fig. 3.6 with a
static R and a more elaborate 7.

Moreover, the observer-predictor in (3.20) is also of the same form. This is not obvious, but can be
proved. To this end, introduce the variable

t
x(1) = e k(1) + / e Bu(r)dr,
—T

with which (3.20b) reads u(¢) = Kx(t) (remember, we assume here that v = 0). Using again the Leibniz
integral rule (2.24), we have:

X(t) = e (AR(t) + Bu(t — 1) — L(y(t) — CX(1))) + A4 /t e Bu(r)dr + Bu(t) — e* Bu(r — 1)
= AX(t) + Bu(t) —e " L(y(t) — Cx(1)).

Substituting (1) = e~ 47%(r) —e~47 [ _eAU=") Bu(r)dr to this expression, we end up with the following
equivalent form of (3.20):

t
x(1) = (A + e LCe ™)X (1) + Bu(r) — eATL(y(z) + Ce—Af/ eA(’_')Bu(r)dr) (3.20a')
-7

u(t) = Kx(t). (3.20)

But this control law is exactly in the form presented in Fig. 3.6, with

R(s) = [ A+ BK + et LCe™ 7| —e/TL ]

K o
which is the observer-based controller for P given by (3.14), and I1(s) in form (3.15). In other words,
the MSP of Watanabe—Ito with the observer-based primary controller is identical to the observer-predictor
controller of Furukawa—Shimemura. These two controllers were regarded different for some time, until
their equivalence was shown in [47].

3.3 Problem-oriented controller architectures: control-theoretic insight

The fact that independently developed control methods produce the same controller architecture is intrigu-
ing. A somewhat superficial explanation of that might be given via recalling that these methods have
prediction ideas in their origin. However, prediction is not a part of the classical control-theoretic toolkit
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and is often viewed as an incautious business, especially from the robustness point of view. On top of this,
neither the MSP nor multiple-delay extensions of the FSA / reduction approaches is readily interpretable
as a predictor-based controller. Moreover, however natural and clever the guesses discussed in this sec-
tion might be, there is no indication whether they are really justified. We thus shall look for more solid
control-theoretic explanations, for which we yet again turn to the discrete-time version of the problem.

3.3.1 Gaining insight via discrete-time systems: state feedback

Consider the input-delay system
x[t + 1] = Ax[t] + Bu[t — 1], (3.23)

where x[t] € R?, u[t] € R™, t € N, and the whole x is measurable. To simplify the exposition, assume
that (A, B) is reachable. We already know, cf. (1.11) on p. 5, that the state equation of this system is

x[t + 1] A'B O - 0 x[t] 0

uft—t+1] 00 1 -~ 0 || ult—1] 0
: = oo D] ful: (3.24)

ult — 1] 000 0 - I || ut—2] 0

ult] 0:0 0 - 0 || ult—1] I

xelt+1] A xelt] B,

The first important observation regarding the model above is that if x is assumed to be measurable,
then so should be the whole state x, of (3.24). Indeed, the other components of x, are the history of the
input signal u, which is generated by us and thus should be available in virtually every reasonable scenario.
Consequently, we can implement the standard state-feedback law for (3.24) and it is of the form

T
ull] = [ Ky Ko -+ Ky Ky ]xelt] = Kexr] 4+ ) Kiult —i]. (3.25)
i=1
This is a dynamic control law if considered as a mapping x + u and its structure is reminiscent of that
in Fig.3.6, under y = K,x, R = I, and I1(z) = 3. Kiz~'. This suggests that the internal feedback
in Fig. 3.6 with an FIR 71, whose impulse response has support in [0, 7], is merely a static state feedback
acting on the component #; of the state of input-delay systems. This is a well-justified choice from the
control-theoretic perspective.
The second important observation about model (3.24) is that not all modes of A, would make sense to
move by feedback. To see this, note that

A=A B0 0. 0 0]
0 AT 0 00
0 O ‘=AI I --- 0 O
rank [ A; —Al B; | = rank ) L .. |=rank[ A=Al B]|+7tm,
0 0.0 0-- I 0
0 0.0 0. —AI I |

so the only possibly reachable modes of the realization in (3.24) are those of (A, B). As the latter pair is
assumed to be reachable, so is (4., B;) and all n + mt modes of (3.24) can be freely assigned by static
state feedback of the form (3.25). But mt eigenvalues of A, are already in a perfect location, at the origin.
Such kind of eigenvalues, known as deadbeat, are obviously stable and are normally considered welcome,
albeit expensive to attain. Yet now we have deadbeat modes for free, so it would make perfect sense to
keep them untouched, which would also keep the control energy low. With this logic in mind, the choice
of the feedback gain in (3.25) should aim only at assigning a subset of the modes of A., those of A. To
understand this kind of pole assignment problem, some preliminary results are required.
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Preliminary: partial pole placement by state feedback
Consider the state-feedback problem for the n-order delay-free system
x[t + 1] = Ax[t] + Bult]

and suppose that only 77 < n eigenvalues of A should be moved by feedback, while the other n — 71 are to
remain untouched. Perhaps the easiest way to visualize this process, while avoiding the use of the invariant
subspace notion, is via applying a similarity transformation 7', bringing the realization above to the form

Tx[t +1] = TAT 'Tx[t] + TBu[t] = [ f ﬂ Tx[t] + [ g } ult], (3.26)

where A € R?*" contains all eigenvalues of A that have to be shifted, A € R®~*@=%) contains those
to be kept untouched, and “x” denotes an irrelevant block. It is readily seen that unreachable modes of
(A, B) are also unreachable modes of (A, B). An obvious choice of the required state-feedback gain for
this realization is K = [ K 0 ], where K is such that the eigenvalues of 4 + BK are assigned to required
positions.

An important fact is that the resulted control law in the original coordinates,

ult] = [ K 0]Tx[t] = K[ 0]Tx[t],

does not require the whole similarity transformation matrix 7', but only its 7 first rows. An exhaustive
characterization of this part of 7 is given by the following result:

Lemma 3.1. Let o,z C spec(A) contain all modes of A that we need to shift by feedback. An n x n matrix
T is the first n rows of a nonsingular T € R™" such that

A0
_1 ~
TAT _[x Ai|

for some A € R™*7 such that spec(A) = Oshifr If
TA=AT and rankT =ii. (3.27)
Proof. The “only if” statement follows from the relation

TA:[fSI]T = [ 0|TA=][1I; 0][5%}T:J[lﬁ 0]T.

To show the “if”” statement, assume that there is a full-rank 7" satisfying (3.27). There is then a full-rank
T e R guchthat T :=[ T T ]/ is nonsingular. In this case 77! = [ I; 0 ] and we have that

[1i O)TAT ' =TAT ' =ATT'=[A 0],

as required. U

Thus, all we need is to solve (3.27) in T and A, whose spectrum coincides with the part of spec(A) that
is planned to be moved, and implement the control law

u[t] = KTx[t]

for K assigning the /i eigenvalues of A + T BK to desired positions.
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Partial pole placement for (3.24)

Now return to the state equation (3.24). We know what part of its dynamics we need to move, so consider
the following version of (3.27) for it:

ABO.-0
0017I--0
[Tx Tt T2 Tl] ’ . :[TXA TxB Tt TZ]ZA[Tx Tr Tr—l Tl]a
7 0001 A, 7
00O0--0

where the choice of “A” is an educated guess (it has to have the same spectrum as A, but need not be equal
A in general). It is not hard to see that this equality is solved by

[Tx T -+ T, Ty |=[A° A"'B - AB B], (3.28)

which has full rank iff (A, B) has no unreachable modes at the origin. By the reachability assumption,
the full rank property is thus guaranteed. With this choice, TB; = B and the controller gain K is thus
designed for the delay-free pair (A, B). The choices of A and T above are not unique, but they do appear
natural and they lead to an interpretable controller.

Remark 3.3 (reachability of (A, B)). The assumption that (A, B) is reachable simplifies the exposition
above, in particular, arguments about the assignment of modes of A and the proof that the choice of T as in
(3.28) has full rank. However, the result holds even if the milder condition of the stabilizability of (A4, B)
is assumed. In that case only reachable modes of (A, B) can be assigned, which is obvious. Also, if (A4, B)
has unreachable modes at the origin, then the matrix in (3.28) has a reduced rank. But this not a problem,
as by the design logic those deadbeat modes are not intended to be shifted anyway. \Y%

Thus, a version of (3.25) that does not touch the mt deadbeat modes of (3.24) is

t—1

ult] = K(A’x[t] + iAi_lBu[t - i]) = K(Afx[z] +> A""lBu[r]), (3.29)

i=1 r=t—t

where K assigns the eigenvalues of A + BK to desired positions, which are the closed-loop eigenvalues of
the input-delay system (3.23). It is readily seen that this control law is based on the predicted x|t + ]. As
such, it is the perfect discrete-time counterpart of the prediction-based controller (3.17) under v = 0. Just
now it is derived by a conventional state-feedback rationale and thus has a solid justification. Namely, the
predictive feedback is merely a static state feedback that potentially alters only the poles of the delay-free
part of the open-loop system.

The same rationale applies to the continuous-time law (3.17). It is nothing but the static state feedback
law, shifting only the finite modes of the open-loop plant, which are the eigenvalues of A in (3.16). This
state feedback happens to be a predictor in the single-delay case, but might not be readily interpretable this
way for multiple-delay systems.

3.3.2 Gaining insight via discrete-time systems: output feedback
Now consider the system
t + 1] = Ax[t] + Bult —
x[t +1] = Ax[r] + Bu[t — 7] (3.30)
y[t] = Cx[t] + Dult — 1]

in which only a part of the delay-free plant state is measured. We assume that (A4, B) is stabilizable and
(C, A) is detectable. The state-space realization of this system given by (1.11) on p. 5 assumes that the
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system is an operator u — y. This assumption may be natural in analyzing the behavior of y, but does not
reflect actual measurement variables. This is because we have also measurements of the last mt compo-
nents of the state variable x.[¢] defined in (3.24). Thus, the accurate measurement equation now is

o] [Cip - 00 X ][O
ult — 1] 0:7 --- 00 ult — 1] 0
: = i S N N (3.31)
ult — 2] 010 - 10 || ul—2] 0
ult — 1] 0:0 - 0 ]| ut—1] 0
yelt] C. x[t] D,

which complements the state equation (3.24). It is straightforward to show that unobservable modes of the
pair (C,, A;) are those of (C, A). Hence, the realization (3.24), (3.31) is detectable.

Equation (3.31) still does not measure the whole state of the system. It is then natural to implement
the state-feedback controller (3.29) in combination with a state observer. Moreover, if # can be measured
without noise, then it is well justified to consider a reduced-order observer [25, Sec. 4.3], reconstructing
only the x component of x; using n-dimensional dynamics. The structure of A, and C; facilitates the
construction of a reduced-order observer for x directly from (3.30). It is readily verified that

X[t + 1] = Ax[t] + Bult — ] — L(y[t] — CX[t] — Du[t — ])
yields the following equation for the estimation error e[t] := x[t] — X[¢]:
e[t +1] = (A + LC)elt].

Thus, the stabilizing controller for (3.30) of the form

X[t + 1] = Ax[t] + Bult — ] — L(y[t] — CX[t] — Du[t — ]) (3.32a)
t—1
ult] = K(A’)%[t] +y A Bu[r]), (3.32b)

results in the closed-loop dynamics with the characteristic equation
Xrel(z) = 2" det(z] — A — BK)det(zI — A— LC).

This implies that the observer-predictor control law is merely an observer-based feedback, featuring a
reduced-order observer (justified by perfect measurements of 1) and state feedback keeping mt open-loop
modes at the origin untouched. This appears to be a well-justified controller architecture.

Remark 3.4 (noisy measurements of u). It might happen that the past control signals used in (3.32b) are
corrupted by noise. One may be tempted to expect that in such a situation we need to build a full-order
observer instead of (3.32a). However, this is normally not the case. Namely, the optimal strictly causal
estimator of x,; under noisy measurements of both y and u is still a reduced-order observer of form (3.32a),
whose gain L depends on noise intensities. Moreover, even the optimal causal estimator is of this form if
if D = 0, see [50] for details. \Y%

3.3.3 Intermezzo: Fiaghedzi—Pearson reduction for systems with internal delays

The logic above can be used to address the stabilization of a substantially wider and more challenging
class of systems. Below we consider the approach of Fiagbedzi and Pearson [13], applied to the general
single-delay interconnection of Fig. 1.7 on p. 10, whose dynamics are described by (1.27).
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Assume that the whole state of the system, which is (x(z), Z;), is measurable, so only the “state dy-

namics” part,
X@O) | _ (A Buw x(1) B,
[Z(f) } a [Cz Dz } [z(l ) ] * [ D, } u@), (3.33)

is required. The characteristic function y.(s) associated with this equation is given by (2.2) on p. 20. This
is a quasi-polynomial with an infinite number of roots. As such, finite spectrum assignment should not
be expected, in general. Still, under the already familiar assumption that p(D;,) < 1, there is only a
finite number roots of y.(s) in the closed right-hand plane C,. Hence, the ideas of FSA / reduction can be
applied only to unstable open-loop poles.

Introduce the 7i-dimensional signal

(1) = Qx(t)—i—/i eAt=" Rz (r)dr

for some matrices A € R**", O € R™" and R € R to be determined. Differentiating this variable
and using the Leibniz integral rule (2.24) and the relations of (3.33) for x and z, we have that

t

(1) = 0x(t) + Rz(t) — e ™ Rz(1 — 1) + /I/ A= Rz (r)dr

t—1

= Q(Ax(t) + Byz(t — 1) + Buu(t)) + R(Cyx(t) + Dypz(t — ) + Dyyu(t)) — efI’Rz(t —1)

o
+ /f/ eI Rz (r)dr
t

-7

= A%(t) + (OBu + RD)u(t) + (OA + RC, — A0)x(t) + (OBw + RDyw — e R)z(1 — 7).

The dependence on x and z can be eliminated if A, 0, and R are chosen to satisfy the equation

[QR][é1 g"’]=[fIQ AR . (3.34)

If such matrices exist, then X satisfies the finite-dimensional equation
x(1) = A% (1) + Bu(t),

where B := OB, + RD,,,.
To understand equation (3.34), pre-multiply both its sides by a left eigenvector 7; € C" of A, corre-

sponding to some A; € spec(A). Using the fact that r];.e"‘r = et 1}, we then obtain the equality

/
ni [ Q R ] |: _CZ I — Dzwe_lit

Hence, if 7, [ Q@ R | # 0, then every eigenvalue A; of A necessarily satisfies y;(;) = 0, i.e. it is a root
of the characteristic function of the open-loop system (3.33). For that reason equation (3.34) is referred
to as the left characteristic matrix equation. But the relation above implies that (3.34) can be viewed as a
counterpart of (3.27). Thus, the control law u(f) = K%(¢) + K,v(t) or, equivalently,

A.il —A —Bwe_}”'r ] -0

u(t) = IE(Qx(z) +/

-7

efﬁf—')Rz(r)dr) + Kyo(t) (3.35)

is a state-feedback law assigning only the part of the open-loop spectrum, that of the matrix A, to A + BK.
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This conclusion can be supported by analyzing the closed-loop characteristic function, which can be
derived from the relation

sl — A —Bye ™ —B, X(s) 0
G I=Dwe™ Doy || Z(s) | = 0 V()
~KQ —K[je¢I=DqR ] U(s) K,

which represents the system dynamics (3.33) and the control law (3.34) in the Laplace transform domain.
The closed-loop characteristic function for this system is

sI — A —Bye —B,
Xr,cl(s) = det -C; I — Dzwe_js —Dgzy
—KQ —K [jeI=MdiR T

Using equations (A.5) and the equality

[ Q0 fofe—(sl_fi)tdzR] = (s _g)—l [ 0 R ] |:sl —A —By,e™™ }

~C, I—Dype™

which can be verified by straightforward algebra via (3.34), we have:
. sl — A _Bwe—rs . Bu > T —(sI—A)t
Arel(s) = det([ C. I D.ye ] [ Do i| K[O [ye diR |

B [ Bz, 5 sI —A —Bue™
_det(l [Dzu]K(sl Ao R])det|: C. I—Dzwe_”:|

I 0 B,K s
=det(s/ —A)'det| 0 I DK |det [ st—4 Buwe s }
O RsI—A4 —C 1= Dz
— det(s] — A— BR)y—2=8)
det(s/ — A)

This proves that the closed-loop spectrum under (3.35) differs from the open-loop one only in moving 7
characteristic roots belonging to spec(A) to spec(A + BK), as expected.

Thus, to stabilize (3.33) we need to solve the left characteristic matrix equation (3.34) for A containing
all roots of y.(s) that are required to be shifted. This set must clearly include all unstable characteristic
roots of (3.33), i.e. those in Cy, but might contain additional modes. There are only a finite number of
such roots and finding them is currently a well understood numerical problem. The left characteristic
matrix equation can also be solved numerically, see [13] and some later developments of the same authors.
Note that spectral properties of A effectively define that matrix unambiguously, because any similarity
transformation of A just leads to an appropriate scaling of Q and R. If D, = 0, which corresponds to
a retarded system, the second column of (3.34) yields the closed-form R = e~4*QB,, and then a simpler
version of the first column, 3

QA+e 0B, C, = AQ, (3.34")

to be solved in A and Q, and then B = OB, + e At OBy, D;,,. We illustrate the procedure with a simple
example, which represents a rare case when analytic solution to the stabilization problem is possible.

Example 3.1. Consider the system

x@)] _[-11 x(1) 1
[z(r)]‘[ 1 0“z(r—r>}+[o}”“)
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(i.e. x(t) = —x(t) + x(t — ) + u(t) in form (1.29)), whose characteristic function

1 —e 7S
Xe(s) = det[sjl el :| =s+1—-e™.

First, prove that this quasi-polynomial has no roots in Cy. To this end, note that the magnitude relation
corresponding to the characteristic equation s + 1 = e~ reads |s + 1| = |e™*®|. This equality is con-
tradictory in Res > 0 because its left-hand side is larger than 1 and its right-hand side is smaller than 1
there. Regarding pure imaginary roots, the magnitude relation for s = jw reads |1 4+ jow| = 1, which is
only solvable for @ = 0. Thus, y.(s) can have only unstable roots at the origin. It is easy to verify that
xz(0) = 0 for all 7, indeed. This is a simple root, which can be seen from

Xz (8) 1—e™™ e ™

lim =1+ lim =1+ lim
s—0 Ky s—0 Ky s—0

=14+1t#0.

Thus, to stabilize this system we only need to move its single pole at the origin. This suggests the choice
of i = 1and A = 0. Because D,, = 0 in this case, we only solve (3.34) which reads —Q + Q = 0 and
is thus solvable by any Q # 0. This yields R = Q and B = Q, so that the reduced system is X = Qul(r),
which is a plain integrator. This system is stabilizable and the control law u(t) = —k/QXx(t) for k > 0
stabilizes it, assigning its pole to s = —k. But this implies that the control law

u(t) = Kyv(t) —k(x(t) + /t x(r)dr)

assigns PR
s —e
X‘E,Cl (s) = (s + k) s ’
which is an entire function, although not a finite quasi-polynomial. Note that the control law above is
independent of the choice of Q. \Y%

In some special cases, when the open-loop characteristic function y.(s) is a plain polynomial, the left
characteristic matrix equation can be solved analytically. For instance, if applied to the input-delay system,
whose state-space realization was discussed in Example 2.1 on p. 20 and for which z = u, it reads

[Qzﬂ[g g]z[AQe“R].

If we choose 77 = n, then this equation is obviously solved by A=A, Q =1I1,and R = e 47 B, so that
B = B and we end up with the control law (3.22), as expected.

Another special case with a relatively simple solution is that where D,,, = 0 and the matrices A and
By, C; have the following structure:

k k. * ok 0 % - *

0 * - * % 00 - *
A=| it and Ac=BuCo=| i,
00 -+ % x 00 --- 0 %
00 -+ 0 % 00---00

where the asterisk stands for a potentially nonzero element. This class of DDEs is a particular case of
retarded systems described by (1.29), where the open-loop characteristic function is still a plain polynomial.
We can then always choose 1 = n and Q = I, so that (3.34") reads

A—A=c*p,C.. (3.34")
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Xy 1 X2 Yo 1 X [ 1 u
_ e*‘ES e o o _ e*TS _ e*‘[S
K l s K

Fig. 3.7: Chain of n integrators with communication delays

This equation can be solved iteratively in an upper-triangular A, column by column, starting from the first
column. As a matter of fact, this immediately yields that a;; = a;; foralli € Z,_,. We provide a flavor of
this procedure via an example.

Example 3.2. Consider the problem of stabilizing a chain of » integrators connected in series with equal
delays in between, see Fig.3.7. This setup can be viewed as a baby-platooning problem, with no con-
straints in information exchange between involved vehicles. Assuming that all states of the integrators are
measurable, this system can be described by the interconnection in Fig. 1.7 with

| /s en |
G_[In/sO]_ J.10 e, |,

where ¢; stands for the i th standard basis of R”,

0o1---0
Jn =[0 ey - en_l]z OO 1
00 -0

is the n-dimensional Jordan block corresponding to the zero eigenvalue, and state components

X]([) Xz(l)
x(t) = xn—.l © eR" and z(r) = x,,'(t) e R".
Xn (1) u(t)

The characteristic function of this system, y.(s) = s", is expectably a plain polynomial.
Equation (3.34”) for this system reads A = e~4%J,, and can equivalently be presented as the recursion

Ael =0 and Aei = e_A’ei_l, i€ ZZ..n-

This relation defines an upper-triangular nilpotent A, whose i th column coincides with the (i — 1)th column
of its matrix exponential. At the time we evaluate the ith column of A all previous columns are already
determined. But the upper-triangular structure of A implies that the first i — 1 columns of its exponential
depend only on its first i — 1 columns of A. Therefore, the recursion above can be implemented.

To illustrate the procedure, consider it in details for » = 3. In this case the steps of the recursion above
are as follows:

B 0:x x Iix x
1: Aey =0 — e_A”el=exp 0% x |t e = 0'x x e = e
_OEX X 0!x x
. 3 0 —1:x 1 —7ix
2. Aey=e e =e¢; = e_A’ezzexp 0 0:!x |t e =10 1 x ey = ey — Te
[0 0 % 00 ix
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where “x” stands for not yet evaluated elements. Having determined A, we can find its matrix exponential
. 01 —t 1t t(t—21)/2
ef=exp[| 00 1 |[r]=]01 t ,
00 O 00 1
required for
. 1 —t 372)2 312/2
B=e"ByD,p=01 —1 |e,=]| -t
0 0 1 1
and the matrix function of r
. . lt—r—t (t—r—1t)(t—r—31)/2
eAtIR =eAtr P, =0 1 t—r—1 :
0 0 1

which appears in the control law (3.35). As (A, B) is controllable, we can find K assigning the eigenvalues
of A + BK arbitrarily. Choosing the closed-loop characteristic function as y.c(s) = (s + a)? for some
a > 0, the application of Ackermann’s formula yields

K=—[0o® 0®Qra+3) a((ta +3)>-3)/2].

The control law (3.35) is then of the form

u(t) = Kyv(t) —ax,(t) — o ((2ux +3)x2(t) + /t xz(r)dr)

((ra—|—3)2—3
o2 72

7 x3(t) — o /t‘;(ozr —3—oa(t+ r))x3(r)dr)

t 2 3 2_3
— a/ (Ol?r2 — B+ at)ar + %)u(r)dr
t—1

and it assigns all three closed-loop poles to s = —a.
For a general n the formulae are more involved, but an analytic form of A and its exponential can still
derived. Namely, it can be shown that

v s l)l 2 ri=i=1 ;
Aey =0 and Ae; = — Z( ¢j, 1 €Zrn
i —

j-nr
and . NI
Aty — Z 1t — (zi—_Jj))f') e, ie€Zin
j=1 ‘
(mind that 0! = 1, as customary), which are both Toeplitz. \Y%

3.4 Loop shifting and all stabilizing controllers

In this section another technique is discussed, which shows that the dead-time compensation is actually an
intrinsic part of every stabilizing controller. This offers further insight into the stabilization of input-delay
systems and justification of the DTC architecture.


https://en.wikipedia.org/wiki/Ackermann%27s_formula
https://en.wikipedia.org/wiki/Factorial#Factorial_of_zero
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(a) General plant (b) Dead-time plant (c) Delayed controller

Fig. 3.8: Internal stability setups

3.4.1 Internal stability and loop shifting

We start with describing some general ideas. Consider the feedback interconnection in Fig. 3.8(a), where
P and R are LTI plant and controller, respectively. It defines the relation

- (el o)

We say that this interconnection is well posed it
there is & > 0 such that ||(/ — P(s)R(s)) || < oo for all s € C,.

If both P and R are finite dimensional, then this condition reads as the non-singularity of / — P (00) R(00).
In any case, well posedness requires the properness of (I — P(s)R(s))~! and implies that the transfer

function B
I =P 00 I )
[—R(S) I(S)] :[O I]+[R(s)}(1_P(S)R(S)) 1 Ps)].

which can be derived by (A.3), is proper.

The feedback interconnection in Fig. 3.8(a) is said to be internally stable if all four systems [ W ] — [ M ]
are stable. The reason for considering all possible closed-loop systems, rather than only one of them, lies
in the need to rule out stabilization of certain closed-loop systems via unstable cancellations in the loop.

It is readily seen that the system is internally stable iff

[_IR _IP:|_1|:8:|[I P]:[;}(I—PR)_I[I P]=:[*;‘C’ ;Ci‘]eHoo,

where S, is the output sensitivity, 7; is the input complementary sensitivity, 7y is the disturbance sensitivity,
and 7 is the control sensitivity systems, aka the Gang of Four. It is worth emphasizing that internal stability
requires the system to be well posed (otherwise, S, cannot be in H,) and R(s) to be proper (otherwise, 7
cannot be in Hy).

Consider now the sequence of block-diagram transformations presented in Fig. 3.9. They transform the
system in Fig. 3.8(a) to that in Fig. 3.9(e) by redistributing dynamics between its elements on the basis of a
chosen linear I71. The transformation has different effects on the parts of the loop, it adds [T in parallel to
the plant P and in feedback to the controller R. Because these manipulations do not alter the loop itself, we
can expect that properties of the original setup in Fig. 3.8(a) can be analyzed in terms of the transformed
(shifted) setup in Fig. 3.9(e). The hope is that the latter might be easier to analyze for an appropriate choice
of I1. This is an old idea, see [82, Sec. 6.2] or [12, Sec.II1.6] and the references therein, which has been
extensively used in nonlinear control, e.g. to introduce a required degree of passivity to the plant.

Two technical aspects of the loop-shifting technique have to be kept in mind. First, the elements of the
shifted loop should themselves be well posed. This is obviously always true for P = P + IT, but might
require extra attention for the feedback R = R(I + ITR)~!. Second, the manipulations in Fig.3.9 alter
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o
y u Vi u Vi
(a) Equivalent of Fig.3.8(a) (b) Moving summing and pickoff (¢) y=y+Huand vy = vo—ITv;

(d) u = u and v; = v; (e) Equivalent final loop

Fig. 3.9: Loop shifting by IT, with P := P + IT and R := R(I + ITR)™!

both exogenous and internal signals of the loop, in the way that the relation between signals of interest in
Fig. 3.8(a) and their counterparts in Fig. 3.9(e) are

LR LI e

They follows by standard block-diagram manipulation rules in the transition from Fig. 3.9(b) to Fig. 3.9(c).
These relations suggest that I7 itself should be kept stable in order to preserve internal stability under loop
shifting. But apart from the limitations above, the choice of IT is arbitrary, which renders the method quite
flexible in its abilities to affect properties of P.

Our interest is to exploit those abilities in the context of dead-time plants of the form PD.. To be
specific, the goal is to construct I7 with which P = PD, + IT is finite dimensional. This idea can be
traced back to [8], where it was applied to a wider class of infinite-dimensional systems. Implicitly, it is
also related to the earlier dead-time compensation developments in [80] discussed in §3.2.1, cf. (3.15).

3.4.2 Preliminary: truncation and completion operators

Consider a finite-dimensional system G given by its state-space realization G(s) = D + C(sI — A)™'B
(not necessarily minimal). Its impulse response is g(t) = D§(t) + Ce4’ B1(t). By the FIR truncation
operator nr{G} associated with this G and a constant T > 0 we understand the system, whose impulse
response is the truncation of g(z) to the interval [0, t]. This operator can be visualized as the mapping

nr{G}:JO—/HJ//\ (3.38)

T t 0 T t

Formally, the impulse response of this system is
g (1) — 1t — 1)) = g(t) — Ce Bl(t — 1) = g(t) — Ce*"eA DBt — 7).

The last term above can be recognized as the impulse response of the dead-time system G D., where

oo [ A |B] [Ale'B
G(s)_[CeAr‘O]—{C‘ 5 } (3.39)
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This immediately yields one possible representation of the transfer function of the truncation operator,

7[,{ [%’%} } =G(s)—G(s)e ™ = |: é } g ] — |: C:A’ } g :| e ™ (3.40a)

It can be verified by direct substitution that all singularities of the function above, which are the eigenvalues
of A, are removable. But the same function can be represented in a different form, where no singularities
are present at all. This representation follows directly from the Laplace transform of the impulse response
of m{G}, i.e. £{D5(t) + Ce ' Bljo7(1)}. Straightforward use of (B.16) yields then

A|B t
— —(sI—A)t
ﬂr% |:+C D :| } D + C/o e deB. (3.40b)

—(sI—A)t

This is an entire function and, because |e | < [le4?| for all Res > 0, it is bounded in C,y. Hence,
m:{G} € Hy regardless of the stability property of G.
A dual, in a sense, operator to the truncation is the FIR completion operator o {Glj,}, associated with

the input-delay alteration of G. It is defined as the truncation of the delay-free system G, whose impulse
response matches that of G D; in the whole interval (z, c0), and can be viewed as the mapping

— v (3.41)

0 T t 0 T t

0:{GD.} :

This G can be determined from the impulse response equality
gt) =gt —1)=D8(1t —1) + CeA " DBI(r —1) = Ce "B, Vi>r1.

A finite-dimensional G satisfying this equality has the transfer function

= [ A4 |B] [Ale"B
G(s)_[Ce_Ar‘O]_{C‘ 5 } (3.42)

a,{[%’%} e—fs} =m{[cﬁm ﬁ]} —(1-e)D,

so the following two representations follow from (3.40) via the substitution C — Ce

a,{ [—’—g g ]e_”} =G(s)—G(s)e ™ = [Ce{‘” } f); :| — |: é }g ]e_” (3.43a)

T
= Ce " / e I 4B —e ™D (3.43b)
0

By definition,

—Art.

and we again have that UT{GET} € H regardless of the stability of G. Comparing this expression with
(3.15), we can conclude that the MSP of Watanabe-Ito is effectively ar{Plj,} for P with a strictly proper
transfer function.

As was already discussed in Remark 1.4 on p. 6, the FIR systems . {G} and o, {GD.} are sometimes
referred to as distributed-delay systems. Although this terminology is avoided throughout the notes, one
can encounter it in the literature.
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Fig. 3.10: All stabilizing controllers for PD,

3.4.3 Loop shifting for dead-time systems

Return now to the internal stability problem. Consider the input-delay version of the system presented in
Fig. 3.8(a), where the plant is of the form PD,, see Fig.3.8(b). With the loop-shifting procedure in mind
and a systematic way to produce stable systems IT = o { PD.} rendering PD + IT finite dimensional, the
following result can be formulated:

Theorem 3.2. R internally stabilizes the dead-time system in Fig. 3.8(b) iff
R=R(I —0{PD;}R)! (3.44)
for some R internally stabilizing the finite-dimensional P = PD, + ar{PE,} in the setup of Fig. 3.9(e).

Proof. The result follows from the loop shifting procedure with IT = ar{Pll}. Because P (s) constructed
according to (3.42) is strictly proper, we have that limy— o Sup;cc,, [[1(s)| = 0, meaning that the feedback
in the interconnection of R is well posed whenever R(s) is proper.

Another, algebraic, way to see the equivalence is via rewriting (3.36) as

Lo e ][ U] [0 )0 2]

where (3.37) and the formula R = (I + RIT)"' R are used. It follows from the fact that the chosen IT € Hy,
that the boundedness of y and u for all bounded v, and v; is equivalent to that of their “tilded” versions in
(3.37). O

It is perhaps not surprising now that the controller defined by (3.44) is exactly of the DTC-based form
presented in Fig. 3.6, with the primary controller R = — R and the DTC element IT = o, {PET}. However,
unlike the clever guesses in Section 3.2 or the use of state-feedback based architectures in Section 3.3, this
architecture shows up as an outcome of an abstract procedure, not connected with any particular choice of
the controller structure. We thus may claim that every stabilizing controller for the dead-time plant PD,
can be cast as a dead-time compensator.

This claim is further strengthened by the fact that we can parametrize all stabilizing controllers R for the
finite-dimensional P. This parametrization, known as the Youla—Kud&era parametrization, can be presented
in several different forms, see [45, Sec. 6.1] for details. We essentially need only one of them, that given
in the result below.

Theorem 3.3 (delay-free Youla—Kudera parametrization). Consider an LTI plant P, given in terms of its
stabilizable and detectable realization P(s) = C(sI — A)~'B. A controller R internally stabilizes P iff
R = Fi(J. Q) for
A+BK+LC|-L B
= K 0o 1], (3.45)
—-C I 0

J(s) = |:J11(S) J12(S)i|

J21 (S) Jzz(S)
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Fig. 3.11: General loop skewing

where K and L are any matrices such that A + BK and A + LC are Hurwitz, and some stable Q.

The application of this result to the dead-time plant PD; is straightforward in the light of the result
of Theorem 3.2. Indeed, that result establishes that the stabilization of PD, reduces to that of the finite-
dimensional P, whose state-space realization is P(s) = Ce 4%(s] — A)~' B, as in (3.42). If the original
realization of P is stabilizable and detectable, then so is the realization of P above. Hence, the set of all
stabilizing controllers for P is R = Fi(J, Q), where

A+ BK + e LCe™ " |—e""L B

FoN -]:11(5) J:IZ(S) _
7 = |:J21(S) J22(S):| B _CI:_AT (]) (I) ' (3.46)

Combining this result with that Theorem 3.2 we end up with a complete parametrization of all stabilizing
controllers in the form depicted in Fig. 3.10. This is again a DTC-based controller.

3.4.4 Possible extensions

The loop shifting idea is not limited to the transformations of Fig. 3.9. An obvious alteration is to change
the direction of the “I7” blocks in Fig.3.9(a) or, equivalently, swap P with R and adjust involved signals
appropriately. With the now familiar constraints on the stability of /T and the well posedness of the inter-
nal feedback loop, such a transformation would again convert the stabilization problem for the system in
Fig. 3.8(a) to that in Fig. 3.9(e), but now with

P=PU+MP)"' and R=R+1II.

This kind of loop shifting can be advantageous for some classes of systems with internal delays. For
example, let P(s) = 1/(1 — ae™™) and apply the transformation above with I7(s) = ae™", which is
obviously stable and for which the feedback loop around the plant is well posed. With this choice P (s) = 1
is rational. Of course, the “forward” and “backward” shifts can be combined, by carrying out successively.

Another class of loop transformations are so-called multipliers, see [82, Sec.6.1] or [12, Sec. VL.9].
Their basic idea is that the cascade M M ~! can be introduced at any point of the loop and then split without
affecting stability if the multiplier M is bi-stable.

A yet more general transformation is shown in Fig.3.11. The diagram there is rotated 90° counter-
clockwise to present the loop in the so-called chain-scattering (implicit) form, for which the formulae are
simpler. But now @, as well as @, represents a relation between a mixture of inputs and outputs, rather
than the more conventional i/ o relation. For instance, the relation

[ 21 ] _ |:‘p11 D12 ] [ wi ] |:Z1 :| _ |:¢11 — P D5, Dy P12 D5y :| [wl :|

wa Dy1 P || 22 22 — D5, Py ;) wy |’

provided @,, is square and invertible. The second equality above is the conventional i/ o relation. The loop
1.0

shifting of Fig. 3.9 corresponds in this setting to the choice ® = [_ 71 ] An example of a nontrivially
more general loop skewing is the scattering transformation of [2], popular in bilateral teleoperation. It
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involves two sets of transformations of the form presented in Fig. 3.11, at the master and slave sides, both

ith
i o_| VB2 VB2
B [—1/«/% 1/«/%]’

where b > 0 is the characteristic impedance of the transmission line. This transformation renders delayed
transmission lines passive. General stability preservation conditions, as well as relations between original
and transformed signals of interest, for the transformation in Fig. 3.11 are more involved though.

3.5 Delay as a constraint: extraction

As if a plethora of ideas presented up to this point were not enough, the chapter is concluded with yet
another approach to characterize all stabilizing controllers for dead-time systems. The idea here is to treat
the loop delay as a causality constraint imposed upon the controller, rather than a part of the plant. The
applicability scope of this approach is thus essentially limited to dead-time systems, where the delay can
be moved between the plant and the controller along the loop. At the same time, the approach extends to
various optimal control problems in a relatively straightforward manner, which renders it a powerful design
tool in many applications.
Before starting to expose the approach, a technical result is required.

Lemma 3.4. If G(s) is proper, i.e. uniformly bounded on C,, for a sufficiently large o > 0, then
G € Hw < G;:=GD; € Hy.

Proof. The implication G € H,, = G, € H, is obvious by the stability of the delay element. To prove
the other direction, assume, on the contrary, that G, € H.,, whereas G is not. It follows from the relation
G(s) = G.(s)e™ and the fact that e™ is entire that G(s) is holomorphic in C, [65, Rem. 10.3]. Because
G (s) is proper, there is @ > 0 such that it is uniformly bounded on C,. Hence, for G ¢ H,, the function
G(s) must be unbounded in the strip Co \ Cq. But in that strip |G (s)| = [e**||G:(s)]] < e*T||G(s)]].
which is a contradiction. O

Consider the internal stability setup in Fig.3.8(c). Strictly speaking, this system is not equivalent to
that in Fig. 3.8(b), because the delay element D, which is a multiplier moved from one part to another, is
not bi-stable. Nonetheless, with mild well-posedness assumptions their stability properties are equivalent.
Indeed, it is readily verified that

[ S0.3.8(b) Td,3.8(b)i| _ [50.3.8(@ Td,3.8(c)517:|
Te380)D: Tizsm) Tc3sey Tizse |-

Thus, if P(s), R(s), and (I — P(s)R(s)e™*)~! are proper, the stability of the system in Fig.3.8(b) is
equivalent to that in Fig. 3.8(c) by Lemma 3.4.

The idea of the extraction approach is that the set of all delayed stabilizing controllers RD. is a subset
of the set of all causal stabilizing controllers, say Ry. Hence, we may start with characterizing the latter
set first and then extract from it all t-delayed controllers. Because P is finite dimensional, Theorem 3.3
yields a complete parametrization of causal stabilizing controllers for it, which is Ry = Fi(J, Q) for J
given by (3.45) and an arbitrary Q € Ho. Thus, all we need is to characterize all stable Q such that
Fi(J, Q) = RD, for a causal R, i.e. is a dead-time system.

To this end, let J be an invertible finite-dimensional LTI system having a 2 x 2 partition with square
J12 and J,; sub-blocks. Define

-1 Hy Hiz
=7 _[HZI sz]’
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where the partition is compatible with that of J, and bring in the decompositions
Hy = m{Hxn} + Hy,D, and H\ D, = Hiy - o:{Hy1D.},

where ﬁzz and H;; have strictly proper transfer functions and can be obtained by (3.39) and (3.42), re-
spectively. We have then the following key technical result:

Lemma 3.5. If J is such that J,, and Jo, are invertible, then a causal Q renders F;(J, Q) = RD, under
a causal R iff

0 = {Hn}+ 0D,
for a causal Q. Moreover, all attainable R’s are then in the form shown in Fig. 3.10 with

j_ |:H11 le]
H>, Hj

-1

and an arbitrary causal Q.

Proof. The invertibility of J and its (1, 2) and (2, 1) sub-blocks guarantees [45, Prop. 5.6] that the mapping
0 ~ F(J, Q) is bijective whenever it is well posed, with Ry = F(J, Q) <= 0 = Fu(J7', Ry). In
other words, Ry = RD, iff

Q = Hy, + Ha1(I — RD Hyy) 'RD Hy5 = Hyy + Hay (I — RHy;D;)"'RH;52 Dy,

where the latter equality follows by the time-invariance of Hy; and H;,. It is readily seen that the response
of this Q to the impulse applied at every ¢, coincides with that of H,; in the whole [z, ¢ + ] for every
causal R. This suggests that the required Q can be connected with the truncation of H,.

To prove that formally, consider first the system

(I - RH;1D;)'R= (I + Ro.{Hn} — RH;1))"'R= (I — RH;1)" 'R,

where
= (I + Ro:{H11})"'R

By arguments used in §3.4.3, we know that for any causal R the mapping R — R is bijective and well-
posed for all causal R (thus resulting in a causal R). Thus, we can equivalently rewrite the relation for Q
in terms of R as

Q = Hp + Hyy(I — RHy1)'RH1;, D, = m{Hp} + (1:122 + Hy (I — RHy1) ' RHy,)D..

The system
Q := Hy + Hy (I — RHy1) 'RH12 = Fu(J ™1 R)

is well posed (because H (s) is strictly proper) for all causal R and is thus causal whenever so is R.
The next step is to show that the mapping R — Fu(J !, R) is bijective. To this end, consider the

equality
ol )= 1o
Jor I Hyy | | 0]

Its first row yields that Hy; = —J,;' Jo» H»; and then the second raw—that Hy,' = J1» — J11J5,' J22. Be-
cause Ji» — J1q J2_11 J2» is well defined, by assumption, we conclude that H»; is invertible. The invertibility
of Hi, can be shown by similar arguments. But this implies that J possesses the same properties as J
itself and the statement follows.

Thus, we showed that every Q rendering Ro = RD. is of the form 7. { H»,} + O D and that any causal

O can be attained by a causal R. The result then follows by the relation R = R(I — a,{Hll }R) !
which represents the system in Fig. 3.10 for R = Fi(R, Q). D



68

The result of Lemma 3.5 applies to general, possibly time-varying controllers. In the time-invariant
case, we just need to consider time-invariant Q Then the result of Lemma 3.4 and the fact that n,{sz}
Hoo can be used to prove that O € Ho, <> O € Ho and thus that the system in Fig. 6.1(b) characterizes
all stabilizing controllers for PD..

To conclude, construct a state-space realization of J from that of J given by (3.45). It is readily seen
that

Al|-B L
J i s)y=| -cl o I
K|1 0

Hence, by (3.39) we have that

AlL N AledtL
Hy(s) = [7’7} =  Hxp(s) = [K 0 ]
and by (3.42)—that

[ A|-B] [A4|B -~ _ A |-B
H“(S)_[—C\o}_{c\o} — ILI“(S)_[—Ce—Ar o]

Hence,

A |-B L
—Ce 1t 0 I

A|=B e4'L
K| I 0

[ Hii(s) Hia(s) | = [ :| and [ Hai(s) 1:122(3)] = |:

where the realization for Hy, is obtained by a similarity transformation of that in J !, from which

) A |-B 'L
J N s)y=| -Ce™ 0 I
K |1 0

Applying (B.26) we then end up exactly with the realization (3.46), matching the results derived by the
loop-shifting approach in §3.4.3.



Chapter 4

Robustness to Delay Uncertainty

P TO THIS POINT, delays in studied analysis and design problems were mostly assumed to be known
U and constant. These assumptions might not be realistic. In fact, in all examples considered in Sec-
tion 1.2 delays vary in course of operation due to fluctuations of system parameters, such as the speed of
rolls in Fig. 1.2(a) or the conveyor belt in Fig. 1.2(b), unevenness of communication delays in networked
applications, jitter in computation time, et cetera. In some of such cases variations of loop delays can be
taken into account in the design process, see e.g. Remark 3.2 on p. 50. But in many situations actual values
of delays are unknown, or only known to lie in some interval. In such situations robustness analysis, i.e.
the analysis of the sensitivity of a system to uncertainty in its delay element, is the approach to explore.

The setup studied in this chapter is presented in Fig.4.1(a), where tp > 0 is a nominal delay and
75 > —1p is a deviation of the delay from ty. In most cases we assume that 75 is constant, time-varying
deviations are discussed briefly in §4.2.5. We assume that the nominal system, that with 75 = 0, is stable
and study the sensitivity of the stability property to nonzero 7s. In line with the convention to move only
“troublesome” elements outside the LFT generator, we normally study the problem in the form presented in
Fig. 4.1(a), where the nominal delay element D, is absorbed into G,, and G, (or, equivalently, into G,
and G,), i.e. we do not limit G to be finite dimensional. Moreover, our main focus is on the particular case
of this setup presented in Fig.4.1(c). It corresponds to the input-delay case, cf. (1.25), with P interpreted
as a plant (may include the nominal delay D,,) and R as a controller, either fixed or to be designed to
reduce the sensitivity of the loop to uncertainty in ts.

4.1 Delay margin

We start with studying the system in Fig.4.1(c) under a SISO loop L := PR. The delay margin 114 is
defined as the the smallest 75, i.e. the smallest deviation of the loop delay from nominal value, under which
the system becomes unstable. If the system is stable for all 75 € [—1¢, 00), then we say that ;g = oo or that
the system is delay-independent stable.

(a) Original setup (b) Nominal delay absorbed into G (c) Special case (dead-time system)

Fig. 4.1: General single-delay interconnection with uncertain delay
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Fig. 4.2: Nichols plots of the loop frequency response for L(s) = 6(s> + 0.2s + 0.01)/(s(s + 2)?)

The delay margin is a classical control notion, sometimes defined in textbooks as

. =t (4.1)
W
where ppn (in radians) is the phase margin of the loop L and w. (in radians per time unit) is the crossover
frequency, i.e. the frequency w at which |L(jw)| = 1. However, this definition is not always accurate. First,
as we already know from the discussion in §2.1.3 on p. 23, if L is finite dimensional and its high-frequency
gain | L(oco)| > 1, then the system is unstable for all 75 > 0. Thus, the system with L(s) = +/2s/(s + 1) has
a zero delay margin, even though formula (4.1) in this case would yield ug = 1.257/1 ~ 3.927. Second,
there are systems with several crossover frequencies, for which the phase margin and the corresponding
crossover frequency are not a good indicator of delay tolerance. For example, consider a system with
L(s) = 6(s% 4+ 0.25 + 0.01)/(s(s + 2)?), whose Nichols plot is shown in Fig. 4.2(a). The phase margin in
this case is upn ~ 1.86 [rad], measured at the crossover frequency wc,; ~ 0.015 (marked by the downward
triangle). Formula (4.1) yields then ;g ~ 121.16. But this is not even close to the smallest destabilizing
delay in this case. For example, Fig. 4.2(b) shows the loop gain under s = 1/2, which clearly yields an
unstable system. The reason is that there are two more crossover frequencies, viz. w., ~ 0.746 (the upward
triangle) and w¢ 3 ~ 5.239 (the leftward triangle). The distances from the critical point at those frequencies
are larger than that at ., so they do not count in the calculation of the phase margin. However, these
crossover frequencies, especially . 3, are higher than w. ;. As such, phase lags due to the delay at those
crossovers are larger. In particular, the delays at which each one of these points crosses the critical point
are 7 = fuph2/wc2 A~ 3.73/0.746 ~ 5 and 13 = pph3/we3 ~ 2.26/5.239 ~ 0.432. Thus the true delay
margin for this system is g ~ 0.432.
By this logic, the delay margin with respect to positive ts should be calculated as

0 if limsup,,_, .| P(jw)R(jw)| > 1
Mph,i
We,i

pa = (4.2)

otherwise

min;

where jupn; is the angular distance from the critical point in the negative angle direction at the crossover
frequency . ;. The delay margin with respect to negative ts is calculated similarly, modulo the replacement
of the phase margins with angular distances from the critical point in the positive direction, denote them
fiph,i» and the constraint that such delay margin must be lowerbounded by the nominal .

4.1.1 Bounds on the achievable delay margin

It is of interest not only to define the delay margin notion, but also to understand, what is the maximum
[ attainable by an appropriate choice of R. If P € H,, then the answer is obviously g = oco. This is
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what we get under the choice R = 0. The question becomes nontrivial for unstable plants. Bounds on the
attainable delay margins for several classes of unstable plants were derived in [40]. Some of these results,
as well as ideas behind the proofs, are presented below.

We start with a result, establishing that unstable poles at the origin do not impose limitations on the
achievable delay margin.

Proposition 4.1. If P(s) has no poles in Cg \ {0}, then any |14 is attainable by a stabilizing R.

Proof (outline). It will be shown in §4.2.3 that the delay margin is lowerbounded by the reciprocal of the
H -norm of the transfer function s7'(s), where T is the complementary sensitivity function corresponding
the the zero-delay case. A controller attaining an arbitrarily small H.-norm of s7'(s) was designed in [40,
App. C]. U

Any pole of P(s) in Cy \ {0} imposes hard constraints on the attainable delay margin. The result below
proves that for a real pole.

Proposition 4.2. If P(s) has a pole at s = a > 0, then

2
Ha < —.
a

This bound is tight if this pole is the only pole of P(s) in Co and P(s) is minimum-phase.

Proof. Consider first the stabilization problem for the system in Fig. 2.5 with Ry (s) := (—s + ) /(s + ),
under the very same G,,, = PR. Because R, () |a=co = 5,(s)|r=0, any controller stabilizing this system
under « = oo does that for the system in Fig.4.1 under 75 = 0. Then, as o decreases, roots of the
characteristic polynomial move continuously along corresponding loci. What we know is that at « = «
the system is unstable, just because s = a is then a root of its characteristic polynomial no matter what R
is (unstable cancellations). Therefore, roots must cross the imaginary axis, say at § = = jwcross for some
Wcross > 0, for at least one o = oross > a regardless what R stabilizing the system for « = oo is used. But
the arguments of Rekasius, discussed in §2.1.6, imply that there must then exist a minimal delay cyoss > 0,
for which there are pure imaginary roots of the characteristic quasi-polynomial associated with the system
in Fig. 4.1 at the very same s = 4 jwcross- This corresponding destabilizing delay, cf. (2.13), satisfies

Qcross TcrossWcross 2 Wcross 2 2
= cot = Tooss = arctan < <=

Wcross 2 Wcross Qcross Qcross a

(the first upper bound is approached as wcross | 0). This yields the bound of the proposition.
To show that this bound is tight whenever P (s) has no other unstable poles and no nonminimum-phase
Zeros, write

P($) = —— Pun(5)
s—a
for stable and minimum-phase Pi,y(s). In this case the controller R,(s) = —Pi;Vl (8)kp(Tys +a) renders the
stabilization problem equal to that for the first-order P,(s) := 1/(s + a) and the PD R, = —k,(Tys + a).
But this is essentially the stabilization problem studied in §3.1.2. Specifically, it was shown there that a PD
controller approaches the upper-bound delay margin 2/a as kp | 1 and Ty 1 1. Although this controller is

not proper, its slight modification can attain the same bound as well, see [40, Rem. §]. U

The result below extends this bound for the case of complex and pure imaginary poles.

Proposition 4.3. If P(s) has poles at s = (§ +j1— Qz)a)n Jor some 0 < ¢ < 1 and w, > 0, then

W(n + 2max{ 7§ 7\/@}) _

Py < ——— , arctan

— 3,69/%’\
@n v - §2 § 2/on 0652 1 ¢

This bound is tight if these poles are the only poles of P(s) in Co and P(s) is minimum-phase.
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Fig. 4.3: Smith controller with proportional primary controller

Proof (outline). The proof for the case of { > 0 follows the ideas of that of Proposition 4.2, just with
the rational substitution of the form R, (s) = (¢ — j/1—2 —s/a)/(C + j/1 =2 + s/a), which has
complex parameters, see [40, Thm.9] for details. The case of { = 0 can be addressed by somewhat
simpler arguments. Namely, in this case the loop has an infinite magnitude at ® = w, and a strictly
contractive high-frequency gain under any stabilizing controller. This implies that there is a crossover
frequency w. > w, with some upn € (0,27). Hence, the delay margin pug < ppn/@wc < 2m/wy. Finally,
controllers approaching the upper bound of the proposition are presented in [40, Sec.IV]. U

It should be emphasized that controllers maximizing the delay margin tend to render the crossover
frequency w. | 0. In other words, maximizing pq alone, without imposing additional constraints on the
crossover frequency or related feedback properties, does not make much engineering sense.

Remark 4.1 (time-varying controllers). Curiously, and perhaps somewhat counterintuitively, there are no
constraints on the attainable delay margins, even for an unstable LTI P, if time-varying linear controllers
are allowed [41]. Still, the control strategy achieving that, which hinges on the ability to estimate both the
state of P and its appropriate prediction in finite time, is not quite practical either. \Y

4.1.2 Delay margins of DTC-based loops: case study and general considerations

Consider now the system in Fig. 4.3, which is an integrator plant controlled by the Smith controller with a
proportional primary part. Assume that the actual loop delay is constant yet uncertain, of the form 7 + 75
for some 15 > —1p. This is a particular case of the setup in Fig. 4.1(c) under
g~ oS kps
and R(s) = — P
s+ kp(1 —e™)

P(s) = 4.3)
(mind negative feedback). As we know from the discussion in §3.2.1, the controller stabilizes this sys-
tem under the nominal delay iff k, stabilizes the delay-free integrator. The corresponding characteristic
polynomial, (s) = s + kp, is Hurwitz iff k;, > 0, which is assumed hereafter. The static gain of R is

kps kp T Tokp

R(0) = lim = =—O, where rg := ———
( ) s—=>05 + kp(] — e—fos) 1+ ‘E()kp To 0 1+ ‘E()kp

€ (0,1).

In other words, the low-frequency gain is bounded by 1/7¢ even if k, grows unbounded, more about this
is discussed in Chapter 5. The nominal closed-loop complementary sensitivity function is then

k
T — p —10S
() s +kp o

whose bandwidth wy, = kp is an increasing and unbounded function of k.

Consider now stability margins attained in the system in Fig. 4.3 for the actual, not equivalent delay-
free, system with the loop transfer function
kpe~Tos roe~ ¢

St+hkp(I—e ™) (1—ro)tos + ro(l —e @)

L(s) = P(s)R(s) =
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Fig. 4.4: Stability margins as functions of the normalized controller static gain ro = 79 R(0)

It is convenient to analyze stability margins as functions of the normalized static gain of the controller, r,
rather than those of k,, because the range of the former is bounded and because it better reflects the DC
properties of the resulted closed-loop system. The gain and phase margins of this loop, shown in Fig. 4.4(a)
and 4.4(b), respectively (see [21, App. A] for details of their derivations), are expectably monotonically
decreasing and continuous. As a matter of fact, as rq | 0, the gain margin grows unbounded and the phase
margin approaches 90°, whereas as ro 1 1, they reduce to the respectable u, = 2 and ppn = 60°. The
normalized delay margin, i.e. the maximum normalized deviation t5/7¢ from the nominal loop delay, is
shown in Fig. 4.4(c). It is also a monotonically decreasing function of ry, unbounded as ro | 0. However,
it is no longer continuous. For example, at ro ~ 0.75 the delay margin for positive ts drops from 1.4 to
0.67, i.e. by more than a factor of two, and delay margin for negative ts jumps from its highest value of
—1 (for which the delay-free system is also stable with the DTC-based controller) to —0.56. Moreover, the
delay margin vanishes as ro 1 1, which is also qualitatively different from the behavior of g and pipp.

The rationale behind this behavior of gy becomes apparent if we take a look at the loop frequency
response around the borderline value ro ~ 0.74902. At a slightly lower gain of ro = 0.749, there is
only one crossover frequency at w. ~ 0.774 /7y, see Fig.4.5(a). Hence, the delay margin is calculated by
(4.1) as ug ~ 1.086/(0.774/7t9) = 1.4027y. But at ryo = 0.74902 another (double) crossover frequency
we2 ~ 5.1075/ 19 pops up, see Fig. 4.5(b). Hence, the delay margin is calculated by (4.2) as

{ [ph,1 p,ph,z} { 1.086  3.4089
Ud = max{ ——, ——: X max

, ~ 0.667
0.774 /70 5.1075/ 7 fo

We,1  We2

(the phase margin and the first crossover frequency are virtually the same as those for ro = 0.749). As

S0 ‘ T T T
ol 3 © Hph2 Fph,2 Hpha
= z "
0] &)
a 2
3 8
= 5
g g
B =3
o @]
L i B L i [ L i B L i o )
-700 -540 -360 -180 -117.8 -700 -540 -344.7 -180 -117.8
Open-Loop Phase (deg) Open-Loop Phase (deg)
(a) ro = 0.749, w. ~ 0.774 /79 (b) ro = 0.74902, wc,1 ~ 0.774/70, we2 ~ 5.1075/ 79

Fig. 4.5: Nichols plots of the loop frequency response for the system in Fig. 4.3
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Fig. 4.6: Closed-loop bandwidth contour on the Nichols chart

wc,2 is larger than w¢; by more than a factor of six, this delay margin drops dramatically, even though
Mph,1 < Mph2, and we have the jump. Also, instability can now be caused by a decrease of the delay,
as the plot can also cross the critical point if a phase lead of fiyn2 ~ 2.874[rad] is added at the second
crossover o . Note that as r( increases towards 1, more and more crossover frequencies pop up, resulting
in a further deterioration of the delay margin. In the limit, as ro 1 1, the loop transfer function approaches

e~ TS

L(S) = 1 —e—7s’

which yields the infinite-bandwidth 7'(s) = e~™%, but an infinite and unbounded sequence of crossover fre-
quencies {w; } satisfying cos(wc,; 7o) = 1/2. Consequently, the delay margin of this loop indeed vanishes,
even though the gain and phase margins are reasonably high.

A natural question in this respect is whether this kind of behavior, namely the proliferation of the num-
ber of crossover frequencies, is representative in the context of dead-time compensation. The answer is
yes, if the primary controller attempts to increase the closed-loop bandwidth beyond certain level. Specifi-
cally, define the closed-loop bandwidth as the largest wy, for which |7 (jw)| > 1/+/2 in the whole frequency
range w € [0, wp]. The loop frequency response L(jw) must then lie in the shaded area of the Nichols
chart in Fig. 4.6, determined by the corresponding M -circle, for all w € [0, wp]. It is readily seen that
if |T(0)] > 1/+/2 and the closed-loop system is stable, then there is more than one crossover frequency
whenever one of the two conditions below holds:

1. the phase lag of the open-loop system exceeds 270° at w = wy, i.e. arg L (jop) < —37/2,
2. L(s) has at least two unstable poles, so its frequency response must encircle the critical point.

Moreover, additional phase lag or/and unstable poles increase the number of crossover frequencies. Clas-
sical control has some accepted rules of thumb, saying that the presence of a loop delay imposes limitations
of the attainable bandwidth, see [19, §8.6.2]. However, such limitations are less visible in DTC-based set-
tings. Indeed, as follows from (3.13) on p. 46, the complementary sensitivity transfer function in a general
DTC-based setup, like that in Fig. 3.5, is

T(s) = — 28 w5 7y (5) e,

14+ P(s)R(s)
where T, is assigned by a delay-free design of the primary controller R. Thus, the closed-loop bandwidth
does not depend on the delay element, as |7 (jw)| = |T%,(jw)|, so one might be tempted to increase it
without accounting for the phase lag of the plant at wp, due to the delay. As a result, either the loop has a
large phase lag at wy, or the controller introduces unstable modes to add enough phase lead and compensate
for the phase lag introduced by e~ J*®_ In either case, extra crossover frequencies arise and 14 deteriorates.



75

(a) System of interest, 5 € [0, T] (b) Covering system, 5,8 C Aforall 75 € [0, 7]

Fig. 4.7: Embedding into a wider class of uncertain systems

Remark 4.2 (closed-loop bandwidth). A moral of the discussion above is that it might be safer to define the
closed-loop bandwidth via the gain of the sensitivity function, say as the largest wy for which [S(jo)| < up
in the whole range w € [0, wy] for some up, € (0, 1). If uy, is sufficiently small, say pp, < 1—1/+/2 ~ 0.293,
then this measure requires not only the gain of 7" to be close to one (because 1 — up < |T(jw)| < 1 4+ up,
by the triangle inequality), but also its phase to be close to zero. Thinking this way may help to resist the
temptation of using an overly aggressive design of the primary controller. \Y%

4.2 Embedding uncertain delays into less structured uncertainty classes

The precise, i.e. non-conservative, analysis of the delay margin might not be an easy problem to address and
even harder to incorporate into control design methods. A pragmatic alternative is to analyze sensitivity to
uncertain delay via general-purpose robustness tools, which are quite well understood and can be embedded
into optimization design frameworks. This is especially so for robust stability analyses under unstructured,
and sometimes structured, complex uncertainty. In this section methods of the embedding of uncertain
delays into wider uncertainty formalisms are studied.

4.2.1 Underlying idea

Let us return to the general case presented in Fig.4.1(b) and consider the problem of finding conditions,
under which the system is stable for all 75 from a given interval, i.e. robustly. Without loss of generality,
we may assume that this interval is t5 € [0, 7] for a given nonzero T > 0. If there is a lower bound = > —1o,
then the replacement of 7y with 7y + = reduces the problem to the case of T = 0.

Let A: be is a class of systems that contains all admissible delay elements, i.e. such that Ers € A; for
every 15 € [0, T]. A rather obvious, but nevertheless important, observation is that the system in Fig. 4.7(a)
is robustly stable if yet another system, that in Fig. 4.7(b), is stable for every A € Az. Replacing the system
in Fig.4.7(a) with that in Fig. 4.7(b) means an expansion of the admissible uncertainty set. The rationale
behind such an expansion is that the robust stability problem for the system in Fig. 4.7(b) for A € A; may
be easier to analyze than that for A = D,,. The price paid for such a simplification is that any resulting
stability condition is only sufficient, i.e. potentially conservative. Namely, the robust instability of the
system in Fig. 4.7(b) does not imply that of the original system in Fig. 4.7(a).

Thus, the basic idea is to embed a system of interest into a wider class of systems, whose analysis is
simpler. A key to the success of this approach is the choice of the uncertainty set A;. On the one hand,
it should cover the original uncertain element D, tightly, to reduce conservatism. On the other hand, it
should result in a simple, and preferably design-friendly, analysis. The quest for an easily tunable and
transparent tradeoff here is perhaps still under way, with no clear winner and a plenty of barely discrim-
inable results [83, §3.3]. It is probably safe to claim that the conservatism can be effectively eliminated
by increasing the computational complexity. However, such low-conservatism methods tend to be lim-
ited to analysis problems, where the controller is given. Design-friendly approaches normally use simpler
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Fig. 4.8: Robust stability setups for m x m stable A and scalar stable §

uncertainty sets and are more conservative.

4.2.2 Preliminary: robust stability with respect to norm-bounded uncertainty

Arguably, the handiest class of uncertainties is the class of unstructured norm-bounded ones. The simplest
such class, which can be used as a building block for more sophisticated extensions, is the unit ball in H,

B i={Ae HZ™ | |4l < 1}

(if the dimension is irrelevant of clear from the context, we write B,). In the LTI setting, this set describes
stable systems A, whose frequency response is contractive at every frequency, i.e. |A(jw)|| < 1, Yo € R.
With some abuse of notation, we also use the nomenclature B, for possibly time-varying or even nonlinear
systems, which are stable as operators L, — L, and whose L,-induced norm is contractive.

Consider now the internal stability interconnection in Fig. 4.8(a) for a known m x m LTI system Ty,
and an uncertainty element A, which is only know to belong to BZ*™.

Theorem 4.4 (Robust Stability Theorem). The feedback interconnection in Fig. 4.8(a) is internally stable
Jorall A € BI>™ iff Ty € Hoo and || Tzw]loo < 1.

Proof. Sufficiency follows by the celebrated Small Gain Theorem, see [82, §4.4.2], [12, Sec. I11.2], or [10,
Thm. 9.1.7] for example. The stability of 77, is obviously necessary, because A = 0 is admissible. To
prove the necessity of the norm bound on T,,, assume, on the contrary, that ||T;y|lcoc = y > 1. This
implies that at least one of the following two conditions holds: (i) lim sup,,_, .. || 77w (jo)|| = y or (ii) there
is wp € R such that || T,y (jwo)|| = y. If the high-frequency gain of T;,, is not strictly contractive, the
system is destabilized by the admissible A = D, for every 7 > 0, see §2.1.3. If condition (ii) holds, then
there are unitary vectors ug, vo € C” such that uy 77, (jwo)ve = y (obtained via SVD). If wy = 0, then u,
and vy are real and choose A(s) = vouy/y. If w # 0, consider an LTI A € H,, with the transfer function

[vo1 |e—s(arg501)/w0
A(s) = — [ |u01 |C_S(argu01)/a)o ... |u0m|e—s(argu0m)/w0 ] 7

[Vom| e—s(@rgvom)/wo

where X stands for the complex conjugate of x € C and the argument of x is assumed to be nonnegative.
In either case |Allo = 1/y < 1, so that A is admissible, and A(jwo) = vouy/y. Hence, we have that

(1 — Tea(00) A(j0)) = 1y — 1ty Te (o) /y = 0.

i.e. I — T,y (s)A(s) has a singularity on the imaginary axis. But this implies that the closed-loop system is
unstable as it has a pure imaginary pole. Thus, there is a destabilizing admissible A and the system is not
robustly stable. U

The result above implies that robust stability with respect to the set of contractive uncertainty elements
is equivalent to an H, optimization problem. This renders it a convenient analysis framework. Indeed,
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the bound on the H,, norm can be verified by several different approaches, such as checking || 7, (jo)]||
over a chosen frequency grid, solving an eigenvalue problem associated with a Hamiltonian matrix built
from a realization of 77, (s) [45, Prop.4.17] (if T;, is finite dimensional) or a Linear Matrix Inequality
resulting from the KYP lemma [45, Thm. 4.18] (also for a finite-dimensional 7%,,), et cetera. Moreover,
casting the problem as a bound on the H-norm of a known (“certain”) system facilitates casting robust
design as a standard H, problem of the form presented in Fig. 6.1(a) on p. 98, just remove the “A” block
from the system in Fig. 4.7(b) and connect u# with y via a controller R.

We may add more structure into the uncertainty set by considering the setup in Fig. 4.8(b) for a scalar
§ € BLX!. Such a configuration is a particular case of the general u (structured singular values) framework,
where structured uncertainty is described by block-diagonal elements [56]. The case of only one “repeated
scalar” block is sufficient for our purposes as it fits well the embedding procedure of §4.2.1 in the single-
delay case, when the signals z and w in Fig. 4.7(a) are not scalar.

First, it should be clear that §1,, € BZ*™ for all § € BL!. Hence, Theorem 4.4 can be used to end up
with sufficient robust stability conditions. However, such conditions might be arbitrarily conservative, as
illustrated by the example below.

Example 4.1. Consider the system in Fig. 4.8(b) for the static

T, (s) = [ ’B], fora, B e R

and an LTI § € BLX!. Standard imaginary-axis crossing arguments yield that the closed-loop system is
stable iff I, — §(jw) T,y (jw) is nonsingular for all w € R. This, in turn, is equivalent to the condition that
|e| < 1, which does not depend on . At the same time, Theorem 4.4 yields the robust stability condition

1] - L

— || < V1—-]B]

This condition is non-conservative only if § = 0. The degree of conservatism of this condition, i.e. the
gap between it and the actual condition || < 1, increases with || and the problem becomes unsolvable at
allif || > 1. \Y

Conservatism can be reduced by noticing that 8/ = M ~!(§1)M for all LTI and nonsingular M. If M
is bi-stable, then the internal stability of the system in Fig.4.8(b) is equivalent to that in Fig.4.8(c). The
freedom in the choice of the multiplier M (cf. the discussion in §3.4.4) can then be used to reduce the Hy,
norm of M T,,, M ~!. The following result, which is a particular case of the general u theory [56], holds:
Proposition 4.5. The following statements are equivalent:

1. The feedback interconnection in Fig. 4.8(b) is internally stable for all § € BXX!.
2. Tyw € Hoo and there is M € H ™ such that M~ € H™™ and |M T,y M ™o < 1.

3. Tpw € Hoo and p(T7y (jw)) < 1 for all w € R.
In the SISO case, i.e. if m = 1, the conditions of Proposition 4.5 clearly reduce to that of Theorem 4.4.

Example 4.2. Return to Example 4.1. The third condition of Proposition 4.5 obviously reads |¢| < 1. To
apply the second condition, let us select M = [ 4 9], which is obviously bi-stable for all x € R\ {0}. The
stability condition reads then

Lo el ll=IE el = i

As u is almost arbitrary (nonzero), the quantity || can be made arbitrarily small, so we can recover the
non-conservative condition || < 1, again. \Y%
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The scaling in Proposition 4.5 requires dynamic systems in general. Finding such a system is normally
a matter of using a finite number of matrix parameters over a chosen frequency grid. This is not particularly
elegant and might lead to rather high-order conditions. However, if only static scaling parameters M are
used, the contractiveness of M T,,, M ~! can be cast as a standard LMI (as a matter of fact, the use of only
static scaling is enough if § is allowed to be time varying [68]).

Proposition 4.6. Let Ty, (s) = D + C(sI — A)~"' B for a Hurwitz A be an m x m transfer function. There
is M € R™™ such that ||M T,y M~ "||eo < 1 iff there are X, Y > 0 such that

|:A’X+XA—|—C/YC XB+C’YD:| 0

B'X + D'YC D'YD —-Y “4.4)

Proof. Because

—1
MTzw<s)M—1=[ A | BM }

MC|MDM™!
the condition || M T, M 1| < 1 is equivalent [45, §4.3.4] to the existence of X = X’ > 0 such that

AX +XA+C'M'MC XBM~ '+ C'M'MDM™! <0
M7 B'X + M7'D'M'MC M~D'M'MDM™" — | '

This condition does no change it its left-hand side is pre-multiplied by [ é e ] and post-multiplied by [ Lo ]

(as M is nonsingular). This yields (4.4) by denoting Y = M'M > 0. U

Return now to the uncertainty set Bo,. It might appear that in most situations this is a rather rough de-
scription of uncertain elements. Indeed, it is hard to imagine a realistic uncertain element, whose frequency
response lies in the unit disk in the complex plane in all frequencies. A finer model should accommodate
different modeling mismatch sizes over different frequencies, like having smaller errors over low frequen-
cies and larger—over high. Moreover, in many situations uncertain elements are not centered at the origin,
but rather at some nonzero nominal value, which might also drift with the frequency.

It happens, however, that the set By, can generate such models as well. In a sense, By, serves a
base for many more sophisticated, and more realistic, uncertainty models, whose properties are shaped
by frequency-dependent weights. A general, albeit quite abstract, model for such uncertain sets is

Fo(W,BZX™) :={A | A, € BZ™ such that A = F, (W, Ag)} (4.5)

for a given weight W, provided F,(W, B™™) € Ho. Likewise, the set F,(W, B! 1,,) can be used for
structured uncertainty elements. Several concrete simple examples of weight, which are more tangible
than the abstract model, are presented below:

Constant scaling: the choice

W= [? “O’} —  Fu(W.Bw) = Baoa.

which is merely a uniform scaling of the uncertain element by o > 0. In the SISO case, frequency
responses of elements from this set lie in a disk of the radius « centered at the origin at all frequencies,
i.e.in aD.

Frequency-dependent scaling: the choice

W [? Vg“] —  Fu(W,Boo) = BaoWa,

which scales it by a frequency dependent weight W,,. In the SISO case, frequency responses of ele-
ments from this set at each frequency w lie in a disk of the radius [W, (jo)| centered at the origin, i.e.
in [Wy(jw)| D. Also, Fu(W,Bw) € Hy <= W € Hy, which is silently assumed hereafter.
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Fig. 4.9: Embedded robustness setup for Fig. 4.1(b) with § € BLX! and G = W x G

Shifted frequency-dependent scaling: the choice

0 We B
W = [ )i DV} } - ~FL(LL21300) = W, +—l3ooPV&,

which effectively assumes the “nominal model” of the uncertain element at W,, and scales the deviation
from this nominal model by a dynamic, i.e. frequency dependent, weight W,, € H. In the SISO case,
frequency responses of elements from this set at each frequency w lie in a disk of the radius | W, (jw)|
centered at Wy, (jw), i.e. in Wy (jw) + |Wy (jo)| D.

In general, the mapping A +— F,(W, A) can be viewed as a Mobius transformation, which maps the unit
disk D into yet another disk on the complex plane C, provided |W;;(jw)| < 1 for all w. The latter condition
just says that 1 ¢ Wi (jw)D. If it does not hold, then a disk may be transformed to a half plane or to
the exterior of a disk. If Wi, # 0, the transformed disk may be rotated and warped, in the sense that
the distance between points is not preserved under the transformation (these properties can perhaps be
exploited to reduce the conservatism of the approach, although I am not aware of such results).

The analysis of systems with the uncertainty model (4.5) is not conceptually different from that of
systems with the plain unit disk model. Indeed, the feedback connection of 77, and F, (W, A) is equivalent
to the feedback connection of F{(W, T,,) and A. Thus, we return to the setup studied earlier and can use
Theorem 4.4, just for Fi(W, T,y,) instead of Ty,,. Structured uncertainty from the set F, (W, B! 1,,) can
be treated in the same vein. Thus, taking into account that F,(G1, Fu(G2, A)) = Fu(G2 * Gy, A), where
“x” stands for the Redheffer start product, the uncertain delay setup in Fig.4.7(a) can be embedded into
the system in Fig. 4.9 under G = W x G.

In what follows, we are interested in this setup for W as in the shifted frequency-dependent scaling
model above and the generator G as in Fig. 4.1(c), which corresponds to the input delay system. In this

case
= [0 W, RP R [ WuR B .
G—[l Wx]*[ P 0}_[ 7 ](1 PW,RY'[ P I], (4.6)
whose
Tow = WoR(I — PW,R)"'P = F 0 Wa i p 4.7
zw — Wa x = J1 P IDIL; s .

is assumed to be stable.

4.2.3 Covering models for the uncertain delay element

Having acquired tools to handle problems with unstructured and structured norm-bounded uncertainty,
consider now their use in the robust stability analysis of systems with delay uncertainty in Fig.4.1(b).
Our goal is to embed the uncertain delay element D, into a family of stable systems, whose frequency
responses lie in disks in the complex plane and include those of D, for all z5 € [0, 7]. This, in turn, embed
the problem into the robust stability setup in Fig.4.9.
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To construct such families, consider the areas in the complex plane C, which are covered by the un-
certain frequency response e 1“% for r3 € [0, ]. At every frequency w this is a circular arc of the unit
radius, centered at the origin and subtending the angle Tw [rad] in the clockwise direction starting from 1
(for 5 = 0). Some of these arcs are presented below:

(4.8)

™~
SI
{9— v
\®)
S|

The arc reduces to a single point, 1, at ® = 0 and increases with w, until it becomes the whole unit circle
T for all @ > 27/7. Our goal is to cover these arcs by tightest disks of the form x(w) + a(w)D, where
x(w) € Cis acenter and o(w) > 0 is a radius, at each frequency. This task clearly depends on the choice
of the disk center x(w), so consider several possible choices for it below.

Covering with the center in x(w) = 0

Perhaps the simplest choice is to place the center to the origin for all frequencies, which yields the closed
unit disk D as the frequency-independent covering, see Fig. 4.10(a). This implies that the system in Fig. 4.1(b)
for every 75 is covered by the the system in Fig.4.9 and G = G. By Proposition 4.5, the system in Fig. 4.9
is robustly stable iff

Gow € Hyo and 3M, M ™! € Hy, such that |[M G,y M ' Delleo = [MGruwM ™o < 1.

Hence, the conditions above also guarantee the stability of the system in Fig.4.1(b) for all t5 > —1, i.e.
the system is delay-independent stable. In the particular case of the standard feedback control system with
aplant P, a controller R, and 7o = 0, we have that sz = PR is the loop gain (cf. (1.25)) and the closed-
loop system is stable for every constant loop delay if loop gain is stable and its peak frequency-response
gain is strictly contractive. In the SISO case, i.e. for m = 1, this recovers Tsypkin’s criterion [75].

Covering with the center in x(w) = 1

Delay-dependent conditions can be obtained by choosing »(w) # 0. The best studied choice is apparently
x(w) = 1, which effectively assumes the nominal value s = 0. The tightest covering disk for this choice
does depend on 7, see Figs. 4.10(b) and 4.10(c). The radii of such disks at each frequency are derived as

. | —eite if 7w € [0,
(X((,())Z max {|1_e—Ja)r5|} — | ' | TWw [ 77].
75€[0,7] [l —e™ ™| =2 otherwise
Taking into account that |1 — e 37?|? = 2(1 — cos(Tw)) = 4sin*(Tw/2), we end up with a(w) = a; (Tw),
where
2sin(w/2) ifw €[0,7] GdB‘

4.9
2 otherwise J x  on P (4.9)

ar(w) =

(this formula was apparently first derived by Owens and Raya in [55]). The function o (w) is monotonically
increasing, vanishing as @ | 0. This agrees with the intuition that the uncertainty level of this element
decreases at low frequencies. Moreover, the range of frequencies, in which the uncertainty radius o (T®)
is small, increases as T decreases, which is also intuitive.
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x(w) 1 x(w) / x(w)
P N
(a) x(w) =0 b) x(w) = 1fortw =1 (©) x(w) =1fortw =4
¥ (@)
~—~ x(w) -/
T 212 (w)
(d) x(w) = e T7/2 for 7w = 2 (@) x(w) = e I7/2 for 1wy = 4 (f) disks comparison for Tw = 2
/ #(©)
(g) x(w) = x3(Tw) from (4.13) for Tw =2 (h) %(w) = x3(Tw) from (4.13) for Tw = 4

Fig. 4.10: Covering disks for uncertain delays

The use of «; as the uncertainty radius for the system in Fig. 4.9 is hampered by the fact that this is not
a real-rational function of jw, i.e. it cannot be the frequency response of a finite-dimensional system with
real parameters. So we shall approximate o (w) by the frequency response of a rational transfer function
Way1(s) such that |Wy; (jw)| > a1 (w). Possible choices are

235 2.007 s s2 + 3.6955 + 5.56
—="_ and Wy 3(s) = ,
s +24/3 ’ s+ 2 524 3.0265 + 5.56

see Fig. 4.11(a). We can see that the use of W, 3 yields a close approximation of «y, so further increase of
the approximation order is normally not required. It should be emphasized that W1 1(jo)| < |Wa1,0(jo)]
for all @ # 0, which means that the approximation with W, ; always yields less conservative results than
that with Wy, 0. At the same time, the gain of Wy; 3 is not always smaller than that of Wy, 1, so there
might be situations when the use of this third-order covering leads to more conservative results than for
the first-order covering.

With finite-dimensional and stable W,, and W, selected according to

Wal,O(S) =, Wal,l(s) = (410)

Wye(s) =1 and Wy(s) = Wy1(Ts)

(mind scaling the Laplace variable in W, ), we can embed the robust stability problem for the system in
Fig.4.1(b) into the robust stability problem for the system in Fig. 4.9 with W = [ ;> ]. For the problem
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10.8 10.8
6 /‘ 6

b4 2 0]
— ai(w) A
[War,0(jo)| — az(w)
— War1(jo)| — [Was1(jo)|
— [War3(o)] ) — [Wasa(jo)|
(a) a1 (w) from (4.9) for x(w) =1 (b) a3(w) from (4.15) for x(w) = Wy3(jTw) from (4.14)

Fig. 4.11: Rational approximations of radii of tightest covering disks

with an uncertain loop delay this yields G as in (4.6). The controlled system in (4.7) reads then
Tyw = Wo(I — RP)"'RP = W,T,

i.e. it is the weighted complementary sensitivity. Thus, by Proposition 4.5 the system in Fig. 4.1(b) is stable
forall 75 € [0, 7] if T € Hy and there is M, M~ € H,, such that | M W,TM | < 1. In the SISO case,
this reduces to the condition ||Wy T ||co < 1.

With the choice Wy(s) = Wu1,0(ts) = Ts, the condition above reads as the strict contractiveness of
the Hoo-norm of Ts7 (s). Thus, the delay margin is lowerbounded by the reciprocal of the Ho,-norm of a
system with the transfer function s7°(s). Even though this condition is based on the loosest upper bound
on o (w), it is might be useful, see the proof of Proposition 4.1. The reason is that it is a closed-form
expression, independent of 7 itself, unlike conditions produced from the other bounds in (4.10).

Example 4.3. Consider a SISO plant P, whose only unstable pole is located at s = a > 0. The problem
addressed in this example is to find conditions under which a stabilizing R exists such that | W, T||e < 1.
This would yield a (conservative) guarantee on the attainable delay margin pq, which is yet another take
on the problem studied in §4.1.1. It is not hard to see that 7(a) = —1 for all stabilizing controllers.
Therefore, we have that |W,T|cc > |Wy(a)|. In fact, in the case of a single unstable pole this bound
can be approached arbitrarily closely by stabilizing controllers, see [14, Sec. 6.1]. Thus, we have that the
system can be robustly stabilized iff

[War(za)| < 1 4.11)

If Wy(s) = War,0(ts) = s, then condition (4.11) results in the feasibility of the robust stability problem
whenever 7 < 1/a. If Wy(s) = We1,1(Ts) from (4.9), then we have 7 < 2(6++/3)/(11a) ~ 1.406/a, while
if Wy (s) = War,3(Ts), then all T < 1.702/a can be attained. All these bounds are more conservative than
the upper bound 2 /a from Proposition 4.2, although the conservatism level decreases as the approximation
accuracy increases. \Y

Covering with the center in x(w) = e~i7%/2

Another seemingly natural choice is to place the center to the middle of the uncertain arc at each frequency,
i.e. at x(w) = e I%/2_ This effectively assumes the nominal value of the delay at ts = 7/2. The tightest
disks for this choice, see Figs.4.10(d) and 4.10(e), have the radii

._ . . B} 1 — e itw/2 if Tw € [0, 27
a(w) = max {[eT/2 —eT B} = max {|1 —eJ@m I} = | _ | [ ].
75€[0,7] 75€[0,7] [l —e™"| =2 otherwise
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Thus, a(w) = a1 (Tw/2) for oy (w) defined by (4.9) and we can use all its finite-dimensional approximations
from (4.10). It is readily seen that oy (Tw/2) < a1 (Tw) for all w € (0, 27). Hence, covering disks in this
case have smaller radii than those for x(w) = 1 for all Tw € (0, 27).
With the use of
Wie(s) =e /2 and  Wy(s) = Wa(Ts/2)

for the input-delay problem, we end up with (4.6), which includes the nonzero loop delay Dz/,. This delay
can be compensated by the standard MSP though, so its presence does not hamper the design of controllers
minimizing || 7y || co-

Example 4.4. Consider the problem studied in Example 4.3, where a SISO plant has only one unstable
pole at s = a. The delay margin pug = 7 is guaranteed if there is a stabilizing R such that ||T;y |00 < 1,
where T,, = Wy PR/(1 — PW,R). Because T, (a) = |Wy(a)|/|Wy(a)| for every stabilizing R, we have
that | Ty |loo = |Wa(@)|/|Wy(a)| = e**/?|W,(a)| and this bound can be approached. Hence, the system is
robustly stable iff

e™ 2| Wy (Ta/2)| < 1. (4.12)

For the rational approximations of «(w) given by (4.10), inequality (4.12) results in the stability conditions
T < 1.134/a, T < 1.259/a, and © < 1.305/a. The first one of them, corresponding to the cover with
Wai,0(s) = s, is less conservative than the corresponding condition in Example 4.3. The second and third
conditions are actually more conservative, even though the uncertainty disks have smaller radii. \Y%

The outcome of Example 4.4, in that a smaller covering disk might yield a more conservative bound,
might appear counterintuitive at first sight. Yet it is actually not, as explained in [79]. To understand why,
compare the disks for x(w) = 1 and x(w) = e 3%®/2 at 7w = 2, which are shown in Fig. 4.10(f). These
disks cover different areas and the smaller disk is not inscribed in the larger one. Consequently, it might
happen that the worst uncertainty § belongs to the area in the smaller disk, but not in the larger one.

Covering with a center motivated by the smallest covering disks

Neither x%(w) = 1 nor x(w) = e 37/ results in the smallest disks, i.e. those having the smallest radii,
covering the arcs in (4.8). The smallest disks are obtained by placing the center to the midpoint of the
chord connecting the end points of the arc for every frequency until the arc becomes a semi-circle, and at
the origin afterwards, see Figs.4.10(g) and 4.10(h). Algebraically, such centers satisfy »(w) = »3(Tw),
where

1 4 eie (14+e7°)/2 ifw e [0, n]
x3(w) = ————Tpn(w) = . (4.13)
2 otherwise
The radii of such disks are
1 —jTw . 1— —jTw =
a(w) = max Lhe T en|l = e sin
75€[0,7] 2 2 2

if Tw € [0, 7] and a(w) = 1 if Tw > 7. Thus, we end up with a(w) = o1 (Tw)/2, where o (w) is given by
(4.9). Moreover, the resulting disks are always inscribed in the disks corresponding to the choice (@) = 1.
This implies that centering disks in (4.13) would never result in more conservative results than for disks
centered at v(w) = 1.

However, the use of (4.13) in robust control problems is not easy. What we need is a causal system
W,., whose frequency response coincides with that of x(w). The finite support of x(w), which bears some
resemblance to the ideal low-pass filter, makes this problem vain. But motivated by the “optimal” choice
above, consider placing the center at x(w) = W,3(jT®), where

s2 412

Was(s) = s2 4+ 65 + 12’

(4.14)
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which is the [2, 2]-Padé approximant of (1 4+ e~*)/2. The radii of covering disks for this choice, derived in
[1], are given in the following result.

Lemma 4.7. The tightest covering disks for x(w) = Wy3(jTw) have the radii a(w) = az(Tw), where

1802 + (12 — w?)B(w) 6dB‘ P
=4[22 = = 4.15
s (a)) \/ Cl)4 + 120)2 + 144 l i 23 2n ® ( )
where
) (12— w?)cosw + 6wsinw  ifw € [0,2+/3]
w) = '
Vot + 1202 + 144 otherwise

Proof. Without loss of generality assume that T = 1. Denote

218a)2 + (12 — 0?)((12 — w?) cos(wt) + 6w sin(wT))

= e — Ws(jw)|? =2 —
€@ = xa(jo)l ot + 1207 + 144

for t € R4 and analyze its maximum for t € [0, 1]. This is a periodic continuous function of ¢ with

de _ 2w(w? — 12)(6w cos(wt) + (w? — 12) sin(wT))

dr w* + 12w2 + 144
and é(r) = 0 at every
1 6
T =1 = —arctaniwjtzk, keZ.
1) 2—w? o
If w? < 12, then 1o is a decreasing function of w, starting from 0.5 at @ = 0 and approaching

7/(4+/3) ~ 0.45as w 1 +/12. In this frequency range 7/w > n/+/12 > 0.9, we have that 7 > 1 if
k is positive and 7 < 0 if k is negative. Thus, so the only t; € [0, 1]is 7o. It can be verified that t = 7p is a
local minimum point. Hence, the maximum, required for calculating «(w), is achieved either at T = 0 or at
t = 1. Direct calculations show that for all @ € [0, 2+/3] we should pick the latter, so that a3(w) = \/e(—l) .

If w? > 12, then 7o < 0 and 7, is a decreasing function of w lying in (0, 7r/(4~/3)). Moreover, 1 is a
local maximum point for all odd k. Because for all odd k

(12 — »2) cos(wtr) + 6w sin(wtk) = Vo + 1202 + 144
is independent of k and 1, € [0, 1] for all @ > 2+/3, we may always take a3(w) = v/e(11). U

Similarly to the procedure for x(w) = 1, it is possible to approximate the function «z(w) by the mag-
nitude frequency response of rational transfer functions. Two possible choices are

s2 4+ 1.92s + 12.781

2s
W =2 and W =W, :
3,1(5) an 3,3(5) “3’1(S)s2 +2.3935 + 12.781

s+ 4

(4.16)

see Fig.4.11(b) on p.82. This first-order approximation, |Wy3,1(jw)|, is tight at both low and high fre-
quencies. This is in contrast to | W11 (jw)|, which is loose at high frequencies. In fact, it can be verified,
numerically, that

Wis(jo) + [Wez1(jo)| D C 1+ [Wor,1(jo)| D

for all . Hence, covering the uncertain delay ﬁrs with disks centered at W,; and having the radius
|Was3.1(jw)| is less conservative than covering with those centered at 1 and having the radius |W1,1(jo)|.
Also, it is readily seen that |Wy3 1(jow)| > |Was2(jw)| for all @ > 0, so the third-order upper bound is
always less conservative than the first-order one in this case. This observation is confirmed by the example
below.
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Example 4.5. Returning to the system in Examples 4.3 and 4.4. Now the problem is solved for
Wi (s) = Wia(Ts) and  Wy(s) = Was(Ts).
By the arguments already used in Example 4.4, the problem is solvable if
[Was(jTa)| < [Wis(jTa)l.

This yields the conditions T < 1.691/a and T < 1.769/a under Wy3 = Wy3 1 and Wy3 = Wys 1, re-
spectively. These conditions are less conservative than those in both Example 4.3 and Example 4.4, under
compatible dimensions of W,. In fact, the condition T < 1.769/a is only about 88% of the upper bound in
Proposition 4.2, which is not bad for a conservative covering. \Y%

4.2.4 Case study

Return to the system studied in §4.1.2, where a proportional primary controller was designed for the plain
integrator with a nominal delay 7y, see Fig. 4.3. Consider again its delay margin, i.e. the minimal destabi-
lizing 75 = 7 > 0 (for the sake of simplicity, only the increase of the loop delay is addressed below). But
unlike the analysis in §4.1.2, where the actual delay margin was calculated, the problem is now analyzed
from the general uncertainty embedding point of view. To this end, consider the system 77,, from (4.7) for
P and R as in (4.3). Given stable W, (s) and W, (s), the resulting T,, has the transfer function

Wy (s)e~ s
s/kp 4+ 1—e%05 + Wy (s)e w08

Tow(s) = =: —To(s)Wy(s)e ™.

The robust stability condition reads then ||ToWy||co < 1. As a matter of fact, the latter condition in this
case is equivalent to Ty € Hy and |To(jw)| < 1/|Wy(jw)| for all . Because this is not a design problem,
we can use the actual disk radius function a(w) rather than its rational approximation |Wy(jw)|, so the

condition to verify is
1

To€e Hw and |Typ(jw)| < ——, Vo eR. 4.17)
a(w)

A brute-force search over a chosen frequency grid can then be used to check the second condition above.
It can be shown, via the use of the Poisson integral formula, that an H,, function, actually outer, W, (s)
exists such that | W, (jw)| = a(w), see [58, Eqn. (1.7)]. Hence, the replacement above is well justified.

First, consider the covering under W, (s) = 1. With this choice the delay is eliminated from Tj(s),
yielding the rational

kp

s +kp
which is clearly stable for all k, > 0. With a(w) = o (Tw) defined by (4.9), condition (4.17) reads

To(s) =

1 1) 1/sin(tw/2) iftw €0, ]
e — < —
Vitw?/ks  2(1 otherwise

In fact, because the left-hand side above is a strictly decreasing function of w, we may only check the
condition in the frequency range Tw € [0, ]. The stability condition is then

2sin(fw/2) < V1 4+ w?/k?, Viw e |0, n]

or, equivalently,

1+ 02k

_ . 2 . . A+ @2 1.4775 1.4775(1 — ro)to
T < min — arcsin = min_ —— arcsin ~ = ,
w€e[0,/3ky] @ 2 @el0,+/3] WKp 2 kp To



https://en.wikipedia.org/wiki/Poisson_kernel
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25FT

T
— — actual value

> embedding, center at 1

-+ embedding, center at k3(Tw)
embedding, center at W, (j7w)

. . R
0.5 0.67 0.75 0.87 0.91 1
Normalized controller static gain, 7y = 79R(0)

Fig. 4.12: Normalized delay margins calculated via embedding

where ro = pR(0) € (0, 1) is the normalized static gain of the controller. Thus, we end up with the

condition
T 1—rp
— < 1.4775

70 ro

which is easy to verify. This bound is presented in Fig.4.12 by cyan-blue line (the actual margin from
Fig. 4.4(c) is shown by the dashed black line now). It is quite conservative for ro < 0.75, but becomes very
accurate after the first jump at ro ~ 0.749. However, the approach does not capture the discontinuity of
the actual delay margin in this case.
Now, let us choose W, (s) = W,3(ts) from (4.14). In this case
1 1

T = =
o(s) s/kp+ 1— (1= Wy(@s)e ™ s/kp + 1 — V(zs)e o’

where V(s) := 6s/(s?> + 6s + 12). This transfer function is actually stable for all admissible parameters.
Indeed, this transfer function can result from the feedback interconnection of kp/(s + kp) and V(7s)e™ ™.
Both these transfer functions are stable and have contractive frequency responses. Moreover, the first one
has the unit magnitude only at @ = 0, whereas the second—only at Tw = 2+/3 > 0. Hence, the loop gain
is strictly contractive at all frequencies and 7y € H, for all o > 0 and 7 > 0 by the Small Gain Theorem.

The second condition of (4.17) is more involved that that for the choice »(w) = 1 and there is probably
no analytic solution to it. Still, it is readily verified numerically, resulting in the bound shown in Fig. 4.12
by red solid line. It is visibly less conservative than the previous bound for ro < 0.749 and is virtually
indistinguishable from the precise margin for ro > 0.749. It also does capture the discontinuity of the
delay margin.

As a matter of fact, the small-gain arguments used to prove the stability of 7, above can also be applied
in the case when the actual x5 from (4.13) (or, more accurately, its outer extension) is used instead of W,,3.
The resulting bound is shown by the red dotted line in Fig. 4.12. This curve is almost the same as the solid
red line, except for the interval roy € (0.673, 0.749).

4.2.5 Time-varying delays

Time-varying delays can also be embedded into the general robustness setup in Fig. 4.9, now with a poten-
tially time-varying uncertainty element § € B.X!. As already discussed at the beginning of §4.2.2, by this
unit ball we understand then the set of all stable systems, whose L, (R)-induced norm is contractive.

Covering time-varying delays is a more delicate, and less visual, task. The fact that the time-varying
delay operator D, might be unstable, see Remark 1.2 on p. 3, adds even more complications. Nonetheless,
covering norm-bounded uncertainty sets can be found and the following two results, which should be
apparently attributed to [20, §8.6.1], are instrumental toward this end.
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Lemma 4.8. If t(t) € [0, 7] and |1(t)] < v < 1, then D is a bounded operator on La(R.), with

1

1—v

> 1.

1Dzl Lo ® ) > Lo(Ry) =

Proof. Let 0(¢) :=t — =(r). Because 6(t) > 1 — v > 0, the function ¢(¢) := 671 (¢) is well defined with
t<¢(t)<t+7and0 < () <1/(1 —v). Now, if w = 5,(,)z, then we have that

wig= [ e —copal = [ oPdos = [ EORGs

/OO[Z (5))*ds =
0

(the facts that t = ¢(s) <= s = 0(¢) and z(¢) = 0 whenever ¢ < 0 were used). Now it only remains to
prove that the bound is tight. To this end, let

z(t) = To,1jv-n7(t) and (1) = {

for which w(#) = Tjp,z/)(¢) and

1
l1—v

= [;

1—v

vt if0<t<7/v

T otherwise

ol fv
EHEROTE T

This is what we need. O

The second result was also independently shown in [26]:

Lemma 4.9. If ©(¢) € [0, 7], then the system Az : z — w such that

t 0
w@=[ﬂf®®=[deﬂ®

is a bounded operator on Ly(Ry) with || Az|| LR 1) > Lo(Ry) = T-

Proof. By the Cauchy—Schwarz inequality,

0 0 0 0
w3(t) = (/_r(t) z(t + s)ds)2 < (/_I(t) 12ds) (/;,(,) 22(t + s)ds) = 1(t) » 22(t + 5)ds

0
< f/ 22(t + 5)ds

T

for every ¢, so that (mind that it is assumed that z(z) = 0 whenever ¢ < 0)

o] 0 0 o] 0
||w||§ < / f/ zz(t + s)dsdr = f/ / zz(t +s)dtds =1 ||z||§ds
0 -z -z Jo 7

-7

Thus, w3 < 72|z|/3. This bound is tight because in the particular case of t(z) = 7 the system A; is

actually the LTI system with the transfer function (1 — e~%*)/s, whose H,-norm equals 7. U

Lemma 4.8 is readily applicable to the problem of finding stability conditions under uncertain varying
delays assumed to satisfy |75(¢)| < v for a given 0 < v < 1. The procedure is almost identical then to
the use of disks with centers at the origin in the LTI case, like that in Fig.4.10(a). The only deviation is
a different scaling, i.e. we need the static W,, = 1/+4/1 —v > 1 instead of W, = 1 now. This would lead
to delay-independent results in terms of the size of 75(r), requiring G, = 1/+/T — URP Dy, to be stable
and strictly contractive, which reads || PR||co < v1 —v < 1.


https://en.wikipedia.org/wiki/Cauchy-Schwarz_inequality
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The use of Lemma 4.9 is also similar to the LTI case. To see this, observe that the operator Az defined

in the lemma can be viewed as 1 — D) acting on the integrated signal z. In other words,

o —Gip 1 N
A‘E _ﬂ([ Gint 0:|3Dr(t))a

where Gy, is the integrator element having the transfer function Gin(s) = 1/s. But this implies that

— 0 G ! 0 W, _
pur= (3 5 ]) (3 ) 0.

where W, (s) = 1 and W, (s) = ts, exactly as the approximation of «; for the very same W, (s) = 1, see
(4.9), by the rational bound Wy o(s) from (4.10). Because Az/T € Bs by Lemma 4.9, we have that

Er(t) € ]:u(|:(]) Za ] ,Boo) , Vz(t) €0,7]

and the rest is by now standard. For example, this means that the result of Example 4.3 under this W,
which says that any system whose only unstable pole is at s = « is stable for all 75 < 7if T < 1/a, remains
valid for arbitrary time-varying ts(¢). In fact, it should be less conservative in the time-varying case.

4.2.6 Beyond simple coverings

So far, only approaches directly leading to (scaled) Small Gain Theorem applications have been discussed.
Advantage of this kind of results are their relative simplicity and suitability for off-the-shelf design methods,
like the Ho, optimization. However, they might result in rather conservative results. Conservatism can be
expected to be reduced if more sophisticated covering options are used.

One trick toward this end is the use of multiple covering areas. To grasp the idea, let us take a look
at Fig. 4.13. It illustrates covering uncertain delays by two convex regions, a disk and a half-plane. The
darkest region in each of these plots is the tightest convex region in C containing uncertain constant delays,
S0 we may expect it to be less conservative that each of the covering methods in Fig. 4.10. Both involved
areas, the unit disk and a half-plane, can be generated by quadratic forms in the frequency domain and thus
falls into the general IQC (integral quadratic constraint) framework introduced in [37]. The use of integral
quadratic constraints in the context of the analysis of the robustness of delay systems can be found in [27],
where various bounds are found and the conservatism is shown to be reduced. However, IQCs, and even
more so those with non-rational weights, are not quite easy to incorporate into design procedures. Still,
some approaches of doing that are available, see [77] and the references therein.

Y R S
/ w IV

(a) Tw =1 b) Tw=2 (c) tw =4 (d) Tw > 27

Fig. 4.13: Covering uncertain delays by multiple areas
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4.3 Analysis based on Lyapunov—Krasovskii methods

Lyapunov’s direct method studied in Section 2.2 can also be used to analyze the robustness of systems to
delay uncertainty. The literature on this subject is monstrous, with a great variety of results and not always
clear differentiation between them. Both Lyapunov—Krasovskii and Lyapunov—Razumikhin functions are
used. Below only a flavor of the use of the Lyapunov—Krasovskii approach is provided.
Consider the DDE
X(t) = Ax(t) + Ax(t —1), X0=0 (4.18)

for A € R and A, € R™". This is a version of (2.18) under zero initial conditions. Our goal is to
characterize conditions under which this DDE is stable for all 7 € [0, T] for some T > 0. A typical modus
operandi is to transform the system equation into a Lyapunov—Krasovskii-friendly form, then choose a
structure of the Lyapunov—Krasovskii functional, and then analyze its derivative along the trajectories of
the system via upper-bounding cross terms. Each one of these stages has a plenty of options to play with.
The model transformation stage appears to be abandoned in more modern treatments, but exploring that
direction goes beyond the scope of this text. The choice of an appropriate Lyapunov—Krasovskii functional
is normally a tradeoff between treatability and conservatism. The general functional of the form (2.23)
might be too much to digest, it does not appear to lead to manageable robustness formulations. Bounding
cross-terms might not be quite intuitive, but this is where several clever and helpful tricks were introduces.
So we start with rewriting DDE (4.18) in the form

$(1) = (A+ A)x(t) — Ac(x (1) = x(t = 1)) = (A + A)x(1) — A, /0 X(t + s)ds. (4.19)

-7

It turns out to be advantageous (the idea is from [16]) to rewrite this equation in descriptor form

o] [ o 1 7[x0 o7 /°
[00][y'<r>]‘[A+Ar—1][y<r)]‘[AzU_hy(’+9)d9

E (1) A (1) B

by adding the auxiliary variable
X()=:y()=[0 I]x@).

C

Choose now a Lyapunov—Krasovskii functional of the form

0 t
V(t) = Vi(t) + Va(t) := ¥ (1) P'EX(t) + / / y'(r)Ry(r)drds
—1 Jt+s

for R > 0 and

[po
P_[P2 P3]’ P > 0. (4.20)
Because ¥/ (t)P'EX(t) = x'(t)P1x(t) = Amin(P1)|x()||2, this V satisfies the condition of Theorem 2.5
with a(||x(£)]]) = Amin(P1)]||x(2)]|?, which is an unbounded function of ||x(¢)||. The derivatives are

0

Vi(t) = 28 (t)P'EX(t) = 2% (1) P’ (/bz(r) — B /

-7

y( + s)ds)

=X (t)(P’A+ A'P)%(t) -2 /0 F()P'By(t + s)ds
—h
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and, using the Leibniz integral rule (2.24),

0 0
Vs (1) =/ (V' (ORy (@) —y'(t + )Ryt +5)) ds = nz’(z)é’Réfc(z)—/ V(¢ + $)Ry(t + s)ds.

T -7
Taking into account that T < 7, we have:

0 0

y'(t + s)Ry(t —l—s)ds—Z/ F(t)P'By(t + s)ds.

-7

V() <& @) (P'A+ AP +7C'RC)X(t) —/

-t

The last term in the right-hand side above is the cross term to be bounded. To handle that, note that for all

Q > 0and vectors vq and v,, we have that 0 < (v1+ QO 'v2) Q(v1 + Q0 'v2) = Vi Qui+v50 Tva+ 205y
or, equivalently, that

—2vhv1 < V[ Quy + v50 s, 4.21)

Thus
0

0
_2/ F()P'By(t + 5)ds 5/ (F@)P'BQ'B'PX(t) + y'(t + 5)0y(t +5)) ds

8 0
<T¥OP'BOB P () + / V(i +5)0y(t +5)ds.

-t
which is true for all Q > 0, in particular, for 9 = R. Thus,
V() <®@)(P'A+ AP +7C'RC +TP'BR'B'P)x(1)
and V (1) < —B(|x(@®)|) for B(|x(@)|[) = Amin(—P’A— A'P —7C'RC —TP'BR™'B'P)| x(t)|?, which is
strictly positive for all X # 0 if
P'A+A'P+7C'RC+iP'BR'B'P <0.

Equivalently, using (A.6) we can end up with the asymptotic stability condition if the LMI

1A A/ “C'RC FP'R
[PA+AP+ICRC rPB]<O (4.22)

IB'P —7R

is solvable in 0 < R € R and P € R?>"*?" as in (4.20). This condition is readily verifiable for a fixed 7
and can be used as a base for a parametric search over the scalar 7 to maximize the delay margin.

Remark 4.3 (connections with embedding). Equation (4.18) can be presented as the feedback interconnec-
tion of the uncertain delay D, with a system having the transfer function C,(s/ — A)~!B,,, where C, and
By, are any matrices in the rank decomposition A; = B, C,. Choosing now covering with W, (s) = 1 and
Wy (s) = Ts, the robust stability problem converts to the form presented in Fig. 4.8(b) for

Tow(s) = ]:1(|:(I) t;] ] ,Co(sI — A)_le) = 75Cy(sI — A — B,C,) ' By,

=7C,By +7C,(s] —A— A;) " Y(A + A;)Bu,.
which is a standard system. We can then apply Propositions 4.5 and 4.6 to end up with the LMI condition

[ (A+ A X + X(A+ A;) + T2CLYC, X(A + Ar)By, + T2CLYC, By } 0 423)

Bl (A+ A)'X + 2B, CLYC, 2B/ C!YC By —Y


https://en.wikipedia.org/wiki/Rank_factorization
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which is simpler, i.e. has less decision variables with X € R and Y e Rk A-xrank 4r than (4.22). But
now ignore the possibility to exploit a potential rank deficiency of A, and choose C, = I and B,, = A;.
Also, consider an alternative, descriptor, representation of 77, above, namely

-1
Tow(s) =7[0 I](s|:(l) 8}—[%{)& _IID |:/(1)ri|=f(j(sE—/f)_ll§,

which can be verified by straightforward algebra. It can then be shown, using the LMI characterization of
the H,, norm of descriptor systems from [35], that finding whether there is M such that | M T, M 71| <
1 is equivalent to solving the very LMI (4.22). In other words, (4.23) is merely a more economical version
of (4.22). It should also be emphasized that the covering disks chosen in the derivation of (4.23) are not
the tightest ones. \Y%

Note that inequality (4.21) can be made less conservative, e.g. if replaced with Park’s inequality [57]

’ < / ’ Q QS o1
21 = [0 v, [ S'0 (I +5'0)071(I + QS)] [vz ] ’

which follows from (4.21) via the substitution v; — v; + Sv,. The additional variable S, whose choice
as § = 0 gives (4.21), can be used to tighten the bound. Then, LMI conditions resulting from such a
replacement, can again be shown to be equivalent to those resulting with the embedding approach [84].

There are then more directions for refining the analysis using Lyapunov—Krasovskii functionals, like
the use of functionals with more design parameters, exploiting Jensen’s, Wirtinger’s, Bessel’s inequalities,
et cetera, see surveys [83, 67, 85] and the references therein. Still, the vast majority of these methods apply
only to the analysis problem, where a controller, actually a finite-dimensional one, is given and the stability
is verified. But in such situations, it might be easier to use graphical tests, like the Nyquist criterion,
to estimate the delay margin in a system. The real need in analytical methods is in design problems,
where a controller is to be constructed to satisfy certain performance requirements, including robustness. It
appears that Lyapunov-based methods are not there yet. They also appear to be less transparent in revealing
conservatism sources than methods based on embedding delay uncertainty into general-purpose robustness
problems.


https://en.wikipedia.org/wiki/Jensen%27s_inequality
https://en.wikipedia.org/wiki/Wirtinger%27s_inequality_for_functions
https://en.wikipedia.org/wiki/Bessel%27s_inequality
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CHAPTER 4. RoBUSTNESS To DELAY UNCERTAINTY



Chapter 5

Performance: Disturbance Attenuation by
Industrial Controllers

LTHOUGH STABILITY is a crucial property, it is seldom the ultimate goal of control design. Rather,
A control systems are supposed to impose a required behavior on controlled systems, like good com-
mand following, a sufficient disturbance attenuation level, required transient characteristics, et cetera.
These properties are collectively known as control performance. There are zillions of ways to express
performance of control systems, from classical loop-shaping and pole-placement ideas to more modern
quantitative characteristics based on system norms or Lyapunov-based decay estimates. It is obviously
impossible to expose all these approaches in the notes. As such, the discussion in the coming two chap-
ters is focused mainly on two aspects of “performance” considerations. These are disturbance attenuation
analysis in first-order-plus-time-delay (FOPTD) attainable by PID-based controllers and general-purpose
optimization-based design methods, which reflects my personal preferences.

Time delays are integral parts of (chemical) process models used in numerous processes control ap-
plications. It is not surprising then that various aspects of the control performance in time-delay systems
are extensively studied in the process control literature, see [53] and the references therein. In fact, the
very idea of the dead-time compensation originated among the process control community, in [70]. At the
same time, process control models are frequently not too complex, with monotonic frequency responses,
controllers used there are relatively simple, with a small number of tuning parameters, and mathematical
tools used in the analysis of such systems are not overly sophisticated. These factors make the analysis of
such systems an ideal starting point in studying the performance of DTC-based systems.

5.1 The setup

Consider the unity feedback setup in Fig. 5.1, where d; and d,, are input (load) and output disturbances,
respectively, n is a measurement noise, and r is a reference signal. The plant contains the delay element,
with a delay = > 0, and a finite-dimensional part P, which is assumed to be a first-order system with the
transfer function

P(s) =

Ts +1

for some static gain k # 0 and a time constant 7" > 0. This plant is said to be balanced if t/(t +T) ~ 1/2,
meaning that the loop delay and the finite-dimensional part of the plant have comparable effects on the
dynamics of the plant. In situations when t/(t 4+ T) | 0 the plant is called lag dominant, whereas delay-
dominant dynamics correspond to 7/(t + 7) 1 1. Delay-dominant plants behave more like pure delay
elements and are considered harder to control, while lag-dominant plants are closer to first-order systems
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Fig. 5.1: Process control unity-feedback setup

and are considered as easier to control. However, these conclusions should be taken with a grain of salt, as
effects of the loop delay depend on the intended crossover region of the system.

Signals of interest in this closed-loop system, the plant output y and the control input u, are connected
with the exogenous signals mentioned above as

HEE A

where the four closed-loop systems (aka GoF)—sensitivity S, complementary sensitivity 7', disturbance
sensitivity Ty, and control sensitivity 7.—have the transfer functions

S(s) Ta(s) | . 1 1 .
[Tc(s) T(s) ] T I+ CE)PE)e ™ [C(s)][l P(s)e™™ ]. (5.1)

These relations show that the response to input and output disturbances captures all aspects of closed-loop
dynamics. This justifies, in a sense, the omission of the analysis of noise and reference responses below.
Moreover, the response to r can be addressed independently of those to d;, d,, and n via the use of 2-
degree-of-freedom configurations and is thus less informative for studying feedback control architectures
for dead-time systems.

5.1.1 Control goals

A popular performance measure in process control applications is the so-called IAE (integral absolute
error) cost, normally calculated for responses to step exogenous signals [4]. In our case, two quantities of
interest are

IAE; :=/ lyi(t)|dt  and IAEO:=/ 1y (1) dt, (5.2)
0 0

where y; and y, are the responses of the system in Fig. 5.1 to the unit steps in d; and d,, respectively. This
reflects common situations in process control. At the same time, the quantities in (5.2) equal the Loo-
induced norms of the closed-loop systems di — y and dy > v, whose transfer functions are Ty4(s)/s and
S(s)/s, respectively. Thus, IAE; and IAE, can also be thought of as the peak magnitudes of y(¢) over all
input and output disturbances, respectively, with unity peak derivatives.

It should be emphasized that attenuating IAE; and IAE, might require different control strategies.
Because y, depends only on the product P(s)C(s)e™ ", canceling the stable pole of P(s) ats = —1/T
is never harmful, it does not show up in S(s) anyway. This is not the case for yj, as the canceled plant
pole remains the pole of T4(s). This slows down the response to d; when T is not sufficiently small (a lag
dominant plant). Thus, whereas it may be advantageous from the IAE, viewpoint to cancel the plant pole
by the controller even in the lag-dominant case, this is not a good idea for reducing IAE;. Atthe same time,
attenuating IAE; does not require any effort at frequencies well above the bandwidth of P, because they
are filtered out by the plant. But this is not the case for attenuating the output disturbance, low loop gain
renders |S(jw)| & 1 at the corresponding frequencies and contributes to an increase of IAE,. For these
reasons, it is more representative to analize some mixture of the cost functions on (5.2), for instance their
linear combination

MIAE; + A,IAE,
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for some positive A; and A, whose choice will be justified below.

Reducing each quantity in (5.2) requires high-gain feedback and results in loops with high crossover
frequencies, see Section 5.2 below for details. The price of that is normally large control effort, as well
as excessive sensitivity to measurement noise and high-frequency modeling uncertainty. Hence, analyzing
the IEA performance of the plant output alone would lead to one-sided conclusions. A remedy, which is
standard in feedback control, is to counterbalance (5.2) by some other performance measure(s) penalizing
high controller gains. There are plenty of options to chose to that end, like penalizing the control signal,
taking measurement noise into account, including various robustness considerations, et cetera. Robustness
analysis appears to be dominant in process control, so this direction is also pursued below. Also in this
directions options are numerous. Classical gain p, and phase jppy margins are used sometimes. A wider
accepted choice is the modulus margin iy := inf,|l + C(jw)P(jw)e | = 1/||S|lc0. Which is the
Euclidean distance of the loop frequency response from the critical point on the Nyquist plane. A potential
disadvantage of these options, which are based on the loop gain, is that they do not penalize high-frequency
gains of the loop or the controller itself. As a result, high sensitivity to loop delay mismatches is not
captured by them, see Section 4.1. A way to account for such mismatches is to add the delay margun pq
to the picture explicitly or to .

It might not be immediate from the definitions above, but all these measures implicitly impose limita-
tions on the attainable crossover frequency

5.1.2 Controller architectures

The term “industrial controller” is historically reserved to the Pl and PID controller architectures, which
are simple, robust, and relatively easy to tune. In the presence of loop delays such controllers may be
complemented by a dead-time compensation (DTC) part, like the classical Smith predictor introduced in
§3.2.1. These are controllers studied in this chapter.

The PI structure is exactly that defined by (3.3) on p. 42, i.e.

C(s) = Culs) = kp(l + Tis) (53)

for some proportional gain k;, and integral time (constant) 7;. The ideal PID structure is

1

C(s) = Copls) 1= kp(l +—+ Tds) (5.4)
Tis

for a derivative time (constant) 7y. However, the transfer function Cpp(s) above is not proper, with all

consequences of this (non-implementable, sensitive to high-frequency noise and modeling inaccuracies,

etc). For this reason, its implementable form is

1 T
C(s) = Coppy(5) := kp(l + ﬁ + (Td/)/%) (5.5)

for some! y, which is the high-frequency gain of its D part. This controller is virtually the same as Cpy,
at low frequencies, but deviates at high frequencies, approaching k(1 + y) instead of infinity. The latter
property renders Cyyp,,, @ more practical alternative to Cyyp. Yet having an additional, fourth, parameter
could complicate the tuning of Gy, . For that reason, y is frequently kept prespecified, say as a constant
in the range y € [2, 20], see [4, Sec. 3.3].

A typical design procedure for such systems is to fix the DTC element (often, as the classical Smith
predictor) and then to design a fixed-structure (often, PI) primary controller for a delay-free equivalent

@,

I'This constant is frequently denoted by “N in the literature, the symbol “y” is adopted below mainly for aesthetic reasons.
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plant. An important requirement to this separated design procedure is its transparency, namely the ability
of the resulted closed-loop system to inherit properties of the delay-free loop, for which C is designed.
The choice of IT is a key for a successful design towards this end. So in the discussion below the main
emphasis is placed on the effect of the DTC element on the design transparency. Also, because these kinds
of methods are seldom analytical, the ideas are introduces via simple examples.

5.2 Attainable disturbance attenuation

5.2.1 Response to the output disturbance
5.2.2 Response to the load disturbance

5.3 Robustness measure and its attainable level



Chapter 6

Performance: Optimization-Based Design

PTIMIZATION-BASED methods constitute an important class of design approaches. Their idea is express
O requirements to the behavior of controlled variables in terms of a size a cost function, which is them
minimized by a control signal under standard constraints of system dynamics and the internal stability. This
chapter studies H, and H,, formulations of optimization-based control design in dead-time systems. The
choice of performance measures is mostly motivated by my own preferences. Some preliminary familiarity
with optimization-based control is expected, albeit the exposition attempts to avoid getting too deep into
solution technicalities. Rather, the main emphasis is placed on effects of loop delays on the controller
structure and on attainable performance levels.

6.1 Standard H, and H,, problems

The standard problem corresponds to the lower LFT configuration depicted in Fig. 6.1(a). The system G
there is known as the generalized plant and R is referred to as the controller. The goal is then to design
R to reduce the effect of w on z in the system 7;,, := Fi(G, R) : w — z. The generalized plant has two
inputs, w and u, and two outputs, z and y, whose meaning is spelled out below.

w is dubbed the exogenous input and contains all exogenous signals, whose effect is important for the
problem at hand. These may be a reference signal, a load disturbance, measurement noise, et cetera.
In many cases these are fictitious (normalized) signals forming the actual signals of interest.

z is dubbed the regulated output and contains signals that are required to be kept “small” (in whatever
sense). These may be deviations from a required behavior, like tracking or estimation errors, actuator
signals and suchlike, weighted to focus their relative importance and important aspects of them.

y is the measured output, through which the controller acquires the information about the effect of w
on the system behavior.

u is the control input, which is the signal generated by the controller and through which the effect of w
on z can be affected.

The generalized plant G contains then dynamics of a controlled plant itself, sensors, and actuators (all,
normally, in its ¥ +— y part), as well as weighing functions, and even some fixed parts of the controller
(e.g. the integral action). For more details and examples see [45, Ch. 7].

The reduction of the effect of w on z can be quantified by a norm of 7,,,. Below we consider the H,
and H, system norms for this purpose.

e The H,-norm of a causal LTI system G : u — y, whose impulse response g(¢) is square integrable,
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Fig. 6.1: The standard problem setup
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where |-||z denotes the Frobenius matrix norm. It has also a stochastic interpretation: if u(z) is a
unit-intensity white Gaussian process, then ||G||3 equals the steady-state variance of y (7). The space
of all p x m systems with a bounded H,-norm is known as HZ™" (the dimensions are frequently
skipped). It comprises all causal systems with square-summable impulse responses. This is a Hilbert
space, with the inner product

equals

(G1,Gz)2 = %/ﬂztr([Gz(jw)]’Gl(ja)))da) = /htr([gz(t)]’gl(t))dt. (6.2)

The H,-norm normally fits applications where properties of exogenous signals are known sufficiently
well. Examples of the standard H, problem are the infinite-horizon LQG and steady-state Kalman—
Bucy filtering problems.

e The Hy-norm of a causal LTI system G : u +— y, whose transfer function G € H as defined by
(B.17), equals
IGllec = esssup [|G(jo)l|,
weR

which is the peak gain of the frequency response of G. Its time-domain interpretation is the induced
Ly(R4)-gain of G, i.e. |G oo = SUPgryer,(r,) 1112/ ]ull2, where |-||2 stands for the L,(R+)-norm
(the square root of its energy) of a signal. This norm fits applications where properties of exogenous
signals are unknown, as well as robust stability problems. Examples of the standard H, problem are
the weighted- and mixed-sensitivity problems and the gap optimization.

It should be emphasized that H, is the stability space of LTI system, so the H., formulation clicks well
with the stability requirement. At the same time, not all systems with a finite H, norm are stable (although
this is the case for finite-dimensional systems). That implies that some care should be taken for in the
stability analysis of H, problems for infinite-dimensional systems.

An important property of both H, and H, standard problems is that there are complete parametriza-
tions of all their suboptimal solutions. In both of these cases, the parametrizations can be expressed in the
form

R=F(J.0) (6.3)

for some LTI generator of all suboptimal controllers J, which depends on the problem data, and a free
parameter O, which is only limited to be stable and norm bounded. The bound on || Q|| depends on the
performance that we expect to attain. Moreover, the generator J is square and invertible, with square and
invertible (1,2) and (2, 1) sub-systems. As we already saw in Section 3.5, these properties assure that the
mapping Q — R is bijective. This is a key property for solving delayed versions of the problem, which is
presented in Fig. 6.1(b).
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6.1.1 State-space formulae

If the generalized plant G in Fig.6.1(a) is finite dimensional, solutions can be developed in terms of its
state-space realization. Below such solutions are presented.

Standard assumptions

We assume that G is be given in terms of its state-space realization representing the joint dynamics of its
components, i.e. as

A| B
Gs) = [GZ“’“) GZ““)} = | ¢, [Dew D | 6.4)

Gyw(s) Gyuls)

where the input and output partitions are compatible with those in Fig. 6.1(a). It is conventional then to
impose the following assumptions on its parameters:

As: the pair (A, B,) is stabilizable,
Ag: the pair (Cy, A) is detectable,
Ay7: the realization (A4, By, C;, D) has no invariant zeros in jR and D;u Dy, >0,

Asg: the realization (4, By, Cy, Dyy,) has no invariant zeros in jR and Dy, D7, > 0.

Assumptions A5 ¢ are necessary and sufficient conditions for the existence of an internally stabilizing con-
troller, so they are naturally required. Assumptions .A7g are technical and are required to guarantee the
solvability of two involved algebraic Riccati equations. The constraints that they impose on the correspond-
ing feedthrough terms just say that all components of the control input u are penalized in the cost function
(the full column rank of D,,) and that all measurement channels are corrupted by noise (the full row
rank of D,,,). Normally, although still not always, assumptions A7 g are necessary for the corresponding
optimization problems to be well defined.

All H, suboptimal solutions for finite-dimensional generalized plants

The standard H, problem for the system in Fig. 6.1 can be posed as the design on an internally stabilizing
R, which minimizes || 7, ||2. Its solution is based on the following two algebraic Riccati equations:
A'X + XA+ CLC, — (XBy + C.D)(D,, D) " (B,X + D.,C;) =0 (6.5a)
and
AY + YA+ By B, — (YC, + By D;w)(Dwa;w)_l(CyY + DyyB;,) =0, (6.5b)

whose solutions X and Y are said to be stabilizing if A + B, K, and A + L, C, are Hurwitz, respectively,
where

Ky :=—(D},Dz) " (B, X + D,,C;) and Ly :=—(YC}+ ByD},)(DywD},)~" (6.6)

If As_g hold true, then stabilizing solutions always exist, are unique, and such that X = X’ > 0 and
Y =Y’ > 0. Furthermore, X > 0 iff (4, By, C;, D;,) has no invariant zeros in C \ Co and Y > 0 iff
(A, By, Cy. Dyy) has no invariant zeros in C \ C,.

Theorem 6.1. Let As_g hold true and D, = 0. If all stabilizing controllers are presented in the form
R = Fi(J2, Q), where

A+ ByKy + LyCy + LyDy, Ky |—L
J2(S) = Ky 0
—Cy — Dy, Ky I

I (6.7)
—Dyu
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with Ky, and Ly, as in (6.6), then | Ty |5 = || F1(G, R)|13 = Yo + | Dzu QDyw ||3, where
Yo 1= tr(B,,XBy) + tr(C.YC)) + tr(XAY + YA'X). (6.3)
The central controller, corresponding to Q = 0, is then the unique optimal controller, attaining yy.

Some remarks are in order:

Remark 6.1 (solution properties). The optimal R above is an observer-based controller comprised of the
LQR state feedback with the gain K, and the Kalman—Bucy filter with the gain L,. This separation is
remarkable and not quite obvious. At the same time, the optimal cost is not just a sum of the LQR (the
first term in the expression for y) and the Kalman—Bucy (the second term) costs. It also contains the
coupling term tr(XAY + YA’X), which might be both positive and negative, depending of properties of
A. To explain this fact, rewrite the optimal cost as

Yo = tr(B), XBy) + tr(D;, K, YK, DL,).

The first term above is still the LQR cost. The second term is the cost of estimating the signal v(z) =
D, K, x(t) from the measured y(¢). The signal v is nothing but the LQR control law, normalized by the
its penalty in the cost function. \Y%

All H,, suboptimal solutions for finite-dimensional generalized plants

The standard H, problem for the system in Fig. 6.1 can be posed as the design on an internally stabilizing
R, which renders || 7,y |lco < y for a given y > 0. Its solution is based on two algebraic Riccati equations
too, now of the form

A'X + XA+ CLC,— (X[ Bw Bu]+C,[ Dzw Dz )

D' D.o—v2I D..D.. T " (TB D]
X[ “pDe  DoDes } ([ B’f}x%szw]Cz):O (0%
u Zu

u u

and
AY + YA+ ByB,, — (Y[ C. C} |+ By [ D}, D), ])

-1
DzwD;w_V2I DZlUD;)w} (|:CZ:| |:Dzwi| /)
X Y + B =0, (6.9b

|: Dwa;w DwaJ//w Cy Dyw v ( )

whose solutions are said to be stabilizing if A + By, Ky, + B, K, and A+ L;C; + L, C,, are Hurwitz, where

-1
Ky D,,Dzw —y*I D,, Dz, } ([ B, } [ D’ ] )

= — X + w o C 6.10a

[ K, } [ DLyDew  DiyDay B, o, |© (6.102)

o Y ’ ’ Dz D, _)’21 Dy D; -
[L: Ly ]:=—(Y[C, C) ]+ Bu[ D}, Dy, ])[ Dy,iub;w DwaZ: :

and

(6.10b)

Assumptions As_g are necessary for the solvability of these equations, but might not be sufficient if y is
not sufficiently large. Moreover, even if AREs (6.9) do admit stabilizing solutions, these solutions might
not be positive semi-definite, also depending on y. At the same time, null spaces of X and ¥ do not depend
on y. We still have that det(X) # 0 iff (A, By, C;, D) has no invariant zeros in C \ C, and det(Y) # 0
iff (A, By, C,. D,y) has no invariant zeros in C \ Co. Also, the AREs in (6.9) reduce to the corresponding
H, AREs in (6.5) as y — oo.
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Theorem 6.2. If As_g hold true and ||D;y|| < vy, then the standard Hs problem is solvable iff the
Jfollowing conditions hold:

(a) there is a stabilizing solution X to ARE (6.9a) such that X = X' > 0,
(b) there is a stabilizing solution Y to ARE (6.9b) such thatY =Y’ > 0,
(c) p(XY) <y

In such a case, all y-suboptimal, possibly infinite-dimensional, controllers are given by R = Fi(Joo, Q),
where

A, \—zyLy Zy(By+ L;Dzy + LyDyy)
Joo(s) = K, 0 I , 6.11)
—Cy — DyyKy — Dy Ky | 1 —Dy, — D,

forany Q € Hoo such that ||(I —y 2Dy D%y) V2D O Dyuy(I — y™2D%yy Dzw) V2|00 < v, where
Ay = A+ ByKy + BuKu + ZyLy(Cy + DyuKu + DyuKo).
Dy i= Dyy Dy (y2] — Dy DLy) " Do and Zyy = (I — y2YX)~ ",

Some remarks are in order:

Remark 6.2 (solution properties). Although this fact is less evident than in the H, case, the central subop-
timal controller, that corresponding to Q = 0, is also observer based. The resulting control signal is also
the H, suboptimal estimate of the H, state feedback control signal u = K, x (which would be admis-
sible under measuring the whole state of the plant iff condition (a) of Theorem 6.2 holds). In contrast to
the H, (Kalman—Bucy) case, parameters of the H, estimator do depend on the signal it estimates, so the
formulae are more involved and nontrivial transformations are required to decouple the estimator ARE,
which depends on the state-feedback gain, from K,,. The coupling condition (c) of Theorem 6.2 is actually
a remnant of this procedure. \Y

Remark 6.3 (simplifications). The formulae of Theorem 6.2 are greatly simplified in the case when D,,, =
0. Indeed, in this case the AREs (6.9) read

A'X + XA+ CLC; — (XBy + C,D ) (DL, Dz) (B, X + D,,C;) + vy >XB,,B,X =0  (6.92)
AY 4+ YA 4 By B}, — (YC, + By, D},,)(Dyw D))" (CyY 4+ Dy B)) +y > YC,CLY =0, (6.9)

control and estimation gains are
K, =—(D.,Dz)"'(B,X + D,,C;) and K, =y >B,X, (6.10a")

Ly =—(YC, + ByD),)(DyyD},)"" and L=y ?YC], (6.10")

and D, = 0. Still, the assumption D_,, = 0 does not fit such important cases as the mixed and balanced
sensitivity problems. \Y%

6.1.2 Design case study

To illustrate the use of the formulae above and the implication of the choice of the generalized plant on
properties of the resulted closed-loop system, in this subsection we study a simple academic design example
and analyze the design of H, and H, controllers for it.

Consider the simple single-loop control system shown in Fig. 6.2. The plant there is a plain integrator,
subject to load disturbances d(z). To compensate the effect of ¢ on the controlled output y., a feedback
loop is introduced on the basis of a measured version of the controlled output, y,, = y. + n, where n(t) is
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Fig. 6.2: System for optimal control design examples (delay-free case)

a measurement noise signal. Our goal is to design a stabilizing controller R, which attenuates the effect of
the load disturbances on the controlled output, while not amplifying the effect of the measurement noise
on it. Also, we would like to achieve both these goals by a “reasonable” control effort.

The first step in constructing the generalized plant for this problem is to form the exogenous input and
regulated output the signals. The former is naturally taken of the form

d(1) ]
n()/s ]’
where the weight ¢ reflects the relative size of the measurement noise and the load disturbance. It is tuned

so that d and n/¢ have comparable intensities. As a result, a decrease of ¢ implies putting more weight on
the load disturbance, while an increase of ¢ renders the measurement noise more dominant. The regulated

signal of choice is
t
Z(t) |: yc( ) i| ,

w(t) = [

ou(t)

whose Ly-norm ||z]|3 = |lycll5 + ¢*||lul|3. In other words, we penalize both the increase of y and that
of u, where the weight o serves as a tuning parameter, trading off disturbance attenuation and control
effort. which justifies the introduction of the control signal u to regulated output. The measured output is
obviously y = —ym = —y. — n and the control input is u. With these choices, the generalized plant

It is readily seen that it satisfies all assumptions .A5_g whenever ¢ > 0 and ¢ > 0.
Another way to interpret the generalized plant is via the relation

Ye | _ Ty =T d
ull | T —T, n |’
from which

Lo ]fy ]| _[10 Ty —T IOw_ Ta —<cT W= T
“TloollulT ool T =1 |loc|PT|or —oct. |¥T T
Thus, the closed-loop system 7%, includes the disturbance sensitivity, twice the complementary sensitivity
weighted by o and by ¢, and the control sensitivity weighted by o¢.

H; design

Consider first the H, performance measure. To use Theorem 6.1, we need the stabilizing solutions to the
Riccati equations (6.5a),

0-X+X-0+1-X-1-021-X=0 = X=p
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Fig. 6.3: Closed-loop frequency-response plots

(the stabilizing solution must be non-negative), and (6.5b),
Y- 04+0-Y+1-Y -(=1)-¢c2:(-1)-Y=0= Y =c.

The resulting gains are then
1

K, = ! and L, = —,
0 S
for which A + B, K, = —1/oand A+ L,C, = —1/¢ are indeed Hurwitz. Expectably, the state-feedback
gain K, increases as the control penalty decreases. Likewise, the Kalman filter gain L, increases as the
measurement noise weight decreases.

The optimal controller

—1/Q—1/5\—1/§} B 1
—1/0 ‘ 0

S ossto+s
then. It is stable for all o > 0 and ¢ > O, its static gain is a decreasing function of both o and ¢, and its
time constant o¢ /(0 + ¢) is an increasing function of both these parameters. In other words, the decrease
of either one of these tuning parameter increases both the static gain and the bandwidth of the optimal R.
Consider now the four closed-loop systems (GoF) resulted from this design. We have that

Ta(s) S(s) | _ 1 1 B 1 oss +o+¢
[T(s) Tc(s)]‘1+P(s)R(s)[R<s)}[P(S) 1]_(QS+1)(§S+1)[ 1 }[1 at

The closed-loop poles are at s = —1/p and s = —1/¢, which is consistent with the separation arguments
for observer-based controllers.
The disturbance sensitivity magnitude

R(s) = F1(J2,0) = |:

22,2 2
|Ta(jo)|* = ¢s o +(e+s) ,
(*w? + 1) (g?w? + 1)

which is a monotonically decreasing function of w with its peak ||Ty4|loo = © + ¢ attained at w = 0, see
Fig. 6.3(a) for three choices. Clearly, the increase of either o or ¢ increases || 74|, Which is expectable as
both these constants aim at trading off the disturbance response with other closed-loop properties. At the
same time, the high-frequency gain of Ty(s), which equals 1, is independent of tuning parameters.

The control sensitivity magnitude

a)2

NT
|Tc(_]a))| - (szz + ])(5-2(()2 —+ 1)'
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This function vanishes at both very small and very high frequencies, peaking at ® = 1/,/0¢ with the value
ITclloo = 1/(0 + <) = 1/||T4|l0o, see Fig. 6.3(b). Thus, the increase of either o or ¢ clearly decreases
|| 7¢]lco- But the decrease of either one of these parameters does not necessarily increases the peak of the
control sensitivity, to that end both o and ¢ have to be decreased.

The magnitude of the complementary sensitivity, which is the last function that we penalize in 75,

1
. 2
0= o D2 + 1)

This is a monotonically decreasing function of w, attaining its maximum ||T|cc = 1| at @ = 0, see
Fig. 6.3(c). This value does not depend on tuning parameters, which is because the gain of the plant at
this frequency is infinite. But tuning parameters affect the time constants of this system and thus its band-

width, which is
1 1 6 1 1 1
*=Wateatae )

If both ¢ and ¢ decrease, the bandwidth of 7'(jw) increases.
As a matter of fact, the sensitivity magnitude,

(0*°s%w* + (0 + ¢)*)w?
(*w? + 1)(s2w2 +1)

1S (jo)? =

is contractive, i.e. smaller than or equal to 1, iff w < 1/4/20¢. This implies that as either o or ¢ decreases,
the frequency range in which |S(jw)| < 1 increases. This range of frequencies, in which the feedback is
effective, is a way to define the closed-loop bandwidth. This bandwidth increases faster if o and ¢ decrease
simultaneously.

6.2 H, design for dead-time systems

This section studies the H, (LQG) problem for the system in Fig. 6.1(b), for which T,,, = F(G, RD,).
We impose the same assumptions on the generalized plant G as in the delay-free case, i.e. suppose that
As_g hold.

6.2.1 Extraction of optimal dead-time controllers

The main idea discussed in this subsection is essentially the same as that in §3.5. Namely, the starting point
is the recognition of the fact that no delayed controller can attain a performance level below that attainable
by its delay-free counterpart, yy, just because delay imposes additional constraints on the controller. We
thus start with the parametrization of all sub-optimal causal controllers in Theorem 6.1 and then seek for
conditions to be imposed on its free Q-parameter to render the overall controller of the form RD-.

Two facts are instrumental towards this end. First, the performance attainable by any controller of the
form R = Fi(J,, Q) for J, given by (6.7) is | Towll3 = y& + | DzuQDyw|3. Because yo given by (6.8)
is fixed, we shall be concerned only with the second term above. Second, the generator of all suboptimal
controllers satisfies the assumptions of Lemma 3.5, so all Q’s rendering Fi(J>, Q) a dead-time system for
a given T must be of the form Q = m.{H,2,} + 0 D,, where

|:H2,11(S) H 12(s)

= J; (s C, |D I ,
Hj21(s) Hz,zz(s)] 2 ) v
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Fig. 6.4: All H, suboptimal controllers for the standard problem in Fig. 6.1(b)

for some stable and causal Q. Thus, the H, optimization problem reduces to the problem of finding a
stable and causal Q minimizing ||Q¢ + Q. D-|2, where

QO = Dzunr{H2,22}Dyw and Qr = DquDyw-

A key observation about the expression above is that the two terms (systems) in the decomposition
Qo+ Q. D, have non-overlapping impulse responses. This implies that they are orthogonal in H, (provided
O € H,, of course). Indeed, let ¢o(7) and ¢.(¢) be the impulse responses of Q¢ and Q., respectively. By
definition, go has support in [0, t], while g;—in R.. The impulse response of Q. D, is then g (¢ — t) and
it has support in [z, 00), see the discussion on p. 4. It then follows from (6.2) that

(00. 01}z = /R tr([ge(t — D) qo(0))dr = /0 tr([ge(t — D) q0(0))dr + / tr (g (O] g0 (¢ + ) dt = 0.
+ J—

R+
=0 =0

Hence, by Pythagoras and the fact that a shift does not affect the H,-norm, we have that

100 + Qe Dell3 = [ Qoll3 + Q< Del5 = 1 Qoll5 + 1 Q<[5

which clearly implies that the norm is minimal under Q. = 0. By A7g, the matrices D, and D,,, are
left and right invertible, respectively, so that 0, = 0 <= Q = 0. This yields the optimal Q = Q, for
the dead-time system and the following result:

Theorem 6.3. Let As_g hold true and D,,, = 0. If all stabilizing controllers are presented in the form
shown in Fig. 6.4, where (K, and L, below are as in (6.6), again)

A+ ByKy + e L,Cye ™" + e?"L, Dy, K, | —e4"Ly, B, +e"L,D,,
Joo(s) = K, 0 I (6.12)
—Cye " — Dy, K, I —Dyy

M =0.{Gy.} = Ur{[ciy’piyuu]} ’

then || Tyw 3 = | F1(G, RD)||% = yo+ Yor(t) + | D2u Q Dy |3, where the delay-free optimal performance
Yo is given by (6.8) and

and

T
Vor(T) i= / IDzuKye® Ly Dy | 2dt. (6.13)
0
The central controller, corresponding to Q = 0, is the unique optimal controller, attaining yo + Vp: (7).

Proof. As the structure in Fig. 6.4 is the same as that in Fig. 3.10, it is only remained to show that || Q|3 =
Yor(7). To this end, note that the impulse response of Qg is qo(¢) = Dz, Ky,e4' Ly Dy, T0,71(¢). The result
then follows by the second equality in (6.1). U
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Some remarks are in order:

Remark 6.4 (H, cost of delay). The quantity yp.(t) defined in (6.13) is the increment of y, due to the
presence of the loop delay in the setup of Fig. 6.1(b). Thus, it can be viewed as the cost of delay from the
H, perspective. This is obviously a nonnegative quantity. It is also a nondecreasing quantity, just because

+§ T §
/ ”DzuKueAtLyDyw”gdt = / ”DzuKueAtLyDyw”gd[ + / ||DzuKueA(t+r)LyDyw”gd[,
0 0 0

where the last term in the right-hand side is nonnegative for all § > 0. There might be situations though, in
which y:(t) = 0. As D, and D, are left and right invertible, respectively, this happens iff K’ Lt L,=0
forall ¢ € [0, t]. This, in turn, happens iff K, (s/ —A)~'L, = 0, which follows directly from the Gramian-
based controllability and observability test [45, Thm. 4.1]. Now, it can be verified that

[ A Lyi| _0 [A—i—BuKu + L,Cy+ L,D,,Ky|L,

Ku| O X, o ]=H(J2(s),0)=o.

The last equality takes place iff the optimal controller for the delay-free H, problem is zero. This can
happen, but it is clearly not quite a typical situation. Hence, we may conclude that the cost of delay is
normally nonzero and is a strictly increasing function of z. \Y%

Remark 6.5 (sampled-data vs. delayed feedback). It can be shown [44, §V.A] that the optimal attainable
H, performance under a sampled-data controller with the sampling period & > 0 is Yo + ysp(h), Where

1 h h—t
o) 1= / / | DewKue™ Ly Dy |2 ds
0 0

(assuming that its A/D and D/A parts are also design parameters). Because

%/Oh/()h_t Foydrds < %/Oh/oh F@ydrds = %/Oh/oh flo)dsdr = /Oh floydr

for any bounded f'(#) > 0 (moreover, the equality holds iff f(¢) = 0 for all ¢ € [0, ]), we have that

Vsp (h) = Vor (h) s

with the equality iff F1(J2, 0) = 0. In other words, the cost of delay normally exceeds the cost of sampling
in the H; case if the sampling period % coincides with the loop delay . \Y%

Remark 6.6 (controller structure). The H, (sub) optimal controllers in Fig. 6.4 are clearly dead-time com-
pensator, with the modifies Smith predictor (MSP) DTC block, exactly like that introduced by Watanabe—
Ito. This provides an additional justification of the DTC controller configuration. \Y%

6.2.2 Loop shifting solution

Another way to treat the H, optimization for time-delay systems is an extension of the loop-shifting idea
discussed in Section 3.4. Such an extension might not be simple for general delay systems, even though
it applies to a general stabilization problem. The reason is that loop transformations, like those discussed
in §3.2.3 and §3.3.3, do not necessarily preserve the structure of the cost function, which is the regulated
signal z in Fig. 6.1. Still, in the case of dead-time plants there is a workaround proposed in [47], which is
outlined below.

Consider the setup in Fig. 6.5(a), which is exactly that in Fig. 6.1(b) modulo moving the delay from
the input of the controller to its output (so the controller is supposed to be time invariant). The first step



(d) Shifting the performance channel (e) Pulling delay out, D.Z=z7—Aw

Fig. 6.5: Loop shifting in the general problem setup; here Gyu = I1 + Gy, D, R =R +MR)™', and
Giw =44 GzwD,

is to move that delay from the controller to the generalized plant as shown in Fig. 6.5(b). This adds the
delay element D, to two sub-blocks of G. The new “control input” i is then the r-previewed version
of u. Next, the loop-shifting procedure of Section 3.4 with a stable 7 is applied, resulting in the block-
diagram in Fig. 6.5(c) with Gyu =11+ Gyul3r and R = R(I + ITR)™'. And, as we already saw, with the
choice [T = a,{Gyulj,} the system Gyu is finite dimensional. The problem is that the generalized plant
in Fig. 6.5(c) still contains a delayed sub-block, that from # to z. So some more shifts are required. To
this end, select any A € Hy, such that G5, = A + (A}zwﬁr for a finite-dimensional ézw. In this case, the
system can be equivalently presented in the form depicted in Fig. 6.5(d), in which both systems in the upper
raw are delayed. As a result, the delay element can be pulled out of the system, as shown in Fig. 6.5(e).
The signal Z there is related to the original regulated signal via z = D.Z 4+ Aw.
The transformations above decomposes the closed-loop system T, = Fi(G, RD;) as

Tow = A+ DTy, (6.14)

where T3,, = Fi(G, R) for R

~ sz qu

o=laérl
By the stability of A and Lemma 3.4, T, € Hoo <= T3y € Heo, i.e. the transformation preserves
stability. In light of the discussion preceding Theorem 6.3, it would make sense to separate the impulse
responses of the two terms in the right-hand side of (6.14). This is always the case with the choice A =
m:{Gw}, for which the impulse response of A has support in [0, 7] and thus

1Tzl = IAIZ + I Tz0 Dell3 = AN + 1 T20 13-

This implies that the problem reduces to the standard finite-dimensional H, problem for the generalized
plant G, which can be solved by Theorem 6.3. In fact, as the “zu” and “yw” parts of G and G coincide,
assumptions As_g hold for G iff they hold for G.

To see the structure of the equivalent problem, bring in the realizations

A | By
Cye 7] 0

A |e4"By,

Gu(s) = [cz 0

:| and Gyu(s)=[
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(by (3.39) and (3.42), respectively), so that

A |e*B, B, A | By e*B,
G(s) = C, 0 Dy | =| Ce®| 0 D., |. (6.15)
Cye ™| Dy, O Cy |Dyy O

Because the realization of the “zu” part above is the same as that in G, the control ARE (6.5a) and the
corresponding LQR gain K, for G are the same as those for G. The realization of the “yw” part of G is
similar to that of G, with the similarity matrix e4?. As a result, the filtering ARE (6.5b) for G is solved by
ey eA’™, where Y is the corresponding solution for G, with the Kalman filter gain e L,, for L, defined
in (6.6) for G. Therefore, applying the formulae of Theorem 6.3 to G we end up with the controllers in
Theorem 6.3.

The optimal cost is for the finite-dimensional problem for G can be expressed as (cf. Remark 6.1)

yo = tr(BLe " XeA" By) + tr(D y Kue" Y e K, D.,)
= yo + tr(B, (e Xe " — X)By) + tr(D oKy (e?*Ye™ — Y)K.,DL,),

where yy is the optimal cost for G. Now, it can be verified that if W satisfies the equation A’W + WA =V
for some V, then

T
eATWwedr W = / edtyedt s,
0

Applying this expression to the AREs in (6.5), we have:
T
7o = Yo + tr(B;U/ e (K}, D}, DKy — CLCr)e™ dth)
0
T
+tr (DzuKu / e (LyDyy D}, Ly — By B)e"" de;D;u)
0

T T
=y —tr(B{D/ eA/’CZ/CZeA’dth) —I—tr(/ DzukueAfLyDywD;wLyeA”K;D;udz)
0 0
=Yo — ”AH% + Yor(7),

where yp;(7) is defined by (6.13) and the expression for || A||3 follows by the second equality of (6.1). Thus,
we end up with || T, |13 = | A3 + 70 = Yo + Yor(7), exactly as in Theorem 6.3.

6.2.3 Design case study

Return to the problem studied in §6.1.2. Because A = 0 in this case, we have that ed” = 1 for all T and
the central controller in Theorem 6.3 is the same as that in Theorem 6.1 and does not depend on the loop
delay. Yet there is always a DTC block with the transfer function I7(s) = (1 —e™*%)/s present, resulting

in the overall controller P

(0s + D(gcs +1)—e ™’
whose static gain, R(0) = 1/(o0 + ¢ + 1), decreases as t grows. The controller in this case is stable for
all =, which can be seen by the fact that the frequency-response gain of 1/((os + 1)(¢s + 1)) is strictly
contractive for all positive frequencies. We already saw, in §3.2.1, that the use of the MSP dead-time
compensator renders the control sensitivity the same as in the delay-free case and the complementary
sensitivity—a delayed version of its delay-free counterpart. Thus, the magnitude plots in Figs. 6.3(b) and
6.3(c) remain unchanged and we can see the effect of the loop delay only via the disturbance sensitivity.
The plots in Fig. 6.6 present | T4(jw)| for various combinations of the weights ¢ and ¢ and for three loop
delays, namely for 7 € {0, 1, 2}. The case of o = 1 and ¢ = 1, which resulted in a cautious design with the

R(s) =
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Fig. 6.6: Closed-loop disturbance sensitivity frequency-response plots

narrowest bandwidth and smallest static gain of the controller, is presented in Fig. 6.6(a). We can see that
the increase of the loop delay increases |74(jw)| for low frequencies, although this increase is relatively
small. The effect of the loop delay becomes more visible as we decrease the weights. This is most visible
in the plot in Fig. 6.6(c), which corresponds to the “aggressive” choice of o = 0.05 and ¢ = 0.05. The
increase of the delay from zero to 1 increase the sensitivity to step load disturbances by a factor of 11, i.e.
by more than 20 dB. These observations agree with the understanding that the effect of loop delays is more
harmful for systems with higher loop gains and, consequently, higher crossovers.

6.2.4 Extensions to systems with multiple loop delays

It is not hard to imagine a situations where different input and output channels have different delays, cf.
Remark 1.3 on p.5. We already saw that several stabilization methods studied in Chapter 3 extend to
systems with multiple delays seamlessly, see Remark 3.1 on p. 49 for example. It happens that this is not
quite the case for performance-oriented methods. In this subsection we touch upon involved difficulties
and possible workarounds.

Consider first the apparently simplest nontrivial extension of the single-delay setup in Fig. 6.1(b) to
the multiple delay case. Namely, assume that there are two, possibly vector, control input channels, one of
which is delay free and another one is delayed by t > 0. In other words, we assume that

Uo Ug I 0 =
= = —_ = —_ R ::D R .
! |:ur:| [D,ﬁ,} [0 Dri| Y= Fonity

Such a delay element is referred to' as the input adobe delay element. This situation corresponds to the
setup in Fig. 6.7(a) or, equivalently, in Fig.6.7(b). In principle, we can now shift the feedback loop in
this system, similarly to what was done in Fig. 6.5(c). This step requires only minor alterations to the
single-delay case: Gyu n

Gqu{O,r} - [ Gyu,O Gyu,rljr ] = [ Gyu,O G~yu,r ] + [ 0 a't{Gyu,tﬁr} ]

for the respective partitioning of G,,. But this appears to be a dead end in general. The main obstacle is
that the adobe delay element does not commute with G,,, unless this system is block-diagonal. It is thus
not clear how to pool the delay out of the generalized plant via the “z” channel, as done in the single-delay
case in Fig. 6.5(e).

To gain insight into this issue, let us simplify the problem even more. Assume for the time being that

_ GZu,O qu,Or
Gy = |: 0 Gous :| (6.16)

IThe term was coined in [38], where it was used as a building block (an adobe brick) in solving more general cases.
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Fig. 6.7: H, loop shifting for input adobe delay, with R = IT-'R(I + IT,R)~!

for a square and invertible G, o, where the input partition is compatible with that in E{O,r}. Consider the

signal B i
o= G = | Gewo GauorDe | o | Gauo(to + Gy 0Gzu,00 Dril)
u - zu 0 GzuD: Uzg DGy 1l
and split
GuoGzuorDe = Ga — 0:{G, 0 Gauoc Do} = Ga— o (6.17)

as in (3.43a). Denoting (N}Z,w, = Gzup G, which is finite dimensional, we end up with the relation

_ I 0 qu,O qu,Or 1 _Hu,Or Uo | _. 5 —1-
Z“—[o Dr][ . GWHO ; ][ﬁr}_.mwn i 6.18)

The system ¥, is also an adobe delay element in this case, just with potentially different dimensions of the
delayed block in it (G, ; is not necessarily square). This yields the system in Fig. 6.7(c).

The rest is quite technical, albeit straightforward. Because I7,, is bi-stable, we can use it as a multiplier
and shift to the controller side as shown in Fig. 6.7(d). Partitioning the output of G, according the the
partition of ¥, and using the decomposition in (3.40a), we can write

C I R R [ B
’ = T A = + = A ’ = A + le G )

|: Giw,c nr{sz,r} + DGy nr{sz,r} 0 D Giw,c mew

see the generalized plant in Fig. 6.7(d). The impulse response of this A still does not overlap that of ¥, T
for every causal 7', so it can be handled by already familiar approaches.

It is thus only left to eliminate the infinite-dimensional part in the “G,,,” part of the generalized plant.
To this end, note that

Gyuﬁ{o,r}nu_l = [ Gyu,O Gyu,rljr - Gyu,OHu,Or ] = [ Gyu,O Gyu,OrDr - Gyu,OGa ] s

where (6.17) is used to decompose 1y, o, and (_}yu,or = Gyur + Gyu,OGZ_ul,oqu,Or is finite dimensional.
Decomposing
Gyu,OrDr = Gyu,Or - o'r{Gyu,OrDr} = Gyu,Or - Hy,r,
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Ug

Fig. 6.8: Feedforward action Smith predictor (FASP)

we end up with
GyuDo 1T, = [ Gyuo Gyuor — GyuoGa | = [0 My | =: Gyy — IO, (6.19)

for a finite-dimensional Gyu, which is ready for applying the loop shifting from §3.4.1. Thus, the final
setup is as shown in Fig. 6.7(e) with

R:=TI;'R(I + I, MI;'R)™" = 1, R(I + IT,R)"’ (6.20)

(because IT,IT, ' = I1,). Taking into account the orthogonality of A and D, T3, the H, problem again
reduces to a finite-dimensional H, standard problem, which can be solved by Theorem 6.1.

Now return to the structure of G, assumed in (6.16). The structure itself is quite special and should
not be expected to hold true in many applications. Nonetheless, the ideas presented above do extend to a
general G, under the mild condition that the feedthrough term G, (c0) has full column rank. The most
technically nontrivial part of the general solution is the factorization

GouDiory = ¥, G 1! (6.21)

for a finite-dimensional G,,, inner (i.e. stable and energy preserving) ¥, and a bi-stable IT,. In fact, this
factorization results in G,, having the same “A” matrix as G, and in block upper triangular IT,, with static
invertible diagonal elements. Moreover, it is then always possible to decompose G, = A + ¥, G v with
orthogonal A and ¥, T3, for all T3, € H, and a finite-dimensional ézw having the same “A” matrix as
Gy . Details, which are rather technical, can be found in [46, §1II-B]. The input adobe delay result extends
then to the output adobe delay case, where there are delay-free and delayed measurements channels, and
eventually to systems with general multiple input and output delays by running a recursion of adobe delay
problems. In all these cases delayed H, problems reduce to equivalent delay-free H, problems. Details
go beyond the scope of the notes though.

Remark 6.7 (FASP architecture). The controller structure induced by (6.20) is of a special interest. The
mapping R — R defined by that relation is bijective, with R = IT, R(I — I, R)~! for a finite-dimensional
“primary controller” R designed for a finite-dimensional H, problem. Taking into account the structure of
the “IT” elements from (6.18) and (6.19), which is preserved in the case of a general G, the controller
above corresponds to the block-diagram in Fig. 6.8. It has a “conventional” DTC FIR element [T, ; as
its internal feedback, although only from the delayed control channel. On top of that, there is also the
“interchannel” DTC FIR element I7,, o., which, in a sense, compensates for the delay in the performance
channel. This unorthodox structure is known as the FASP (feedforward-action Smith predictor).
Curiously, nothing similar to FASP has appeared in the classical literature, where DTC architectures are
typically ad hoc. In fact, the question of a proper extension of the DTC architecture to systems with multiple
delays was for long considered an open problem, because stabilization-induced structures produced rather
poor feedback performance, see the discussion in the beginning of [24]. It was even suggested by Jerome
and Ray in [24] that in many situations artificial delays should be added to channels with smaller delays
to equalize loop delays, which is conceptually flawed. Only the advent of transparent solutions to optimal
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control problems revealed the FASP architecture. This was done for the first time in [38], as a technical
by-product of the H, optimization procedure for systems with multiple loop delays. The arguments above
are from [46] and are somewhat more transparent. \Y

It should be emphasized that the discrepancy between stability- and performance-induced DTC ar-
chitectures discussed above shows up only in problems with multiple i/o delays. It is not unreasonable
to expect that a similar discrepancy exists in more general multiple delay systems, like that discussed in
Remark 3.1 on p.49. But studies of such architectures are yet to be carried out.

6.3 H,, design for dead-time systems

Let us turn now to the Hy, problem for the system in Fig. 6.1(b). We again impose the same delay-free
assumptions on the generalized plant G, i.e. suppose that .A5_g hold. To simplify the formulae, we also
assume throughout this section that D;,, = 0, so that the formulae of Remark 6.3 on p. 101 can be used.

6.3.1 Extraction of y-suboptimal dead-time controllers

The logic here follows that in §6.2.1, just this time we use Theorem 6.2 as the starting point. The generator
of all suboptimal controllers in Theorem 6.2 satisfies the assumptions of Lemma 3.5 too, so all Q’s ren-
dering Fi(Joo, Q) a dead-time system for a given r must be of the form Q = n,{Hoo,zz} + OD,, where
Hoo := JZ! with

A+ ByKy —y2Z,Y(XBy + C,D2)Ku| Zy(Bu + L. D) —ZyL,
= Cy + Dwaw Dyu I )
—K, 1 0

[ Hoo,11(5) Hoo,12(5) :|
Hoo21(5) Heop2(5)

for some stable and causal Q, i.e. such that its transfer function Q € Hy. Thus, the Hy optimization
problem reduces to the problem of finding whether a Q € H, exists such hat | Qg+ Q¢ D] 0o < ¥, Where

Qo= Dzuﬂr{Hoo,zz}Dyw and Q. := DquDyw'

Although this problem looks similar to the corresponding problem in the H, case, the elegant H,
projection reasonings do not apply here. H, is not a Hilbert space, so there is no orthogonality notion on
it. As such, the separation of the norms of Q¢ and Q exploited in the H, case does no longer hold. In fact,
zeroing Q, similarly to the optimal strategy for the H, case, is not the right course of action in general.
This is illustrated by the following simple example:

Example 6.1. Let _
1) I—e™

QM®==m{—}——
)

s

and consider the problem of minimizing ||Q¢ + Q:D: || by a causal Q. First, in an attempt to imitate
the H, solution, choose Q. = 0. With this choice the attained norm is

e |1 —eiw
|Qollos = sup - I
weR w w w=0
Choose now
1 (27)%s% + 72
Q(s) = -

s ws(2ts + we™)
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(an educated guess). This is an H,, function. Indeed, it is clearly proper, so bounded on C,, for a sufficiently
large «. Its singularities are at the origin and roots of the quasi-polynomial p(s) = 2ts + we **. The
singularity at s = 0 is removable, because

2 e ) — (2 2.2 2 )
limQr(s)zlim]T( s+ )—Qr)*s* + 71 _T .
50 5—0 ws(2ts + we™*) b4

Roots of p(s) can be analyzed via the Nyquist criterion for we™**/(2ts). Its crossover frequency is w. =
7/(27) and its phase at this frequency is

4

e T = —— — 1w, = —m.

e J2tw

This implies that the quasi-polynomial p(s) has all its roots in the left-half plane C \ C, except the pair at
+jw.. But at those roots we have that

2 e ) — (27)3s2 2 —16+j2(r —2)?
lim 0.(s) = lim m(2ts + 7 )—Q0)*s* + 7w _ j2(r —2)
s—>+tjoc s—>+tjoc ws(2ts + me™T) w(m2 +4)

’

i.e. these singularities are also removable.

Now,
2t r —2tse” " 2t __ . p(-=s)

—-Ts _ 2~ — e )
Qo) + Quls)e™ = o = e S

We already know that this is an H, function, so

2_‘[|e—jra)| |p(__]a))| . 2

1Q0 + Q¢ Dx|loo = sup T = =<7 =[Qolleo-
weR T lpGo)| =

Thus, it is possible to improve the || Qo[ bound by at least a factor of 7/2 & 1.57 in this case by an
appropriate choice of Q, even though the impulse responses of Qg and Q. D, do not overlap. \Y%

The problem of finding functions Q. € Ho, such that ||Q¢ + Q:D:|lcc < ¥ is known as the Nehari
extension problem, named after Zeev Nehari. It is known that this problem is solvable iff the Hankel norm
of Q{)ﬁr is smaller than y, where Qy, is the adjoint operator, on L,(R), of Qy, i.e. the system whose impulse
response is [¢o(—1)]’, and the Hankel norm is the induced norm as an operator L,(R_) — Ly (R).

The following result from [42], presented here without proof, gives a verifiable solvability condition
for the required Hankel norm to be smaller than y and parametrizes all solutions to the problem.

Lemma 6.4 (Nehari problem for delayed systems). Let

Go(s)z[AO BO].

Co| O
There is Q. € Hy, such that ||7rr{G0} + 0:D¢|loo < v iff det Xpa(t) # 0 forall t € [0, T], where
[ Xo,11(1) 20,12([)i| o exp(|: Ao By By i| t)
Zo21(t) Zopa(t) |- —yT2C{Co —A '

If this condition holds, then all solutions of the problem can be presented in the form

w:{Go} + Q:Dr = (P12 + (P11 — Del) Qi) (I + Doz + P21 Qi)


https://en.wikipedia.org/wiki/Zeev_Nehari
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where
Ao BoB) 0 By
D11(s) Prals) — —y2CCo —Ap | =7 > Z52,(1)C; —X535(1) Zo21(x) Bo
P21(s) P2a(s) i Co 0 0 0
0 B} 0 0

and Qyer € Hoo is such that || Qyerlloo < y but otherwise arbitrary.

Example 6.2. Return to the problem studies in Example 6.1, in which G¢(s) = 1/s. For this system
|:20,11(l) 20,12(f)i| o exp(|: 0 1 ]t) _ |: cos(7/y) ysin(t/)/)]
Yo21(t) Zoaa(t) | -y 0 —y~tsin(t/y) cost/y) |
so that the problem is solvable iff y > 2t/m. This is exactly what the choice of Q. in Example 6.1 attains.
The “central” Q., the one obtained by setting Oy = 0, attains

_cos(t/y)s —y~'sin(z/y) — (cos(2t/y)s —y~'sin2t/y))e”™  y—2e/n 2t w —2rse” "
Q6) = (cos(z/y)s —y~lsin(zr/y))s + (y~1sin(2t/y)s + cos(2t/y))e~®s 7 25 + we T’

which leads to

2t m —2tse” ™ 1 e_”)ew 1 (27)%s% + 2

S) = _— — = —_
Q:(5) (n 2ts + e ™ s * s s ws2ts + we™T)
exactly as that in Example 6.1. Thus, the “educated guess” there was actually the optimal solution. \Y%

The result of Lemma 6.4 is instrumental in the solution to the standard H., problem for the system in
Fig. 6.1(b). To formulate this solution, define the matrix functions

. A By B),
s el g ™5 0)

y2C/ Dy
B

u

and the matrices

B.:=[Y 1]2’@)[

] and C,:=[—Dy,B, cy]z(f)/[_y_zx].

I
The result below if the counterpart of Theorem 6.2 for dead-time systems:

Theorem 6.5. If As_g hold true and D,,, = 0, then the standard H, problem is solvable iff the following
conditions hold:

(a) there is a stabilizing solution X to ARE (6.9a) such that X = X' > 0,

(b) there is a stabilizing solution Y to ARE (6.9b) such thatY =Y’ > 0,

(c) Zy(t) is well defined for all t € [0, t], where
—y2 -1
Z,(t) = ([Y 1]2’(;)[ ”[ XD

In such a case, all y-suboptimal controllers are given as the system in Fig. 6.9, where

A+ ByKy + BuKy + Z, (1) LyC. | ~=Z,(v)Ly Z,(7)B;
Joor(s) = K. 0 I (6.22)
—C, I 0
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Fig. 6.9: All Hy, suboptimal controllers for the standard problem in Fig. 6.1(b)

and

A BuwB,| B
Moo(s) = 0 {Fu(G(5). Yy [Gow(—9)])e ™} =0 | =y 2CLC. —A |—y2C/Dyy, |7} (6.23)
Gy DywB,| Dy

Jorany Q € Hu, such that | Dz, Q Dyylleo < V.

Proof. Follows by plugging the conditions and the parametrization of Lemma 6.4 to the parametrization
of Theorem 6.2. Technical details are quite involved and can be found in [42]. (|

Some remarks are in order:

Remark 6.8 (Ho cost of delay). It is readily seen that Z, (0) in Theorem 6.5 equals Z, = (I —y2YX)~!
from Theorem 6.2. This implies that the solvability conditions for the dead-time Ho, problem cover those
of its delay-free counterpart, which is expectable. The addition is expressed in Theorem 6.5 in terms of the
matrix function Z.(¢). Equivalently, it can be shown that the delay problem is solvable iff the delay-free
problem is solvable and, in addition, the solution to the differential Riccati equation

Px([) = Px([)A + A/Px(l) + CZICZ + )/_sz([)BwBllvpx(l) =0, Px(O) =X

exists V¢ € [0, t] and is such that p(Y Py (t)) < y2. Yet another version is that the solution to the differential
Riccati equation

Py(t) = Py(t)A+ A'Py(t) + By B, + y >Py(t)C,C.Py(t) =0, Py(0)=Y

exists V¢ € [0, r] and is such that p(Py (0)X) < y Moreover, both Py (¢) and Py (t) are non-decreasing
functions of 7, in the sense that Px(r) > 0 and Py (r) > 0 for all + > 0. Normally, the performance level
attainable in the delay-free case is attainable for no = > 0. But there might be situations, and not only those
in which the delay-free suboptimal controller R = 0, in which the addition of a finite delay does not harm
the attainable performance. \Y%

Remark 6.9 (sampled-data vs. delayed feedback). An interesting observation is that the solvability con-
ditions for the dead-time H,, problem discussed in Remark 6.8 coincide with the solvability conditions
for the sampled-data H, problem for the same generalized plant, see [44, §V.B]. In other words, the cost
of delay equals the cost of sampling in the Ho, case if the sampling period coincides with the loop de-
lay, which is different from the H, case. This fact is somewhat surprising, because causality constraints
imposed on the controller by sampling are less restrictive than those imposed by the delay. Nonetheless,
the disturbance is capable to “outsmart” the controller, which acts in open loop during each intersample
interval, in this situation. \Y%
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Remark 6.10 (controller structure). The H, suboptimal controllers in Fig. 6.9 are dead-time compensator,
again. Yet the DTC block [T, given by (6.23) is quite different from the modifies Smith predictor (unless
G,y = 0ory = 00). Itis intriguing to understand the rationale behind this structure. To this end, write

Fu(G,y2GLy) = Gyy + Gy (YT — GLyyGr) ' GL G,

where G, denotes the adjoint operator over L,(R). Thus, the relation y = Fu(G.y 2G.,)u can be
presented in the form
V= GyypWws + Gyuu,

where the exogenous input is generated as
we = (Y1 = GlLyGow) 'GLyGoutt <= Wy =y >GL, (Gopws + Gzuu) =y 2G, 2.

It can be shown that this signal is the worst-case disturbance in the open-loop setting, viz. the signal that
maximizes ||z —y?|w||3 for any given u. Thus, the Ho, DTC element compensates the loop delay under
the worst-case open-loop scenario. The rationale behind this is well founded. Indeed, the whole H, design
methodology is effectively a game where u plays against w, trying to minimize ||z||3 — y?|lw|3. But the
effect of the control signal on z delays with respect to that of w, so in the “prediction” part we can only act
in open loop. The DTC form of the H,, controller was first recognized by Meinsma and Zwart in [39] for
the mixed-sensitivity problem and then derived, and interpreted, for the general case in [42]. \Y%

6.3.2 Loop shifting approach

The loop-shifting procedure of Fig. 6.5 is not quite helpful in the Hy, case, just because systems with non-
overlapping impulse responses can still alter the effect of each other, cf. Example 6.1. But there is one
special case where the procedure can still be used in the Ho, context. This is the case where G;,, = 0,
for which we can take A = 0 and end up with the relation F(G, RD,) = Fi(G, R)D,. Because the delay
does not affect the magnitude of the frequency response, we have that

IF(G, RD2) oo = [IF(G, R)||so,

which implies that the problem reduces to a finite-dimensional H,, problem for G given by (6.15) and the
DTC element is the standard MSP, like that in the H, case.

Hy problems with G, = 0 are actually important. Several robust stability problems fall into this
category. For example, consider a plant P, described as P = Py(I + W>A,,W1) for known nominal plant
Py and weights Wy, W, € RH, and an uncertain element A, of which we only know that A, € Hy and
|Amlloo < « for some « > 0 known as the uncertainty radius. This is the so-called input multiplicative
modeling uncertainty model. It follows from small-gain arguments that a controller R robustly stabilizes
this plant, i.e. stabilizes all P of this form, iff | F1(G, R)||cc < 1/, where the generalized plant

T o w
G_[Powz P0:|

has a zero “G;,,” part. Likewise, the generalized plants for the output multiplicative uncertainty model
P = (I + WyAouW1) Py and for the additive uncertainty model P = Py + W A, Wi are

. 0 W]P() _ 0 Wl
G—|:W2 Py ] and G—|:W2 P01|,

respectively, and both have zero “G,,,” parts.
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A consequence of this is that the MSP is actually a part of the optimal robust controller, i.e. the controller
stabilizing P under the maximum uncertainty radius. This might sound surprising, taking into account that
the dead-time compensation procedure is intrinsically open loop. Moreover, if Py is stable, then we can
always choose IT = Py(1 — D) in the loop-shifting procedure in Fig. 6.5, resulting in the classical Smith
predictor as the optimal controller. With this choice, Gyu = G,y = Py and we conclude that the Smith
controller has the very same robustness level for a dead-time plant as its primary controller has for the
delay-free version of the plant, with respect to either multiplicative or additive uncertainty (in fact, even
with respect to some classes of structural uncertainty). This conclusion is not that obvious.
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Chapter 7

Implementation of DTC-based Controllers

E SAW IN PREVIOUS CHAPTERS that dead-time compensation (DTC) architectures are intrinsic to sta-
bilization and optimal control problems for time-delay systems. In the heart of these architectures
are DTC elements, which are normally infinite-dimensional FIR systems of the form

B A|BT | _[A]le*B A|B7 s [A|e*B -B I
o= e8] [ ]-efs]em-[ef5 B]Lt  om

T
=C / e 6I=Aidre=4TB _ DTS (7.1b)
0

(cf. (3.43) on p. 63). Such elements are only parts of overall controllers, like those presented in Fig.3.10
on p. 64 or Fig.6.8 on p. 111. However, their delayed parts do not blend easily with finite-dimensional
primary controllers and their finite-dimensional parts, like C(s/ — A)~'e=4% B above, cannot be separated
from IT for DTC elements must be stable themselves. For these reasons, DTC elements are implemented
separately from primary controllers, as FIR systems. This chapter discusses related implementation issues.

7.1 General observations
The last equality in (7.1a) suggests that IT : u > y; can be implemented as the following dynamics:

X (1) = Ax (1) + e AT Bu(t) — Bu(t — 1)

(7.2)
Yy (t) = Cxp(t) + Du(t — 1)

The only infinite-dimensional element required for this implementation is a buffer to realize the delay line
for having access to the past u, which is a relatively simple element. However, this implementation does
not always work, as can be seen in the example below.

Example 7.1. Consider the system presented in Fig. 7.1, which is an implementation of controller (3.22)

,,
|
—_

Fig. 7.1: Benchmark system for DTC implementation
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Output y(t)

Fig. 7.2: DTC element in Fig. 7.1 implemented via (7.2), solid line

on p. 50 for the plant with A = 1 and B = 1 and for K = —2. It should result in the closed-loop system
Ty, : r +— y with the transfer function

e—‘L’S

s+ 17

which is readily verifiable. The expected response of the closed-loop system to the unit-step r(¢) = 1(z) is
y(t) = (1—e™")1(t — 1), which is presented in Fig. 7.2 by the red line. Yet implementing the DTC part of
the controller according to (7.2) leads to an unstable closed-loop response, as shown by the cyan-blue line
in Fig. 7.2. The simulations producing this are carried out in Simulink with the variable-step ode45 solver
under a maximal step size of 0.0001, which should be small enough for this closed-loop time constant (and
the results do not improve under smaller steps). \Y%

Tyr(s) =

The results of Example 7.1 can be understood by noticing that the representation of I7 via (7.1a) actually
cancels all modes of A. If A is not Hurwitz, as in Example 7.1, these cancellations are unstable. As aresult,
inaccuracies in performing those cancellations, say due to roundoff errors, might be disastrous. Indeed,
the output of I7 in this case is not y,; generated by (7.2), but rather y, generated by

{xn (t) = Axp(t) + e 4T Bu(t) — Bu(t — 1) + €rofr(t) 73)

Y (t) = Cxp(t) + Du(t — 1)

where €, represents roundoff errors in solving the differential equation for x; (accounting for errors in
the second equation is not quite important here). Assuming zero initial conditions, (x;(0), 1) = 0,

Jut)=C /0 t e (e 4" Bu(s) — Bu(s — 1) + €rofr(s))ds + Du(t — t)

t t
- (C / e Bu(s)ds + Du(r — r)) +C / e Ve om(s)ds =1 yu (1) + ex(t)  (7.4)
-7 0
for all # > 0. The error signal €, is the response of a system with the transfer function C(sI — A)™! to €;of.
If the matrix A is not Hurwitz, which is what we have in Example 7.1, this response diverges and we end
up with the unstable behavior like that in Fig. 7.2.

7.2 Implementation via reset mechanism

An elegant workaround for handling unstable cancellations in (7.2) was proposed by Tam and Moore in
[73] in the context of fixed-lag smoothing, which also involves an analog FIR part. The idea is to reset
dynamics (7.2) periodically to avoid the error signal €5 in (7.4) to grow up unbounded. A mechanical
reset (7.2) would obviously result in a different response from that of I7. But because 7 is FIR, i.e. has a
finite memory, such deviations would last only for t time units after the reset. This fact can be exploited



121

by introducing two clones of I1, which run in parallel and reset at odd and even multiples of the delay ,
respectively. In this scheme, while the first system generates the signal y,, the second one accumulates
right initial conditions. After t time units the second system is ready to generate the correct y,;, so at this
point the first system is reset and the roles are interchanged.

To be specific, consider (7.3) and assume that its state (x; (), t,) is reset to zero at t = .. In this case

xg (1) = /t eA(’_S)(e_A’Bu(s) — Bu(s —1t)l(s —tc. — 1) + Ero[f(S))dS

t t t
=/ eA(t_s_’)Bu(s)ds—/ eA(t_s)Bu(s—t)ds—I—/ e ¢ n(s)ds

tc min{t.+7,t} te

t -7 t
=/ eA(t_s_’)Bu(s)ds—/ A== By (s)ds +/ e ¢ i(s)ds
tc te

min{t.,t—1}

t te t
= / A== By (s)ds — / e By(s)ds + / e ¢ w(s)ds

t—t min{¢.,t—1} te
for all ¢t > t.. Thus, y;(t) = yz(t) + ys(t) + €7 (t), where the error caused by (potentially wrong) zero
initial conditions,

te
ys(t) := —C / eAC=5=9 By (s)ds,
min{¢.,t—t}

vanishes after t = t. + tr, when the system forgets all wrong initial conditions. The term €,; due to roundoff
errors still tends to diverge under non-Hurwitz A, but if the system resets every 7' time units, then it remains
uniformly bounded. In fact, in this case [12, Sec. 11.6]

T
lenlloo < / 1Ce oot flerotlloo, (7.5)
0

where the co-norm of a matrix / vector M is | M ||so := max; } _;|M;;| and the Loo(R+)-norm of a signal

§ 18 [[E]loo := supeg,, 15 () lloo-
Thus, the implementation of IT : u > y; by the time-varying dynamics

x1(t) = Ax1(t) + e 4" Bu(t) — ¢, Bu(t — 1), x1(0) =x1(2k+ D) =0
X2(t) = Axa(t) + e T Bu(t) — (1 — ¢;) Bu(t — 1), x2(2kt) =0 (7.6a)
yr(t) = ¢ Cx1(r) + (1 = ¢1)Cx2(r) + Du(r — 1)

for all k € Z, and the switching function

- 1 ifr e [2kt, 2k + 1)1) (7.6b)
0 iftr e[k + Dz, 2k +2)7)

results in a stable system, in the sense that the error €¢; caused by roundoff errors is uniformly bounded
by (7.5), with T = 2t (provided the roundoff errors are the same for each clone). The implementation of
equations (7.6) is straightforward, with relatively low computational expenses and standard tools applica-
ble.

At the same time, there is not much we can do to improve the accuracy of the method. It is always
a matter of how large 2t vis-a-vis unstable modes of A. In principle, it is possible to implement more
than two clones of (7.2) in parallel, with a round-robin scheduling. But even in this case the run time of
each clone between resets is lower-bounded by t, which is the time required to accumulate the right initial
condition. Thus, if there are v € N \ {1} clones, the horizon in the error bound in (7.5) decreases only to
T = twv/(v — 1) > 7, which might still be insufficient if the delay is too large.
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7 9 0 2 4 6 8 10 0 1 2 3

5 4 5 6 7 8 9 10
Time, ¢ (sec) Time, ¢ (sec) Time, ¢ (sec)

(a) Response of the first clone (b) Response of the second clone (c) Combined response

Fig. 7.3: Response of [T implemented by (7.6) to a square wave of period 27 and amplitude e/(e — 1)

Example 7.2. Return to the problem studied in Example 7.1 and consider its DTC element, whose transfer
function
—T _ =TS

M6 = ———

and the static gain I7(0) = 1 — e~ *. Fig.7.3 presents the response of this IT to a square wave with the
frequency 27 [sec] and the amplitude 1/77(0) = e*/(e*—1) under t = 1. The responses of each one of two
clones to the same input are depicted in Figs. 7.3(a) and 7.3(b). The dashed lines there represent intervals,
where proper initial conditions are accumulated after each reset and solid lines represent intervals in which
the corresponding output is used as the actual y,. They then combine into the solid line in Fig.7.3(c),
which is bounded and virtually coincides in this case with the expected response. The response of the
closed-loop system in Fig. 7.1 is then indistinguishable from the ideal response y(¢) = (1 —e™ ") 1(z — 1),
which is shown by the red line in Fig.7.2. \Y%

7.3 Rational approximations

Another direction in implementing 71 given by (7.1) is to approximate it by a finite-dimensional system.
This would put the DTC element on an equal footing with the primary controller, so that the overall con-
troller can be implemented as one block, by standard tools. Several approaches to finite-dimensional ap-
proximations are outlined below.

7.3.1 Naive Padé

The “laziest” approach is just to replace the delay element in (7.1a) with its [, n]-Padé approximant studied
in §1.3.1. This results in

Ale4*B A|B
Hna'iveP,n(S) = |: ‘e i| - |: ‘

cl o C‘D}R”’”(S)

and requires only standard technical and numerical tools. But this approach does not work in the case when
A is not Hurwitz, at least it does not work off the shelf. Indeed, nothing guarantees that unstable modes of
A are canceled in the expression above. In fact, they generally are not. For example, for the DTC element
in Fig. 7.1 we have that

_0.632121(s—1.00148)(s—11.9822) e
. G-D)(s2+65+12) ifn=2
T (s) = e — Run(s) _ ) 1.36788(s—0.99998969)(s>—4.545425+55.4546) iftn =3 (7.7)
naiveP,n - g—1 - (s—1)(5+4.64437)(s2+7.355635+25.8377) - :

_0.632121(s—1.00000004)(s—39.8821)(s>~2.396985+42.1242) ;¢ _ 4
(5—1)(s2+8.415165+45.9512)(s2+11.58485+36.5605))) -
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Fig. 7.4: Normalized approximation errors for rational approximations of I7(s) = (e™! —e™*)/(s — 1)

are all unstable, which is not what we need. Still, as can be seen from the formulae above, their unstable
pole at s = 1 is quite close to a zero and can thus be canceled without impairing the frequency response
of the resulted approximation much. Thus, the approach might be a handy tool for a quick approxima-
tion if accompanied by a manual cancellation of all unstable poles of the result. This works well for the
approximation in (7.7), whose approximation errors are presented in Fig. 7.4 by cyan-blue lines for the
approximant degrees n = 2, 3, 4. In canceling close pole and zero there, the static gain of the approximant
was kept equal to ITnaivep,n (0) = I1(0). However, this approach is simple only in the SISO case and might
fail if the resulting transfer functions have relatively distant poles and zeros in C.

7.3.2 Padé with interpolation constraints

The problem above can be fixed by adding extra interpolation constraints to the Padé approximant of e™**
so that
Run(Ai) = e (7.8)

at all eigenvalues of A in C, \ {0} (eigenvalues at the origin are already handled by the Padé approximant).
If the algebraic multiplicity of an eigenvalue is larger than 1, then additional constraints on derivatives of
the approximant at that point must be added. This ensures that all such eigenvalues are canceled in the
approximant. Such approximants are special cases of so-called multipoint Padé approximants, where an
approximant is designed to match a function and its derivatives at several points.

Adding constraints like (7.8) to the procedure described in §1.3.1 is a matter of replacing the last rows
of (1.33) on p. 15 with appropriate linear constraints. Taking into account that (1.33) approximates e,
each constraint (7.8) should be recast as R, ,(—A;7) = e~*i/T which results in the linear constraints

1
q1

[1—AiT oo (=D A)m i —eMT ehiThr oo —(=1)"ed™(h7)" | -i’f- = 0.
' ' 0

P1

L Pn |
The rest is technical. If the number of interpolation points does not exceed the number of parameters,
which is 2n + 1, then the resulting problem can be solved by inverting the last 2n + 1 columns of the

counterpart of the matrix in the left-hand side of (1.33).
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For the DTC element in Fig. 7.1 this approach yields

0.451471(s—15.28403) e
5215.63875+10.9161 ifn =2
_ 1.23504(s2—4.292535457.3393 .
Minp,n(s5) = ( ) ifn =3 (7.9)

(s+4.51376)(s2+7.087715+24.8196)

__0.527108(s—45.0554) (s2—2.365145+42.3681) ifn =4
(s2+8.202475+45.0126)(s2+11.37755+35.3632) -

These transfer functions are stable, so no fine tuning at the end of the procedure is needed. However, the
derivations require extra effort and numerical calculations become problematic for large n (they fail for
n = 8 for the example above). The approximation errors are presented in Fig. 7.4 by red lines for the
approximant degrees n = 2, 3, 4. The Hs-norm of the errors under all three n are a bit below of what we
have with the naive approximation, although in this case the gain is not quite substantial.

7.3.3 Direct Padé

Another conceptually straightforward approach is to derive the Padé approximant directly to the function
I1(s), without the use of the delay element as the approximation agent. If D = 0 in (7.1), then it would
make sense to use strictly proper Padé approximants, i.e. to select m < n in the procedure of §1.3.1.

As a matter of fact, applying to the DTC element in Fig. 7.1 under m = n — 1, this produces the same
approximant as that given by (7.9). However, in general these two methods result in different approximants.
For example, if I7(s) = 0:{2e™*/(2s® — 35 + 1)}, then the interpolating Padé and direct Padé result in

0.4773(s* + 9.428s + 70.1) 0.68479(s> + 5.264s + 87.82)
— and — ,
(s + 4.444)(s? + 6.946s + 24.32) (s + 5.472)(s% + 8.994s + 35.49)
respectively. The corresponding error magnitudes are presented in Fig. 7.5. The interpolating Padé pro-

duces a smaller H,-norm of the approximation error, 0.0685 vs. 0.0849 for the direct approximation. But
the latter method produces better approximations in low frequencies, namely for w < 8.256.

7.3.4 Approach of Partington—-Mikili

Yet another approach to construct finite-dimensional approximations of DTC elements was proposed by
Partington and Mikil4 in [60]. Its key observation is that the function I7(s) defined by (7.2) can be equiv-
alently expressed as

1—e™ 1
I(s) = Co([sI — A))e *B, where ¢(s) := e nr{— } (7.1¢)
s
Thus, we can approximate 1(s) via approximating the scalar function ¢ (s) by its [n — 1, n]-Padé approxi-
mant R, ,(s), or whatever other method, and then using

Mparin(s) = CRy—1 ([T — A])e "B (7.10)
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as a rational approximation of I7(s). In fact, R,—1,,(s) can be calculated analytically via the [n, n]-Padé

approximant of e ** as

P,_
Ry_1a(s) = TL(TS)

On(ts)
where the degree-n polynomial Q,(s) is given by (1.35) on p.16 and the degree-2|(n — 1)/2] polynomial
L(n—1)/2] .
—0(— 2n —=2i —1)! .,
P,,_l(s)=Q(S) ol S): Z 2( .” )(” ! ) 52
s P 2i +1 2n)!

where | -] stands for the floor function. It should be emphasized that the dimension of the transfer function
Mpamiin (s) in (7.10) is n dim(A), rather than n, in general. Consequently, the order of this approximation

may be quite high even if n is chosen to be small.
For I1(s) as in Example 7.2 this approach yields (in this case A is scalar, so the order of this approximant

is exactly n)

4.41455 e
s2+as+7 ifn=2
, — 0.735759(s%=25461) e
Mpanin (5) = (5+3.64437)(s2+5.355635+ 19.4821) ifn=3 (7.11)
14.7152(s%>—25+43) ifn =4

(s24+6.415165+38.536)(s2+9.584845+25.9757)

whose magnitude approximation errors are presented in Fig. 7.4 by . In all three cases of n
these approximation produces the lowest Hy,-norm of the approximation error. But it also produces larger
approximation errors in low frequencies. Thus, the comparison can be regarded as indecisive.

Remark 7.1 (stability of approximants). It should be emphasized that no general stability results for ap-
proximation methods presented in this whole section appears to be available. As such, the stability of the
resulting approximants is not guaranteed even when all unstable eigenvalues of A are canceled in the ap-
proximant, as additional poles in C, might appear. An exception is the analysis in [60] for the case where
the function ¢ (s) in (7.1c) is approximated via some alternatives of the [n — 1, n]-Padé. For example, if

’

—s + 2n\" s+ 2n)" — (—ts + 2n)"
e—s ~ ; — d)(S) ~ (‘C + ) ( T + )
s+ 2n s(zs + 2n)"

then the approximant in (7.11) is stable whenever n > (maX;espec(4) Re s)7/2. v

7.4 Lumped-delay approximations (LDA)

The third direction that we study is motivated by the integral form of /T in (7.1b) and the Newton—Cotes
quadrature (numerical integration) rules. A general Newton—Cotes formula of degree v € N, which esti-
mates a definite integral using a piecewise-polynomial approximation of the integrand, is of the form

b v
/ f(t)dt%Zd)if(ti), where t; :=a +i(b—a)/v (7.12)
a i=0

for some sequence {¢; };_,, which depends on the specific approximation of f. Examples of popular ap-
proximation schemes are the trapezoidal rule, in which f(¢) is approximated by piecewise-linear functions
connecting the points f(#;) and f(¢;+1) and for which

b—al\2 ifi=1...,v—-1
2v |1 ifi =0,v

= ¢i=



https://en.wikipedia.org/wiki/Floor_and_ceiling_functions
https://en.wikipedia.org/wiki/Newton-Cotes_formulas
https://en.wikipedia.org/wiki/Trapezoidal_rule
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Fig. 7.6: DTC element in Fig. 7.1 implemented via (7.13)

and Simpson’s rule (v should be even), in which f(¢) is approximated by piecewise-quadratic functions
connecting the points f(t2;), f(t2i+1), and f(¢2;+2) and for which

b 1 ifi=0,v

—da

i < = ¢ = & 2 if i even but neither O nor v
o e B2 4 if i odd

Applications of Newton—Cotes formulae to (7.1b) lead to easily implementable and stable approximants,
although certain care should be taken to keep system-theoretic common sense in place.

7.4.1 Naive use of Newton—Cotes formulae

Let us start with applying formula (7.12) to the integral term in (7.1b) mechanically. To this end, write the
integrand as f(t) = Ce~¢!=Die=4T B — CeAl~9) Be™*S_ for which

v
[(s) ~ IT,(s) = Y ¢iCe @ DBe™™ — De™™,  where 7; := %i. (7.13)
i=0

This function is a train of (lumped) delays e~ %*, so [T, is referred to as a lumped-delay approximation
(LDA) of I1. Obviously, if ¢; are all bounded, then I1, € H, for all v, meaning that we have stability as
an intrinsic property of this approximation method.

Example 7.3. Apply the approach presented above to the system studied in Example 7.1 for t = 1 and the
trapezoidal integration rule. The LDA (7.13) yields then the approximant

e T v—1 .[e—(l—i/v)r

e—(ri/v)s + Le—rs

2v + . v 2v
i=1

IT,(s) = 4

’

which is sufficiently simple. Yet simulating the system in Fig. 7.1 for this choice and v = 10 results in
a slowly diverging oscillatory response, shown in Fig.7.6(a), rather than in the expected red line. As a
matter of fact, increasing the number of partitions of the integration interval, v, does not result in a stable
closed-loop response (oscillations just become faster). A change of the numerical integration rule also
does not change this behavior qualitatively [76]. \Y%

Although the closed-loop behavior in the example above might appear counter-intuitive at first sight, it
can in fact be easily explained from system-theoretic perspectives. To this end, it is important to remember
that we approximate an operator, or a function of s in terms of its transfer function. Because 17, (s) always


https://en.wikipedia.org/wiki/Simpson%27s_rule
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remains an H-function, we may be only concerned with its behavior on the imaginary axis, i.e. with
the frequency response 7, (jw). And this behavior does not have bounded derivatives, e.g. the first time
derivative, which satisfies!

I/ O1F = 1CeA"™ (A — jwl) Be ™|} = |CeAC™PAB|} + 0| Ce VB2,

is unbounded as a function of @ unless Ce4“~? B = 0, which is only the case if IT = 0. As aresult, IT, (jo)
does not converge to I1(jw) as v — oo. In more classical control-engineering terms, the LDA as in (7.13)
attempts to approximate a system with a vanishing high-frequency gain (the integral term in (7.1b)) by a
system with a non-decaying high-frequency gain (the sumin (7.13)). For instance, the magnitude frequency
responses of 7 (in red) and 7, (in cyan-blue) for the system in Example 7.3, presented in Fig. 7.6(b), show
clearly that the LDA approximation there is not a good fit for I7(jw) at high frequencies. It can actually be
shown that

1—e" /v 1 —
limsup|1'[v(jw)|=1—[v(0): 7( e e +1) vooo

l—e =110
w—>00 2v(e’/"— 1) © ( )

in this case. Because the high-frequency gain of IT vanishes, we have that || [T — I1,||oc > I1,(0) > 1 —e™"
in this example as well.

It should be emphasized that the lack of convergence of the approximation error to zero cannot ex-
plain the unstable response in Fig.7.6(a) alone. Instability in this example is actually a result of a lethal
combination of non-zero high-frequency gain of the approximation error A = IT— I, and a poor robust-
ness of the system in Fig. 7.1 to high-frequency uncertainty [43]. Indeed, by presenting the implemented
II, = II — Ay, the loop in Fig. 7.1 can be rearranged as the feedback interconnection of Ay and the
control sensitivity, whose transfer function 7.(s) = 2e*(—s + 1)/(s + 1) and the high-frequency gain is
limy_ 00| Te(jw)| = 2e*. The high-frequency gain of this loop equals then 2(e* — 1) & 3.4366. This gain
is not strictly contractive, implying that the loop is extremely sensitive to high-frequency modeling errors,
viz. infinitesimal high-frequency modeling uncertainties, like loop delays, cause its instability (cf. the dis-
cussion on p. 23 for the case of p(D;y) > 1). This is exactly what happens in Example 7.3. A more robust
system, e.g. that with a strictly proper control sensitivity, would be less sensitive to the high-frequency
approximation inaccuracy.

7.4.2 Proper use of Newton—Cotes formulae

Having understood the reason for the failure of approximation (7.13), we can come up with a remedy,
which turns out to be quite simple. All we need is to find a way to keep the high-frequency gain of an

approximation zero. To this end, note that
T Trd
+ / _eAt G_Stdl
0 0 dr

T T d
S/ e—(sI—A)tdt — _/ eAt (—C_St)dl — _e—(sI—A)t
0 0 dt

T
=] _eAre—rs +/ e—(sI—A)tth,
0

where the second equality in the first line is obtained via integration by parts. Using the obvious equality
I (s) = (sI1(s) + all(s))/(s + «), representation (7.1b) can be equivalently rewritten as

1 1 4 1
O(s) = Ce™ "B + / CeD(al + A)Be™"*dr — (D + CB)e_” (7.1d)
s+ s+ Jo s+ o

for every o € R. Moreover, if & > 0, this representation does not involve unstable cancellations and can
thus be used casually.

I'The Frobenius norm is chosen for convenience. As all matrix norms are equivalent, this choice does not affect conclusions.


https://en.wikipedia.org/wiki/Integration_by_parts
https://en.wikipedia.org/wiki/Matrix_norm#Equivalence_of_norms
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Fig. 7.7: LDA for Example 7.4 (trapezoidal rule, F(s) = 1/(s + 7.8), v = 64)

The second term in the right-hand side of (7.1d) still contains an integral of the same form as that in
(7.1b). But now this term is always postfiltered by the low-pass filter 1/(s + «). Hence, a high-frequency
mismatch in its approximating is filtered out. A general LDA formula for (7.1d) reads then as follows:

1
I, 4(s) = H—aCe_A’(l + (oI + A)o) B

v—1

> ¢iCe? Dl + A)Be "
i=1

+
S+ o
1 —1s
_ (D + S—l-—(XC(] — (ol + A)¢V)B)e (7.14)

for a sequence {¢;};_, determined by the concrete approximation scheme and with 7; := iz/v, like in
(7.13). The only term of (7.14) that does not vanish at high frequencies is De™**, which originates in a
non-vanishing term of (7.1b). But this term is not an approximation, so it does not affect the approximation
error.

Not surprisingly, the use of (7.14) instead of (7.13) for the system in Example 7.3 results in an accurate
approximation. For the very same v = 10 as in Example 7.3, the approximation error ||IT — I, 4||co is
reduced by more than a factor of 30, to about 0.02 with « = 1. Moreover, the approximation error vanishes
at high frequencies. The plots of IT and I1,, 4, as well as the closed-loop step responses under those choices,
are then virtually indistinguishable. Moreover, the impulse responses of /7 and I1, , for this system are

n(t) = J/——«/‘ and Tya(l) = M

0 T 0 T

(for v = 10 and « = 1). Note that although the impulse response of I1, , appears to vanish for > t, it
actually does not. The system [T, 4 is not FIR in general and its impulse response approaches zero only
asymptotically.

Example 7.4. The example considered throughout this chapter so far is quite simple, so any studied method
could be relatively easily applied. Consider now a more challenging problem of approximating

80s + 808

H(S) =07 (S _ 1)(S2 — 255 + 2500)e

=t (7.15)

The impulse and magnitude frequency responses of this system are shown in Figs.7.7(a) and 7.7(b), re-
spectively. Oscillatory behavior and three unstable poles make these responses more complex and harder
to approximate than those of o {e™* /(s — 1)}, indeed. In fact, rational approximations fail on this example,
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in the sense that if accuracy requirements are relatively demanding, like those in (7.16) below, the order of
rational approximants is high and off-the-shelf numerics no longer work.
Our goal here is to approximate this /T by the LDA as in (7.14) with the trapezoidal rule so that

T — Iy alloo = 0.05 [[IT]|co (7.16)

under the minimal possible number of lumped delays v. The filter crossover frequency « is then manually
tuned, by a trial-and-error search, to end up with the smallest v. The best results are obtained then for
o« = 7.8, in which case the minimal v = 64. The impulse response of the approximation is presented in
Fig.7.7(c) by the cyan-blue line. It is now visibly non-FIR. As a result, & should be sufficiently large to
provide sufficiently fast decay in ¢ > 7. \Y%

7.4.3 Beyond Newton—-Cotes

Although numerical integration schemes appear natural in the context of approximating (7.1b) and (7.1d)
by lumped delays, we do not have to apply them literally. It might be conceptually cleaner to start with a
rather general LDA of the form

M,(s) = F(s) Y _ Mie™™ — De™ ™ (7.17)
i=0
for v € N, a sequence {7;} such that 0 = 79 < 77 < -+ < 1,1 < T, = T, a strictly proper and stable

F(s), and matrix-valued coefficients IT;,i € Z,,,. In this formulation the low-pass filter is not constrained
to be of the form F(s) = 1/(s + «) as in (7.14), the delays 7; are not constrained to be equidistant, and
the parameters I7; are not constrained to be equal to ¢; Ce4~? B for some scalar ¢;. Ideally, we would
then like to determine these F, 7;, and IT;, for all i € Zy,y, so that this approximation is close to IT given
by (7.1) in whatever meaningful sense. However, such a goal might be overly ambitious and not easily
attainable. Still, several directions, in which only a part of the parameter set is designed can be exploited
and they are briefly outlined below.

First, fix the number of delays in (7.17) and the filter F' and assume that the delays 7; = it/v, i.e.
equidistant. As the design goal consider then the choice of IT; minimizing the H,-norm

11T — 11,2 (7.18)
This problem can be solved [74] and in some situations (if F has a square “B” matrix) it can be solved
analytically. In particular, if F(s) = 1/(s + «) for some « > 0, then the optimal choice is

_ 20

_ _ —1 . (A—aD)T/v _ jya—A
Ay = 5y CA—al) 4D - De~ 7B, (7.19a)

eA1:/v + e—Ar/v _ Ze—ar/vl

I, = 20C(A — al)—l( l)ef‘f(i—“)/”B, foralli € Z, ,—1 (7.19b)

ear/v _ e—otr/v
and

_ zae—ar/v

m, = C(A—al)~ ' (I —eA—eDt/vye=At/vp (7.19¢)

1 — e—Zar/v
This choice always results in an FIR approximant, which is attained by an appropriate choice of IT,,.

Example 7.5. Return to the system studied in Example 7.4 and the approximation criterion (7.16). Now,
try to attain it with the H,-optimal choice of IT; from (7.19). It turned out that the best results are obtained
for @ = 3.5, in which case the smallest v = 58. This is about 10% below of what we have with the
trapezoidal rule in Example 7.4 and the resulting I7,,, whose impulse response is shown in Fig. 7.8(a), has
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Fig. 7.8: Impulse responses for the general LDA in (7.17)

the same structure from the implementation point of view. In other words, the gain purely due to the use of
problem-oriented tuning algorithm, which is better suited for the problem than general-purpose Newton—
Cotes schemes. \Y

The next step is to optimize the delays pattern {r;}. Benefits of using a nonuniform split are visible
already in Fig.7.8(a). Indeed, it can be seen that at three points, namely for 7; € {0.672,0.707,0.914},
the jumps in the impulse response are virtually invisible. This indicates that the corresponding I7;’s are
close to zero, so these delays, whose indices are 39, 41, and 53, can be eliminated without affecting the
approximation performance.

It turns out that optimizing the delay pattern can be done rather efficiently if those delays are restricted
to the finite set {it/x}*_, for a given » € N. This does not entail any practical loss of generality, because
the grid can be made arbitrarily dense and the implementation of (7.17) would be more efficient in this case
anyway. We may then pose the problem of minimizing cost (7.18) under the constraint that the number
of delays v < x is fixed. A combinatorial search over all possible sets of v — 1 “internal” delays (i.e.
excluding 0 and t) would require (’]f:ll) combinations to be checked, which is not quite practical. Yet in the
case when the “B” matrix of F(s) is square, there is an approach that requires only O(vx?/2) checks, see
[74] for details.

Example 7.6. Let us discuss the application of the approach outlined above to the problem studied in
Examples 7.4 and 7.5. It turns out that the choice @ = 0.2 is better in this case. Consider the case of
x = 250, meaning that the minimal distance between two delays is set to 0.004. This results in v = 14,
still maintaining (7.16), see Fig. 7.8(b) for the corresponding impulse response. Comparing this result with
the uniform split results of Example 7.5, we can see a clear advantage of splitting the interval [0, t] non-
uniformly. In our example this yields a more than fourfold improvement. This is easy to explain from the
form of the impulse response of 7 in Fig.7.7(a). During the first three quarters of the interval [0, ] the
variations of 7 (¢) are relatively minor, so it is sufficient to have only three jumps in that interval. In the
final quarter of [0, ], the impulse response 7 (¢) is considerably more oscillatory, so a more dense grid is
required. \Y%

Another possible direction is to minimize directly the H,,-norm of the approximation error, together
with the delay pattern {r;}. Going this direction drifts us even further from the analytic solution. It is
possible to address the problem by numerical optimization methods. Although the problem is not even
convex, some trick, known as the £!-norm heuristic [7], can be used and the result can be seen in Fig. 7.8(c).
Going this way we end up with v = 8, which is the eightfold improvement over the direct Newton—Cotes
approach accompanied by the trapezoidal rules, with which we started in Example 7.4.
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7.5 Coda

Out ultimate goal is to approximate the controller, so we should be less concerned with the accuracy of
approximating /7 and more with the accuracy of approximating the whole controller. And even more so
with the ability to reproduce the closed-loop properties that were provided by the original DTC element.
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Chapter 8
Exploiting Delays

HE DELAY ELEMENT HAS SOME FAVORABLE PROPERTIES, Which might be exploited in certain situations.

A handful of those ideas are outlined in this chapter. It should be emphasized that the delay element
has very rich dynamics. For that reason, possible side effects of its use, which might not be immediately
visible, should be taken into account. It is therefore well advised to be extra cautious in using such methods,
especially when delays are introduced into feedback loops.

8.1 Dead-beat open-loop control

Apparently the safest use of delays is in generating or processing reference signals, as these operations are
done outside of feedback loops and are therefore a relatively safe matter, in the worst case only accuracy is
lost, not stability. So we start with exposing several such methods, assuming scalar inputs for simplicity.

8.1.1 Posicast control

Consider a cart with a pendulum mounted on it, which is capable of moving in one dimension, say along
the x-axis. The control input is supposed to be the position of the cart x (¢) itself. The problem is to move
the cart from its equilibrium at x = 0 to another equilibrium, say at x = x¢ # 0, quickly, but without
exciting oscillations in the pendulum. This problem can be motivated by the task of moving a gantry crane
with a payload from a pick-up point to a drop-off point without causing oscillations of the payload.

The posicast control strategy' for such a system, proposed by Otto J. M. Smith in [71], is illustrated
by the control sequence depicted in Fig. 8.1. It assumes that the cart movements do not apply longitudinal
forces to the pendulum end (i.e. a linearized behavior) and that there is no friction. The cart first leaps half

1Tt abbreviates the “positive-cast,” because anglers drop their baits in the water at the maximum-position-zero-velocity instant.

0 X 0 x¢/2 X 0 Xi/2 Xt 0 Xg

L1 (/) () (1)

(a)r <0 ® =0 © 0<t<Ty/2 d)t>Tpy/2

Fig. 8.1: Posicast control of a cart with a pendulum with the period 7,
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a way, to the point x¢/2, as shown in Fig. 8.1(b), and then waits there for a half of the pendulum period.
During this wait time the pendulum swings forth to the rightmost point, whose angle coincides with that
at the beginning of the swing and thus having its x-axis position exactly at x¢ with the zero velocity, see
Fig. 8.1(c). At this moment the cart leaps to the destination point xf, where the pendulum already stands
still, thus bringing the whole system to its required equilibrium. This sequence of actions corresponds to
the control signal

x(0) = (1) + 1 — Tp/2)xi/2 = 4—'_

T/2

where T}, denotes the pendulum period. In other words, the solution is the response of the open-loop
controller | 4 e-Tos/2
Rpcast(s) = - 5
connected in series with the plant, to the scaled step x¢1(z).
The intuition above can be expressed in control-theoretic terms as well. Assuming that the pendulum is
a point mass located at the distance / from its pivot point, the linearized model of the system in Fig. 8.1(a)
from the cart position x to the pendulum angle 6 is

(8.1)

where g is the standard gravity. Its poles at s = +j \/m cause undamped oscillations if excited. Hence,
we should avoid exciting them by a required maneuver. The only way to prevent such oscillations in the
open-loop architecture is to cancel these poles by zeros of the controller (ignoring internal instability prob-
lems produced by this for a while). This can be done in various ways, one of which is the posicast controller
in (8.1). Indeed, its zeros are at j(2i + 1)/ T}, forall i € Z. The period of the pendulum is 7, = 27 /1 /g,
so these zeros include the poles of P(s). In fact, the function P(s)Rpcast(s) has no poles and its step

response
(s 1 (3
oy=¢e 1)~~~ U _ __ i A = -
(t) { 2052 + 9) } 57 cos(Tp ) [0.7,/21(1) = —

has a finite duration, known as being dead-beat.
The approach is readily extendible to damped pendulums, with transfer functions of the form

S2

—_ 2
Is24+2cs+ g (8.2)

P(s) =

for some ¢? < gl (i.e. the response is assumed to be underdamped). This transfer function has a pair of
stable poles at s = —o % jw, where

; (8.3)

2
0:=E and o = g—zﬂ:—”
/ / T,

where T, is still the period of the pendulum and o can be interpreted as the decay ratio of its oscillations.
We consider a controller of the form

Rpcast(s) = d)O + ¢le—rs’ (84)

with the goal to design its three real parameters ¢o, ¢1, and 7, guaranteeing that Rpcasc(0) = 1, to have
the required steady-state x, and Rpcast(—0 £ jo) = 0, to have an FIR PRcast, whose oscillations vanish in
finite time. The first requirement yields ¢¢ + ¢ = 1 and the second one reads

$o + $1€7e T = ¢ + ¢1e™ cos(tw) F jp1e™ sin(tw) = 0.
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Obviously, ¢ # 0, so the condition above is solvable in real variables iff sin(tw) = 0 or, equivalently, iff
T = kn/w for some k € Z. It is justified to choose the smallest 7 solving this equality. The choice t = 0
yields ¢o + ¢1 = 0, which contradicts the requirement on the static gain above. The next smallest

T T,

) 2°

which yields the following linear relation for ¢y and ¢;:

11 po | [1 do ] [eoT/? 1
R | St i P R i et

With these choices, the controller has the transfer function

ean/Z 4 e—Tps/Z

Rpcast (5) = 1 + eoTp/2 (8.5)
and results in the following step response of PRpcas:
1 B 2 1
0(t) = ————— e 9" cos| =t + arccos — |1 t) = e,
O = et (Tp * ﬁ) o152 = _I\

where B := /1 + (6Ty)?/(27)* = 1/y/1—c?/(gl) > 1. Note that ¢y > ¢; for all 0 > 0, i.e. the first
leap of the cart is always larger than the second one for a damped pendulum. The overall time needed for
settling at the required equilibrium also increases if the damping is nonzero. This is intuitive, taking into
account that the period of the pendulum increases with damping.

Of course, in realistic situations we should not expect the match between zeros of the controller and
poles of the plant to be perfect. The response is no longer FIR then, there are residual oscillations of the
pendulum. For example, assume that the period of the pendulum 7, is known, but its decay ratio o used in
the controller design is different from the actual ¢, which is realistic. In this case the residual oscillations,
which can be derived via the residues of the response P (s)Rpcast(s)/s at s = —6 £ j2n/T,, are

| — e@-0)Tp/2
Ores (1) = e v Ostep (1),

where 0 (s) is the step response of the uncontrolled P. The maximum amplitude of this response decays
linearly with the mismatch |6 — o| if the latter is sufficiently small.

8.1.2 Generating continuous-time FIR responses by a chain of delays

The problem of selecting parameters of the posicast controller in (8.4) can be seen as particular cases of a
more general problem of finding a chain of v delay elements,

v
R=Y"¢;Dy;, 0=1m9<1i< <7, (8.6)
i=0

for a given finite-dimensional P so that PR is an FIR system, whose impulse response has support in [0, 7,].
The problem may be considered for a given delay sequence {t;}, when only parameters ¢; € R”*9 are to
be found, or in a completely general setting, when delays can also be chosen freely. Sometimes, additional
constraints on R, e.g. on its static gain R(0), are incorporated. Such constraints normally also rule out the
trivial solution ¢; = 0, for all i € Zy_,.

The following result characterizes solutions to this problem.
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Lemma 8.1. If the realization P(s) = D + C(sI — A)~' B is observable and R is as in (8.6), then PR is
FIR iff
[eAB ... edw—m-)B B|d =0, (8.7)

where @ 1= [ by 0 Ly b ]’, and then the impulse response of PR is zero for all t > t,,.

Proof. Decompose
P‘piﬁq = (nrv—q{P} + piﬁrv—r,-)d)iﬁri = ntu—ti{P}(PiEr,- + ﬁifpiﬁrva

where the truncation operator is defined in §3.4.2 on p. 62 and P; (s) = C(sI — A)~leA® =% B cf. (3.39).
Hence,

v %
PR = Z T, —1; {P}¢l 5-” + Z ﬁi¢i 5,;1)
i=0 i=0
The first term in the right-hand side above is an FIR system, whose impulse response has support in [0, 7,].

The second term is a 7,-delayed system. If its finite-dimensional part ), 13i¢1- # 0, the impulse response
of this system has support in (7, c0) and PR cannot be FIR. Thus, the FIR property holds iff

v v A(ty—1;) .

A A o€ B
3 o) = {C}Zl—o 2] —o
i=0

Condition (8.7), which reads }_}_, e4®~%) Bg; = 0, is then clearly sufficient and its necessity follows by
the observability of (C, A). U

If P is n-dimensional, then there are nontrivial solutions to (8.7) iff the rank of
M, = [eArvB eA(r"_r"*l)B B ] c [Rnxv—i-l

is smaller than v + 1. In other words, there must exist a nontrivial kernel of M, and then every @ € ker M,

is admissible. This condition holds true whenever v > n, which is a sufficient condition for the existence of

arequired R. Nevertheless, there might also be situations when (8.7) is solvable by @ # 0 even if v < n.
To see that, return to the plant with the transfer function (8.2). Its minimal realization is

| —0 o |0
P(s) = 7 — —o |1
o%/w—ow =201

Choosing v = n = 2 we obtain

Y e T20 sin(fza)) e_(m_r‘)o Sin((fz - ‘L’1)(1)) 0
" L e cos(npw) e T cos((r; — 1)) 1]

Thus, unless sin(tow) = sin((t2 — 71)w) = 0, this is a rank-two matrix with

sin((r2 — 11)w) $o sin((r2 — 11)w)
ker M; = Im | —e ™9 sin(t,w) — ¢1 | = | —eT1%sin(nw) | o
e 29 gin(tyw) o2 e~ 2% sin(tyw)

for an arbitrary o # 0. If we pick t; = 7/w now, then sin(t;w) = 0 and we have that ¢, = 0, i.e. that
effectively v = 1. Because with this choice sin((r, — 71)w) = —sin(r,®), we then recover the posicast
controller (8.5) under @ = —csc(row)/(1 4+ e~70/%).
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If in the example above 7; is such that sin(tjw) # 0, then two delays are used and the end point
can be reached faster. For example, let 7, = 7/(4w) and 7, = 7/(2w). In this case ¢ = a/~/2,
¢ = —e /@Oy and ¢, = e 7/ ®) g/ /2. The condition R(0) = 1 reads then

3 V2 3 V2
“= 1 — ﬁe—ﬂa/@w) + e—70/(2w) - (1 _ e—ﬂa/(4w))2 + (2 _ ﬁ)e—na/@w) ’

To simplify the expressions, assume the undamped case, i.e. that ¢ = 0. The controller is then

1
R(s) = (1 4+ 1— ﬁe—Tps/S +e—Tps/4
(5) -5 ) )
and its step response x(¢) ~ 1.707-1(¢) —2.414-1(t — T,,/8) + 1.707 - 1(t — T,,/4). Thus, the cart position
first overshoots by about 71% at ¢t = 0, then undershoots by about 71% at ¢t = T,,/8, and finally settles at
the steady state value at t = T},/4. This produces the following response of the pendulum:

cl sl

24+ V2 2 _(2n
9([) = 2 (COS (Tpt) ﬂ[O,Tp/S] ([) — Sln(Tp[) H[TP/S,TP/4] (t)) =

which settles twice as fast as in the posicast controller case. The price is higher amplitudes of both the cart
and the pendulum.

8.1.3 Input shaping

The idea behind posicast control became popular in numerous input shaping schemes, where the control
input is the convolution of a reference signal, like a step, with shaping impulses, see [69] for an overview
of related techniques. Those shaping impulses can be seen as generated by an array of delays, exactly as
in (8.6). Thus, the posicast controller (8.5) can be seen as a special case of an input shaper.

Apart from canceling nominal lightly damped poles, input shapers are also endeavoured to be less
sensitive to the location of those poles, i.e. be robust. There are several approaches to improve robustness,
normally at the expense of a more involved controller and a longer settling to the final equilibrium. They
thus typically use an increased number of delay elements in the controller, like (8.6) for v = 2 for plant
(8.2) instead of v = 1 as in (8.4). The extra parameters are then used to bring in additional properties,
reducing the sensitivity of the scheme to uncertain resonance parameters.

As an example of robustifying ideas, consider the ZVD (zero vibration and derivative) approach. Its
key idea is to require from the canceling zeros of the transfer function of the controller to have a higher
multiplicity than that of the canceled plant poles. To illustrate this approach, return to the damped pendulum
(8.2) and consider the choice of parameters in controller (8.6) under v = 2 for it. Additional zeros at
§ = —0 =+ jw imply the requirement R'(—o + jw) = 0, where R’(s) := dR(s)/ds. This requirement can
be accounted for either explicitly, via adding the constraint

[0 —7jeneTime _penfe®ine | ¢ =0

to M, @ = 0, or implicitly, via solving the problem for the fourth-order P(s)/(Is*> + 2cs + g). In either
case, the problem is solvable iff sin(t;w) = sin(tpw) = 0. For instance, the solution for r; = 7/w and
71 =27/wis

e¢7Tp/2 e—Tps/2 2
+—) (8.8)

1+ eoTp/2

RZVD(S) = (
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The step response of PRy, is then

=3

0

1 B 27 1
0([) = WT € ot COS(7PI —+ arccos B)(H[O’TP/Z]O) — ﬂ[Tp/2’Tp]([)) =

where 8 1= \/ 1 + (0Tp)?/(27)?. This algorithm takes twice the time required by the standard posicast to
move to the final point. What we gain is a lower sensitivity to modeling inaccuracies. To see that, assume
again that the decay ratio is uncertain, namely, its value o used to calculate (8.8) is different from its actual
value 6. In this case the poles at s = —6 + jw are not canceled and there are residual oscillations. For

controller (8.8) they are
| — e(6—0)Ty/2

2
Ores ([) = ( ) estep ([) s

where Ogep (s) is the step response of the uncontrolled P. Their maximum amplitude decays now quadrat-
ically with the mismatch for small deviations, i.e. as (5 — o). Such a function has a slower grow than a
linear function of the error and is thus less sensitive to uncertainty.

Another possible direction of improving the robustness of input shaping algorithms is to place zeros
of controller (8.6) not exactly at each lightly-damped pole of the nominal plant, but rather at two different
points nearby. For example, we may consider the problem for

1+ e—0Tp/2

S2

P = e e Tt U 12— 1 0

for a small ¢ > 0. By doing this, we sacrifice the nominal response, which will exhibit small residual
oscillations, but can guarantee a low gain of the controller in a wider neighborhood of this lightly-damped
pole.

Input-shaping ideas extend to systems with multiple flexible modes. Multi-mode shapers can be con-
structed either via the series interconnection of input shapers for each of those modes or by choosing
parameters of (8.0) directly. The former approach is simpler from the design point of view, as each factor
can be chosen to be of standard forms, like (8.5) or (8.8). The latter approach has a potential advantage in
that it may produce more economic controllers, with faster responses. But parameters of (8.6) is typically
harder to tune to satisfy (8.7) for general systems. State-of-the-art methods appear to use various numerical
optimization schemes.

Remark 8.1 (why dead-beat). An intriguing question is why input-shaping solutions endeavor to reach a
dead-beat response from a controlled signal? In principle, lightly-damped modes can also be canceled by
finite-dimensional controllers. For example, we can use

Is? +2cs + g

Ris) = g(Ts + 1)2

for some 7" > 0 or whatever other denominator polynomial, whose order is at least 2, instead of (8.5), to
control a system with the transfer function (8.2). This would yield P(s)R(s) = s2/(g(Ts + 1)?), whose
step response decays aperiodically, with a faster decay for a smaller 7. Such a controller might be easier
to design, especially in the multi-mode case, and it might be less sensitive to modeling mismatches. But
a finite-dimensional R normally has a slower settling under comparable magnitudes of involved signals.
Still, it appears that a comprehensive comparison of these approaches is yet to be carried out. \Y%

8.1.4 Time-optimal control

Another related approach to generate reference signals, in terms of the structure of resulted signals, is the
use of time-optimal strategy under constraints on the various process variables. Specifically, this is the
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case for the problem of steering the state of the n-dimensional system
X(t) = Ax(t) + Bu(t)

from a given initial condition x(0) = x( to a given final state x(ff) = xf in minimum possible time #f
under the constraint that |u(¢)] < 1 for all 7. We assume that both x( and x¢ are admissible equilibria
of the system, i.e. are such that Axo + Buy = Axf + Buy = 0 for some |ug| < 1 and |ug| < 1. This
problem is well defined iff (A4, B) is controllable and the optimal solution is of the bang-bang form, i.e. the
optimal u(z) takes values only from the set {—1, 1}, with a finite number of switches between u(z) = —1
and u(r) = 1, see [5, Sec. 6.5] for details. Moreover, if all eigenvalues of A are real, then the number of
switches is upperbounded by n — 1.

It is readily seen that the bang-bang strategy for ¢+ > 0 can be expressed as the step response of (8.6)
for |¢o| = 1 and ¢; = (—1)'2¢ foralli € Z,.,_;. We can thus still use (8.7), now for effectively a given
@ and the delays t; as the parameters to determine, together with the constraint

lirr(l)(sl — A) " Y(sxo + BR(s)) = xv,
s—

which guarantees that lim;—, o, x(¢) = xf.
To illustrate this procedure, consider the time-optimal control of a DC motor connected to a rigid
mechanical load, having the moment of inertia J and the viscous friction coefficient f. Its dynamics can

be described as .
Om() | [0 1 Om (1) 0
i) =0 ][ [+ [ ]

where 6y, is the angle of the shaft, wy, is its angular velocity, u is the normalized input voltage (so that
its maximal peak corresponds to £1),a = (Rf + K2)/(RJ) > 0,and b = K,,/(RJ) > 0, where R is
the armature resistance and K, is the torque constant of the motor. Assume that the initial condition is
0m(0) = wm(0) = 0 and the goal is to steer the shaft to the equilibrium 6, (#) = 6 and wy (tr) = 0. Both
these equilibria correspond to u = 0, i.e. they are admissible. As both poles of the system are real, we
know that there might be at most one switch in (0, f). Hence, consider (8.6) for v = 2. Because

o[22 ])[2 )

b |: (1—e)/a (1 —e =) /q Oi| g0 _ [ 1/a —e % /g i| |: 11 1 ] Po _0

condition (8.7) reads

e—atr e—a(tf—ts) 1 _2¢0 0 e—atr 1 edts eatr _2¢0
¢2 05
for |¢o| = 1 and the final value condition reads
—1 _
— R'(0) = ab¢/b
lim | ° : 0 R(s) = o (0) = abe/
s=0| 0 s+a b | 0 R(O)=0

Note that the first row of this version of (8.7) also reads R(0) = 0, so one of these conditions is redundant.
In any case, from that condition we have that ¢, = ¢y and therefore end up with two inequalities,

1—2e% +e* =0 and (2ts— tr)po = abs/b. (8.9)

The first of them reads e?s = (e%'f+ 1)/2 and, as the function e’ is strictly convex, implies that 27, —t; > 0.
The second equality of (8.9) yields then that ¢y = sign 6 and 2¢; — ¢t = a|6¢|/b or, equivalently, that
tr = 2ts — a|6f|/b. Substituting this value to the first equality of (8.9) we get the quadratic equation

e—az\ef\/bCZats — e 4] = () —> e = ea2\0f|/b(1 ++1— e_a2|9f‘/b)‘
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Fig. 8.2: Time-optimal trajectories for a DC motor

We are interested in the “+” solution, as this is the only one for which #; < #¢. Thus, we end up with
a 1 5 a 2 5
ts = 5 16| + —In(1 + V1 —e~e?l0/5) and 1= 5 6] + =1In(1 + V1 —e-e?I0:l/b),
a a

Expectably, these are monotonically increasing functions of |6¢|. The resulted trajectories of u(z), wmn(?),
and 6, (¢) for various 6 are presented in Fig. 8.2.

Time-optimal trajectories may provide an implicit justification for the input-shaping strategy. In fact,
time-optimal trajectories can be used as possible input shapers. However, they are hard to derive in general
and are known to be quite sensitive to modeling uncertainty.

8.1.5 Generating continuous-time FIR responses by general FIR systems

The controller architecture (8.6) is not the only possible one to produce an FIR PR for a finite-dimensional
P. This goal can be attained by various other structures of controllers. In this subsection we study such
kind of problems in a general setting, namely, as a general tracking setup.

A general open-loop tracking problem can be formulated as the two-block model-matching problem,
where the error system to be reduced is of the form

Ge = Gy + Gy R, (8.10)

where G, and G,, are finite-dimensional systems, given by their joint state-space realization

[ Guls) Guls) ] = [g%} (8.11)

and R is a controller to find. In the particular case of G,, = I and G,, = — P this error system generates the
tracking error e = r — y in the standard open-loop setting, where R : r — u and the goal is to render the
plant output y close to a measured reference signal . We may add a weighing function W, to emphasize
important frequency ranges for the reduction of the tracking error or to account for a priori information
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about properties of r. In such a case G, = W, and G,, = —W, P. It is also possible to include the control
signal u, maybe shaped by yet another weight W,,, as a part of the error signal. This yields

Gw=|:u(;e:| and Gu=[ II:IV/ZP:|
and use weights to trade-off tracking performance and control efforts. In some situations, disturbance
attenuation problems under measured disturbances can also be cast in the form (8.10).

The general tracking setup is often used to pose tracking problems as optimization problems, with the
requirement to minimize a norm, e.g. H, or Hy,, of G.. Any such problem should start with a suitable
definition of the class of admissible controllers R. Normally, admissibility is understood as the stability of
the controller itself, viz. as R € H,, and of the error system, viz. as G. € H,. But in some situations, we
might also required to strengthen requirements on the controller and the error system by requiring them
to be FIR, with the support of its impulse response in a given interval [0, t]. The stability of both these
systems is then guaranteed if the impulse response of R is bounded, which is easy to see.

All such admissible solutions are characterized in the following result:

Lemma 8.2. If (C, A) in realization (8.11) is observable, then there is an FIR R with the impulse response
r(t) supported in [0, T] such that G, is also FIR with the same support iff

By + / e 4 B,r(s)ds = 0. (8.12)
0

Proof. If R is FIR, then the impulse response of the error systems is
t
ge(t) = Dyu8(t) + Ce ' By, 1(t) + Dyr(t) + c/ eAC=9 B, r(s)ds (8.13)
0

min{z,t}
= Dy8(t) + CeM By 1(t) + Dyr(t)Tjp.q(t) + C / e B r(s)ds.
0
We require g.(¢) = 0 for all # > t, which reads then
T
ge(t) = Ce™ (Bw +/ e_ASBuk(s)ds) =0, Vi>rt.

0

Equality (8.12) is obviously sufficient for that and its necessity follows by the observability of (C, 4). [

Rewriting condition (8.12)
T
—ed™B, = / A=) B, r(s)ds,
0

it can be interpreted in terms of attaining the state x(r) = —e?%B,, from the zero initial conditions by
the system X = Ax + By,u, with the resulted u taken as the impulse response of the controller R. This is
essentially the controllability question. If it is solvable, which is always the case if (A4, B,,) is controllable,
there are infinitely many solutions. This degree of freedom can be exploited in different ways. For example,
if the final state is supposed to be attained in minimum time under amplitude constraints on u, we end up
with the time-optimal solution discussed in §8.1.4. Another possibility is to endeavor to attain the final
point with the minimum-energy u:

Proposition 8.3. If (A, B,) in (8.11) is controllable, then

’ T ’ -1
r(t) = rys(t) == —Ble™ ’(/ e 4*B,Ble " sds) B Tj0.(1)
0

has the minimum energy among all solutions to (8.12).



142

Proof. 1f (A, B,) is controllable, then ry; is well defined and satisfies (8.12), which can be shown by direct
substitution. Assume that r = ry; + rs solves (8.12) as well. This necessarily implies that rs satisfies the
equation .
/ e A B,rs(s)ds = 0.

0
Hence,

T
”r”% = ||’”ME||§ + ||’”8||% + 2(rs. rue) = ||’”ME||§ + ”’”8”% + 2/ [rME([)]/FS(t)d[
0

T , -1 pt
= [Irvell3 + lI7sl3 + 2B, (/ e_ASBuB;e_ASdS) / e Burs(1)dr = |Iruell3 + 17313
0 0

Thus, ||ryzll2 < |7 |2 for every k satisfying (8.12) and the equality holds iff rs = 0. O

To illustrate the minimum-energy algorithm of Proposition 8.3, return to the pendulum on the cart
problem presented in Fig. 8.1. To formulate it as a general tracking problem, consider a step reference
signal 1 for the cart position x and choose as regulated signals the tracking error T — x and the pendulum
angle 6. The systems w +— [ “gx ], where w(r) = §(t) = 1(¢), has the transfer function

0 0 0 1@—1
. 0 —0 w (00
1/s: —1/s .
[Gw(s) Gu(s)]z[ ; i|= 0 —w —-0|0:1
0 1 P(s)/s 1 0 0 ‘0:0
0

0 —o/(lw) 1/1]0;

where P(s) is given by (8.2) and o and w are defined by (8.3). The pair (A4, B,,) in the realization above
is controllable, so the formulae of Lemma 8.2 apply. To compare them with the response of the posicast
control, choose = m/w = T,/2, so that the response settles in the very same 7},/2. This choice yields

1—e’B/2 2 27
t) =yl —— + =e%sin|[ =—¢ | |1 1),
rue(?) V( O'Tp + = S1 (Tp )) [O,Tp/Z]( )
where y 1= 20(02T7 + 47%)/ B0 Ty(1 + e°7/2) + (02 T2 + 47?)(1 — e°"?/2)), which corresponds to the
transfer function
oTp/2 _ 11— e—Tps/2 4(1 + e(TTp/2e—Tps/2) al0 1672 1— e—Tps/2 1+ e—Tps/2

o s C (s—0)2 +4n2/ Ty ) 72 —8 ( 8Tps a T3s? + 4712)

Rys(s) = V(e

rather than (8.5). To simplify the formulae, consider now the undamped pendulum, i.e. assume that o = 0.
The cart position evolves then as

dxp 72 2 2
1) = l——|1——1¢ —t ) )1 1) =
x(t) = x¢+ = —8( n ( T, ) —i—cos(Tp )) [0,7,/21 () . m

instead of two posicast steps and the step response of PR is

T 4 2 -
0(t) = ——— |1 — —1t ) sin| =1 |1 t) = e
© (712—8)1( T, )Sln(Tp ) o7/2(0) %7

Both x and 6 above are smoother than the corresponding signals for the posicast (bang-bang) case. This
is especially important regarding x, as the movements of the card should be feasible under actuator limita-
tions.

Yet another direction to exploit the freedom of the choice of R satisfying (8.12) is consider the H,
(quadratic) optimization problem associated with the model-matching setup (8.10). The result below
presents the solution to this problem.
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(a) Cart position, x (t) (b) Pendulum angle, 0(z)

Fig. 8.3: H,-optimal FIR control of the pendulum on cart system in Fig. 8.1 under o = 1/500

Proposition 8.4. If (A, By) in (8.11) is controllable, D,, = 0, and D,, has full column rank, then

-1
r(t) = —(D,Dy)"" [ D,C B;]eH’([é g]+[([) g:|eH’) [%w]n[o,r](z),

where
. A o | B,
i = |: —-C'C —-A :| [ —C'Dy,

is the impulse response of the unique FIR controller rendering G, FIR and minimizing its H, norm. The

optimal cost .
10 00] w:\ [
||Ge||§=tr(3;0[o 1]([00}+[10]ef) [O}Bw).

Moreover, the solution in the case of C = 0 and D, D,, = I recovers that of Proposition 8.3.

](D;D,,)—1 [ D,C B ],

Proof. Follows by applying the Projection Theorem [33, Sec. 3.3] under a barrier associated with (8.12).
Details, which are quite technical, can be found in [49] (it corresponds to the case of p = 0 there). O

To illustrate this approach, consider again the problem studied throughout this section and define the
error system as the mapping
V1I=A(1T-x)

VA6 ,

Vex

where w(t) = §(t) = 1(r), the weight A € [0, 1] serves to reach a required balance between settling the cart
position and oscillations of the pendulum and the weight o > 0 is used to regularize the problem (o0 = 0

would render D, = 0). An alternative for such a regularization might be the use of 0 instead of x, as the
transfer function of the system w +— 6 is also bi-proper. This yields the following

w =

0 0 0 |1;-1
VT=A/si—vT=2/s 8 - - 85?
[ Gu(s) Guls) ]| = 0 I VAPW)/s | = NI 0 o To o (8.14)
0 N/ i
! 0 —vio/(lw) VA/1]0: 0
0 0 0 [0 |

The optimal solutions for several choices of A and ¢ = 0.002 are presented in Fig. 8.3. The choice of A = 1
penalizes only the pendulum angle. In this case the response, shown by cyan-blue lines, becomes close to
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that of the posicast control (dashed lines). The other extreme, A = 0, penalizes only the deviation of the
cart position from its destination. It yields a smaller error energy, but larger pendulum oscillations, see the
lines in Fig. 8.3.

The solution of Proposition 8.4 might not be numerically stable, as the matrix H typically has eigen-
values in Cy. As a result, coefficients of its matrix exponential grow rapidly as t increases. For instance,
the computations in the example above fail for o < 10~3 because one eigenvalue of H grows above 30 in
this case, leading to the presence of terms O(e3°7) in e”’*. Nonetheless, this hurdle can be overcame by
exploiting the Hamiltonian structure of the matrix H. Namely, bring in the algebraic Riccati equation

A'X + XA+ C'C — (XB, + C'D,)(D.D,) " (B.X + D.C) =0, (8.15)

which is the same as (6.5a) on p. 99, modulo notational differences. If the realization (4, By, C, D,) has no
pure imaginary invariant zeros, then [45, Sec. B.2] this ARE has a unique stabilizing solution X = X’ > 0
such that A+ B, K is Hurwitz, where F := —(D],D,))"'(B, X + D,,C). We also need the matrix Lyapunov
equation

(A+ B,K)W + W(A+ B,K) + Bu(D,D,)"' B}, =0, (8.16)

whose solution W > 0 because (4 + By K., By (D), D,,)~'/2) is controllable, which follows from the con-
trollability of (A4, B,,).

Proposition 8.5. If (A, By) in (8.11) is controllable, D,, = 0, D,, has full column rank, and (A, By, C, D)
has no pure imaginary invariant zeros, then

A+ BuK|V:By ]} % [ —(A+ B,K) |[WleUtBuKry B,
— Uz

R(s):”’%[ F | 0 FW + (D, D,) "B 0

] e_”} ., (8.17)

where V, = (I — WeA+BuK) 1y —1eA+BuK)TN=1 s the ynique FIR controller rendering G, FIR and
minimizing its Hy norm. The optimal cost

|Ge|l3 = tr (B, (X + W' (V; — 1)) By).

Proof (outline). 1t can be verified that

o[l W A+ ByK 0 I—WX W
T lx 1-xw 0 —A'—F'B, -X 1]

i _ [T =W e(A+BuK)t 0 I-WX W
Tl X IT-XxwW 0 e (A+BuK)'t -X I |

The formulae of the proposition follow then from those of Proposition 8.4 by a routine use of (A.3b). [

so that

Proposition 8.5 offers a numerically stable alternative to the formulae of Proposition 8.4. Indeed, the
impulse response of the controller in (8.17),

r(t) = Fe4t Bty B 10 (t) — (FW + (D, Dy,) " B)) et Bub) =Dy =1e@+BuK)ry B 110 (1),
has the matrix exponential e(4+B«K)¢ and its transpose only for positive values of 6. Because the matrix
A + B, K is Hurwitz, these exponentials do not tend to have growing components. Moreover, as t grows
unbounded, the second term in the right-hand side of (8.17) vanishes and we end up with the IIR con-
troller R(s) = F(sI — A — B, K)"!B,,. The optimal |G|, is a monotonically decreasing function of ,
approaching tr(B,, XB,,) as T — oo.
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8.2 Preview control

There are situations, where delays are actually our allies, rather than foes. This happens, for example, in
applications where previewed information about reference or disturbance signals is available. Just think
of a frequently encountered situation of handling road potholes or speed bumps while driving, where the
ability to see those disturbances ahead of their effect is of a great help. Questions associated with exploiting
previewed information arise in many applications, such as signal processing, automotive control, robotics,
control of wind turbines, and so on and so forth. From the analysis viewpoint, it might be convenient to
treat such problems via introducing time delays into regulated signals, which renders them a natural subject
of these notes.
We again consider the general tracking setting introduced in §8.1.5, but now with the error system
G. : w > e of the form
Ge = GyD: + GyuR, (8.18)

where G, and G,, are finite-dimensional systems given by (8.11) and ¢ > 0 is the preview. The goal is to
design a causal and stable controller R to minimize a size of Ge. The term “preview tracking” becomes
apparent in the case when G,, = [ and G,, = —P. The error system in this case, G, = D, — PR, defines
the error signal as e(¢) = w(¢t — 7) — y(¢). This implies that the plant output y is expected to track a past
reference, which was available at the controller side t time units ago. In other words, the controller has a
previewed version of the reference signal w.

A key fact on addressing energy-based preview problems is that the L,-norm of the error signal gen-
erated by (8.18) is equivalent to the L,-norm of the output of another system having no preview for every
exogenous input w. To formulate this result, we need to the matrix

| Hin Hiz | A 07 B, ) /
H_|:H21 H22:|'_|:—C’C —A’:| |: CD1|(D Dy)~ [DCB] (8.19)

(we already saw it in Proposition 8.4) and its exponential
> [211 212] = exp (|: Hyy Hiz ] r) ’
Y01 Xon Hyy Hy;
in which det X», # 0, see [48, Prop. 3.1]. We also need the matrices
By = %5,By + ¥,,C'Dy, and C :=C + Dy(D.,D,) " (D,C(Z}), — 1) — B, Z})).

The following lemma, whose proof can be found in [46], is a key technical result towards handling preview
tracking problems:

Lemma 8.6. Given G, and Gy, as in (8.11) with a full column rank D,,, consider yet another error system
Ge: w > & such that G, = Gy + Gy (R — IT), where

N N ‘ B, B,
= 2
[ Gu(s) Guls) | |:C222‘D } (8.20a)
and
Hyy Hiz| By — Bu(D}Dy,) ' D} D,
(s) = (D,Dy)"" | o¢ Hyi Hy|—C'(I — (D, Dy)'D,)Dy | ™ =D, Dy |. (8.20b)

D,C B, | D! Dy,

If R is such that G, € Heuo, then so is G, and, moreover, |Gow|2 = |Gow||» for all w € Lo(R4).
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Lemma 8.6 fits both H, and H, optimization settings. Consider the H, case first. As follows from
(6.1), the squared H,-norm of the error system equals the sum of the squared L, (R4 )-norms of its responses
to Dirac §-impulses applied in each input direction. By Lemma 8.6, ||Gce; 8|2 = ||Gee;8]|» for every i and
every controller, so that ||Ge|l, = [|Ge]l» for all R. Hence, a controller minimizing |G|, does that for
|Gell2 as well. In the Ho, case, the cost equals the L, (R, )-norm of the output of the error system under
a worst-case unit-energy exogenous signal w. Because the L, (R, )-norms of Gew and G.w coincide for
every w and every R, they also coincide for a worst-case w. This implies that ||Ge oo = ||Gelloo for every
R, so that the Hy, problems for G and G are equivalent.

8.3 Stabilizing delays

We saw, see e.g. discussions in Section 2.1, that loop delays normally have destabilizing effects on feedback
loops. Nevertheless, there is a number of examples in the literature, demonstrating that added delays may
have stabilizing effect on control loops. We consider one of them below.

Example 8.1. This example apparently originates in an SNL report of 1991, which was later on published
as [64]. Consider an undamped mass-spring system u +— y having the transfer function

for some known mass m > 0 and spring coefficient £ > 0. Obviously, this system cannot be stabilized by
any proportional controller. But it can be stabilized by a delayed feedback of the form u(z) = —k,y(t — 1)
for ky, # 0. Indeed, in this case the characteristic quasi-polynomial is

Ke(s) =ms® +k + kpe™™,

which is of the form (2.7). Let us use the delay sweeping method studied in §2.1.5 in its analysis. Assump-
tions A4 on p. 28 hold iff k, # —k and the delay-free is always unstable. The magnitude relation (2.8a)
in this case has the form [mw? — k| = |kp|, which is solved by

2 kElkl
—

If |k,| > k, then there is one nonzero crossing frequency and it is always a switch. Hence, this kj is
stabilizing for none 7. If 0 < |k,| < k, then there are two positive crossing frequencies,

Ik + |k k— |k
W] = 7—'—' pl and w, = | p|,
m m

so that mwi > k and mw3 < k for all kp. The corresponding phase relation (2.8b) reads

Tw = argkp, — arg(k — mo?) + Qi —)x, ieZ.
This leads then to crossing delays

2t 1\ m ifky<0 2t 140 ifky<0
T = —Ii +— and 1 = —i + —
w1 w0 ifky>0 0F) w2 [ ifky>0

forall i € Z,, where t;; correspond to switches and t; correspond to reversals. Because the zero-delay
system is unstable and the step in the switches is always smaller than that in reversals, there are stabilizing
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ky’s only if 759 < 719. This is always the case if k, < 0 and never the case if k, > 0. Thus, we must have
k, € (—k,0), which implies positive feedback. And then we have the following chain of crossing delays

wm 2w m  3wm  Adwm  Smm }
Vk=ky Jk+ky Jk—ky Jk+ky, Jk—ky
(gray elements mark reversals). As far as there is one reversal between two subsequent switches, the system

becomes stable at each reversal. This alternation of stabilizing and destabilizing delay intervals ends at the
point where 7,; > ty; or, equivalently, where

2imym Qi+ Dxym i>{ V1 +kp/k W
Vk+ky T Jk—k T 2(T=kp/k — JT+ky/k) |

Thus, the system can always be stabilized by a (positive) delayed feedback. \Y%

T = (),

There are other examples in the literature, where loop delays are introduced to feedback loops to control
finite-dimensional systems. It appears that there are essentially two classes of problems for which such
approaches are considered.

1. One use of delayed feedback is in problems of feedback dampening lightly damped systems, like that
considered in Example 8.1 above. It is known, at least since [81, 64], that it might be advantageous to
add a phase lag into the feedback loop in such problems, cf. the loops in Fig.2.3 on p.26. A skillful
use of this approach can yield superior closed-loop performance, as demonstrated by the solutions to
the ECC’95 benchmark problem [52, 29], where finite-dimensional lag elements are used. Delays can
also provide such lags. An example of that is the concept of delayed resonators, introduced in [54].
Still, it is not quite clear to me what advantage such delays can have over more orthodox rational lag
elements. The analysis of delayed systems is more complex and phase lag introduced by the delay
element grows unbounded, which might boomerang at high frequencies. Finite-dimensional lags are
less prone to such problems, as they can be analyzed by conventional tools and their lags are bounded.

2. Another direction may be associated with the use of delays in approximating derivative terms, essen-

tially as
l—e™™

s~ Ag(s) = (8.21)

for a sufficiently small z > 0. This is done either explicitly, like in the problem of stabilizing a chain of
of integrators in [51], or implicitly, e.g. in the proportional-minus-delay controller, proposed in [72]
as an alternative to PD. But it is not clear to me, again, what are advantages of this approximation
over more conventional solutions, like a rational approximation of the form

s~ Arr(s) = (8.22)

Ts+1
for a sufficiently small 7 > 0. For example, let us compare the accuracy of these approximations
over a given low-frequency range, say [0, ®@]. To render such a comparison fair, assume that both
approximations have equal high-frequency gain, i.e. that lim sup,,_, . ,|A:(jo)| = limy— 00| Ar,7 (j@)|-
This requirement yields the relation 2/t = 1/T or, equivalently, 7 = /2. As the measure of the
approximation accuracy consider then the quantifies

Adljo) L

jo

€(®) := max |[1—

and € ¢/2(®) := max
w€e[0,d]

w€e[0,d]

Ar,r/2 (Jw)
jo .

The plots of these functions of the @ are presented in Fig. 8.4. It is clear that from this point of view
the rational approximation (8.22) is a better choice than (8.21) for all frequency ranges and all r. And,
on top of this, adding delays into feedback loop renders their analysis more involved.



148

1.26

I er(td))
6[,1/2(‘[6))

0 2.33 4.09 0

Fig. 8.4: Errors of approximating the derivative by (8.21) and (8.22)

The situation might be different for infinite-dimensional plants. We already saw that DTC elements,
which contain delays, play an important role in the control of dead-time systems. As another example,
consider the LTI system G, defined via its transfer function in (1.21) on p. 9, which describes the acoustic
pressure in a duct of length L, measured at the distance x from the actuation point. For x = L and the
static reflectance R(s) = 1 it becomes

27m

_ e—er

—Ts
’

Gr(s) = 7
where T = L/c. It might not be easy to design a finite-dimensional stabilizing controller for it. However,
this system is clearly stabilized by the delayed control law u(t) = —pr(t — t)/(2Zn), which actually
renders the closed-loop system FIR. Still, this is more a toy example, as the delayed control law above has
zero tolerance to uncertainty in 7.

8.4 Delays in the regulator problem: repetitive control

The term “regulator problem” is referred to the problem of rejecting the effect of non-decaying distur-
bances, generated as the response of known autonomous models to nonzero initial conditions, on con-
trolled variables. Common models for such disturbances are the integrator 1/s, which generates constant
signals, the double integrator 1/s2, which generates ramp signals, and the harmonic oscillator 1/(s? + »?),
which generates sine waves with the frequency wg. The internal model principle [15], by which models
of exogenous signals should be incorporated into the controller, is one of fundamental principles of the
control theory. For example, the need in the use of integral actions to counteract the effect of constant or
slowly varying unmeasured disturbances has been known for aeons. Likewise, harmonic disturbances of a
known frequency can be asymptotically canceled if the feedback loop includes a harmonic oscillator. In-
corporating models of disturbances into feedback loops reduces the regulator problem to mere stabilization
problems.

The use of delays can generalize this idea to a substantially wider class of exogenous signals, viz. all
periodic signals of a known period. Indeed, consider the system described by the autonomous difference
equation

w(t) =w(t—1), Wo=2¢ (8.23)

for some function ¢ (¢) defined in [—z, 0], where w; is defined according to (1.6) on p.2. It is readily seen
that this equation generates the t-periodic function w(t) = ¢(t — t[t/t]). Thus, any t-periodic signal can
be generated by (8.23) by an appropriate choice of the initial condition function ¢.

The application of the internal model principle to (8.23) is conceptually straightforward. Namely,
this system has the transfer function 1/(1 — e~**), so it should be incorporated into the controller. The
application of this logic in the unity-feedback setting is shown in Fig. 8.5(a), where P is a SISO plant
and R is a free part of the controller to be designed. This is a paraphrase of the architecture proposed in
[23], dubbed repetitive control. As with any other controller constructed according to the internal model
principle, it guarantees asymptotic rejection of all t-periodic disturbances d and asymptotically perfect
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d d
-— O R(s) Lot P(s) “ R(s) e
(a) Idealized setup (b) More practical setup

Fig. 8.5: Unity-feedback repetitive controller

tracking of all t-periodic reference signals r, provided the closed-loop system is stable and P (s)R(s) has
no zeros at the poles of the repetitive element, i.e. at s = j2kx /7, k € Z.
A way to see that is via the closed-loop disturbance sensitivity transfer function

P(s)(1 —e™)

Td(s) = l—e® + P(s)R(S)’

which has zeros at s = j2kw/7 for all k € Z then. Every piecewise smooth periodic disturbance can be
presented via its Fourier series as
d(t) =) diel®kr/! (8.24)
keZ

for some Fourier coefficients dy € C. By the frequency response theorem, if the closed-loop system is
stable, then its steady-state response to this disturbance is

Yso(t) = Y Ta(j2k/7)djel /0 = 0, (8.25)
keZ

The tracking error can be analyzed in a similar manner via the sensitivity transfer function,

1—e™ ™
—e ™+ P(s)R(s)’

S(s) = i

which also has all pure imaginary poles of the controller as its zeros.

However, the stability of repetitive control system happens to be a challenge. To see why, assume that
P and R are finite dimensional and rearrange the setup in Fig. 8.5(a) in the form presented in Fig. 2.1 on
p- 19. Taking [ C’l] as the “u” input there and y as its namesake, this corresponds to

Grw Gzu 0.0 0 1 1 -
| 111 —P].
[Gyw Gyu] [1;10]+[—1]1+PR[ | ]

If P(s)R(s) is strictly proper, which is a reasonable assumption to make, then G;,,(c0) = 1 and we have
the case of p(D;y,) = 1 in terms of the discussion in §2.1.3. Hence, no matter what R is selected, the
closed-loop system is practically unstable. In other words, the ability to reject all t-periodic disturbances
conflicts with the stability requirements in most situations.

The situation is not hopeless though. There are workarounds, endeavoring to regain the ability to
stabilize the closed-loop system at the expense of relaxing the perfect regulation requirement. For example,
one can use the architecture presented in Fig. 8.5(b) for a stable filter F such that | F(oc0)| < 1. In this case

the equivalent .
Gzw Gzu 0:00 F 1 -
[Gyw Gy,,] [1;10]+[—1]1+PR[ | ]

so that G,,(00) = F(o0) satisfies p(D,y,) < 1 and the system can in principle be stabilized?.

2Specific approaches to design stabilizing R’s are discussed below.
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The price we pay is in the ability to reject all periodic disturbances. Indeed, the disturbance sensitivity

reads now
P(s)(1— F(s)e™)

1= F(s)e=™ + P(s)R(s)

and has a zero at j2kx /7 iff F(j2kw/7) = 1, which can happen only at a finite number of k’s unless
F(s) = 1. Still, we can choose F so that |1 — F(j2kn/t)| < 1 at k € Z of interest. A well-justified
requirement is to maintain this condition for a number of small indices k. This could effectively eliminate
low-frequency Fourier terms in (8.25), while high-frequency components are normally filtered out by the
plant itself. If F(0) = 1, then the controller still has an integral action. Thus, it might make sense to choose
a low-pass F with the unit static gain. The bandwidth of F can then be a tuning parameter, with which the
range of rejected signals can be selected. For example, consider the choice

Ta(s)

F(s) _ w1

; 8.26
s+ wo ( )
where w; := 2m/7 is the fundamental frequency of the Fourier series in (8.24). The parameter « € N
reflects the number of first frequencies of (8.24) located within the bandwidth of this F, which is wjc. It
can be shown that

2w 1 1
1—F('—k>‘=—§e — a>k,/--1
‘ ! T V1+a?/k? €
for an attenuation level € € (0, 1). Thus, we can attenuate well more and more harmonic components of a
r-periodic d by increasing «.
Consider now the design of a stabilizing R for the augmented plant

P

r 8.27
1—FD, 8:27)

P aug —
in the system in Fig. 8.5(b). This is not a conventional delay system, so methods studied in Chapter 3 are
not readily applicable. A natural candidate may be the reduction approach of Fiagbedzi—Pearson from
§3.3.3. In principle, if F is a low-pass filter having a strictly contractive frequency response gain for all
nonzero frequencies, then unstable poles of Py (s) are those of the plant and the pole at the origin of the
repetitive transfer function 1/(1 — F(s)e™ ™). If only those modes are intended to be shifted by feedback,
then the solution of the left characteristic matrix equation (3.34) should be simplified. Still, this might not
be an ideal solution, as the other modes of the repetitive element, at least several of them, are supposed to
be very lightly damped.

Arguably, the prevalent approach to stabilize repetitive control schemes is via the use of robust stability
arguments. As already discussed, the characteristic equation of the closed-loop system in Fig. 8.5(b) is
that of the feedback interconnection of the “nominal” weighted sensitivity function F/(1 + PR) with D;.
By the Small Gain Theorem, see [82, §4.4.2] or [12, Sec. II1.2], this interconnection is stable whenever
IF/(14+ PR)|loo < 1. Thus, we can design a stabilizing R via solving the weighted sensitivity H, problem
for the finite-dimensional plant P and weight F'. Having to solve a finite-dimensional stabilization problem
is convenient. However, this approach is an overkill, as the resulting system will be stable for every . This
is not what we really need here, the delay element in Fig. 8.5 is a part of the controller and is generated by
us.

An alternative approach, which leads to a surprisingly simple solution to the stabilization problem, is
to exploit the loop-shifting technique discussed in §3.4.1. To see that, assume that the augmented plant in
(8.27) can be expressed in the form

Ppg = —— (8.28)
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for some finite-dimensional P and an infinite-dimensional IT € H.. This is the feedback interconnection
of P and IT and loop can now be shifted by the stable IT similarly to what is shown in Fig. 3.9 on p. 62.
The difference is that now the plant and the controller are swapped, so the initial feedback part of the plant
becomes a parallel addition to the controller (mind the the external feedback loop in Fig. 8.5 is negative).
Hence, if required P and IT exist, then a controller R stabilizes Payg iff R := R — IT stabilizes the finite-
dimensional P. Thus, all we need is to stabilize a finite-dimensional P by some controller, say R, and then
implement R = R + I1.

In the procedure above stabilization effectively boils down to transforming (8.27) into form (8.28). To
find required P and I, equate the reciprocals of the right-hand sides of (8.27) and (8.28), i.e.

1 F 1

1 5.1 2
P P " P (8.29)

If the system F/ P is stable, then possible admissible choices are
~ F —
P=P and II = FD,. (8.30)

The conditions for the stability of F/P are that every unstable zero of P(s) is a zero of F(s) as well
and the pole excess of F(s) is at least that of P(s). These conditions are effectively nonrestrictive for
minimum-phase plants, because the pole excess of F(s) can be chosen arbitrarily large without affecting
its properties in the repetitive control context (just add stable poles far beyond the required bandwidth). If
P (s) is nonminimum-phase, then the procedure is a bit more complex. Assume, for the sake of simplicity,
that F(s)/ P (s) is proper. We know, from the discussion in §3.4.2, that there is a finite-dimensional system
F, whose transfer function is proper, such that F = F/P D, + o, {F/P D-}, where o {-} is the completion
operator as in (3.41), always producing a stable system. Hence, (8.29) can be rewritten as

1 - F _ 1
F—F—’—O'r ?Dr = —=—1II

and we may choose

~ P F _
P = — and I =—-0.{—D,; . 8.31
1-PF {P } ( )

Thus, we again have a finite-dimensional P and a stable I7.
With this choice, the closed-loop sensitivity and disturbance sensitivity transfer functions are

P(s)
1+ P(s)R(s)

1 P(s)

S(s) = 14+ P(s)R(s) P(s)

(1= F(s)e™™) and Ty(s) = (1= F(s)e™™),
respectively. In the minimum-phase case, when P = P, the structure of these closed-loop transfer func-
tions is reminiscent of the Smith controller in that the response is that of the system without the repetitive
block, multiplied by the repetitive action. More analogies can be drawn from the fact that the closed-loop
characteristic function is a plain polynomial now.

Example 8.2. Consider the problem of rejecting r-periodic load disturbance for the plain integrator plant
with the transfer function

1
P(s)=-.
s
Choosing the filter F as in (8.26), we have

F(s)  was
P(s) s+ wa’
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Fig. 8.6: Disturbance responses under k, = 1

which is obviously stable (it would be stable for any strictly proper F(s), as a matter of fact). Thus, we
can use (8.30) and design the “primary controller” R to stabilize the plain integrator P = P. The latter
problem is simple, e.g. it can be solved with any proportional controller R(s) = kp. Thus, we end up with

wos
R(s) = kp + m
which is easy to implement.

Simulations of the closed-loop disturbance response for this filter under k, = 1 and t =  are presented
in Fig. 8.6. The first row in Fig. 8.6 shows responses to a square wave disturbance and the second—to a
sawtooth d, both of unit amplitude. The simulations agree with the analysis above that higher-bandwidth
F result in a better attenuation of periodic load disturbances. Note that the disturbance response in the first
interval ¢ € [0, t] does not depend on «. This is because during this interval the initial conditions of the
controller are zero and the repetitive part is not efficient. The controller then “learns” the actual waveform
of the disturbance and compensates it. \Y%




Appendix A

Mathematical Background

HIS APPENDIX collects mathematical facts required throughout the text. They can be found in many
T advanced books on linear MIMO control and are rather standard. Their presentation here aims at
providing a convenient reference, rather then a tutorial exposition of corresponding topics. As such, the
exposition is rather laconic at times.

A.1 Linear algebra
We start with a collection of results on matrices and matrix equations. These results are required throughout

these notes, yet are not always a part of basic Linear Algebra courses. Some proofs are presented mostly
for fun.

A.1.1 Schur complement

Let M be a square matrix partitioned as

My M,
M = , Al
[le M22:| (A1)

with square M;; and M>,. If My, is nonsingular, then a direct substitution yields the decomposition

|:M11 M12:|_|: 1 0:||:M11 0 :||:I M1_11M12:| (A22)
My, M, M21M1_11 1 0 M22—M21M1_11M12 0 1 ' '

It follows from this equality that M is nonsingular iff so is the matrix
Ay = Myy — My M My,

which is called the Schur complement of My, in M. Similarly, if M,, is nonsingular, then

My My | _ |1 M2 M5! My — MixMy' My, 0 1 0 (A.2b)
M21 M22 0 1 0 M22 M2_21M21 1 .

and the Schur complement of M5, is defined as
Aoy = My — Mo M3, My,
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Using equations (A.2) the following formulae for the inversion of block 2 x 2 matrices can be derived:

_1 _
My, M, [ MMy, M 0 )i 0 .

(A.3a)

________________________________________________

M+ M M AT My M — M My A7) }

T I 01 452 0 I —MjaM3)! :
= I —M2_21M21 I :| |: 0 M2_21 0 I (1fdet M22 75 0)

= A=t asT T il R 1T g =Tar A 137 " ax- il I (A.3b)
L _Mzzl MZlAzz1 Mzz1 + Mzzl]\/[21A221]V[12]V[221 :|

The formulae above are particularly simple in the case of block-triangular matrices:

1 _ _ _
|:M11 M12 :| = |:M111 _M111M12M221 i| (A4a)

0 M 0 M)
and
-1
My 0 ] [ Mo 0 }
= . A.4b
|:M21 M>» —My! Mo M My ( :

Another useful consequence of the decompositions in (A.2) is the following formulae for the determi-
nant of block 2 x 2 matrices:

det My; #0 =  detM = det M;;det Ay, (A.5a)
and
det M, 75 0 — det M = det M5, det A,y (ASb)

(the determinants of the triangle factors in (A.2) obviously equal one).

A.1.2 Sign-definite matrices

Ann x n matrix M = M’ is said to be positive definite, denoted M > 0, if
xX'Mx >0, Vx#O0.
It is positive semi-definite, denoted M > 0, if
x’Mx >0, Vx.

The notions of negative definite (M < 0) and semi-definite (M < 0) matrices can be defined in a similar
way or via the relations M <0 < —M >0and M <0 < —M > 0. Compatibly dimensioned
symmetric (or Hermitian) matrices can be compared. We say that M; > M, if My — M, > 0 and that
M, > M, it My — M, > 0. A criterion of positive definiteness (positive semi-definiteness) is that all
eigenvalues of M = M’, which are real, are positive (nonnegative). Unlike scalars, matrices need not be
wither positive or negative (semi)definite. There are matrices that are not sign definite, like M = [(1) 9 ]

If a matrix 7 € R™™, where m < n, has full rank, then M > 0 only if 7"MT > 0. Indeed, if
T'MT # 0, there is y # 0 such that y’T'M Ty < 0. Butthen x’Mx < O0forx = Ty # 0. If m = n,
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then the relation goes both ways, namely, M > 0 <= T'MT > 0. These properties help to simplify the
analysis of block 2 x 2 matrices of the form (A.1). For example, it is readily seen that

|:M11 M,

>0 — M1 >0 A My > 0.
Mo, M221| 11 22

Moreover, it follows from (A.2) that

|:M11 M,

i|>0 = M11>0/\A11>0 <~ M22>0/\A22>0 (A6)
M3 M>;

(these relations use the fact that the positive-definiteness of a block-diagonal matrix is equivalent to that of
each its diagonal block).

A.2 Matrix equations

A.2.1 Linear matrix equations

Let Ay € R"™"1 A, € R"*"2_ and Q € R""*"2. The following linear matrix equation:
A1 X —XA,+0 =0 (A7)
is called the Sylvester equation. It has a unique solution X € R""*"2 iff
spec(A1) Nspec(A4,) = 0,

i.e. iff none of the eigenvalues of A; is also an eigenvalue of A,. If this condition fails to hold, then the
Sylvester equation might have either no solutions or an infinite number of solutions (depending on Q). The
following result establishes the connection between the solvability of (A.7) with the block-diagonalizability
of certain block-triangular matrices:

Proposition A.1 (Roth’s removal rule). Equation (A.7) is solvable iff the matrices

A1 0O A, 0
o] e [V

are similar.

An important particular case of the Sylvester equation is the so-called (continuous-time) Lyapunov
equation, which is defined as
AX + XA+ 0 =0 (A.8)

for given 4 € R™*" and Q € R™". If Q is symmetric (i.e. O = Q’), then the solution X is symmetric too.
Furthermore, if 4 is Hurwitz, i.e. if A has all its eigenvalues in the open left half plane C \ C,, then

X = etQetds (A.9)
R+
exists and is the solution of (A.8). Indeed, it is readily seen that

’ 7 d ’
ACAtQCAt —I—eAthAtA’ — E(eAthAt)'
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Thus, if the integral in (A.9) exists,

A/ eAt QeA/tdt + / eAt QeA/tth/ + Q — d(eAthA/t) + Q — 0’
R+ R+ R+
where the fact that lim;_,, e’ Qe4” = 0 was used.
The following result reveals an important connection between the existence of positive definite solution
of a Lyapunov equation and the stability of matrices:

Proposition A.2. A matrix A € R™" is Hurwitz iff the solution X € R™*" of the Lyapunov equation (A.8)
satisfies X = X' > 0 whenever Q = Q' > 0.

Proof. First, assume that A is Hurwitz. Clearly, (A4, Q) is controllable (follows from the non-singularity
of Q), sothat X > 0 by (A.9). Now, let X > 0 for some Q > 0. Assume that A is not Hurwitz, i.e. that
it has an eigenvalue A such that Re A > 0. Denote the corresponding eigenvector by n # 0 and pre- and
post-multiply (A.8) by 7" and 7, respectively. We have:

—'On=n(AX + XA)np = Ay Xn+ An'Xn = 2Re Ay X1.
This, in turn, implies that Re Ay’ Xn < 0, which is a contradiction. O

Proposition A.2 actually says that the stability of A is equivalent to the existence of a matrix X = X’ >
0 such that
AX + XA’ < 0. (A.10)
Inequality (A.10) belongs to the so-called class of Linear Matrix Inequalities (LMI), for the verification
of which efficient numerical methods are available. For this reason (A.10) can be considered an alterna-
tive to the conventional verification of eigenvalues of A. More important is that the LMI (A.10) can be
incorporated into many other analysis and design problems that also reduce to LMIs.

A.2.2 Quadratic matrix equations
A matrix equation of the form
AX +XA+ Q0+ XRX =0 (A.11)

for some matrices A € R, Q0 = Q' € R, and R = R’ € R™" is called the (continuous-time)
algebraic Riccati equation (ARE). Such equations can be thought of as a matrix extension of the standard
quadratic equation 7 x2 +2ax +¢ = 0. Like in the quadratic equation case, a solution X of the ARE of the
form (A.11) is not unique. In control applications we are mostly concerned with the so-called stabilizing
solution, which is defined as the solution for which the matrix A + RX is Hurwitz (stable). The stabilizing
solution is unique (if exists) as proved below:

Proposition A.3. If there is a stabilizing solution to (A.11), then it is unique.
Proof. Assume, on the contrary, that there are two stabilizing solutions, say X; and X», satisfying
A/X1+X1A+Q+X1RX1=O and A/X2+X2A+Q+X2RX2=O
with Hurwitz matrices A; := A + RX; and A, := A + RX,. Subtracting the second equation from the
first one and denoting X5 := X; — X, we obtain:
0=AX, + X141+ Q — (A'Xy + X24, + 0)
= A'Xs + X141 — X245 £ XoA41 = A' X5 + Xs A1 + Xo(A; — Ay) = A'Xs + X541 + X2RX;
= AIZX(S + XsAq.

This is a Sylvester equation and since A; and A, are Hurwitz, it has a unique solution, which is obviously
X(g =0. ThUS, Xl =X2. O
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Crucial for studying AREs, as well as for their numerical solutions, is the fact that solutions of (A.11)
can be expressed in terms of the eigenstructure of certain matrices. To see this, note that (A.11) can be

equivalently written as
A R 1 1
[—Q _A,:|[X:|_[X](A+RX) (A.12)

(here the first row is an obvious equality, whereas the second row is just a rewritten (A.11)). This equation
is actually reminiscent of the eigenvalue equation. Connections indeed exist. To see them, denote

A R
H = R, Al
[0 e AL
Let n be an eigenvector of A + RX corresponding to an eigenvalue A. Post-multiplying (A.12) by n and
denoting ng := [  |n, we obtain that Hny = Ang. This implies that any eigenvalue of the n x n matrix
A+ RX is an eigenvalue of the 2n x 2n matrix H as well.

To understand properties of H, introduce the 2n x 2n skew-symmetric matrix

0 —1
= : A.14
r=77 ] (A14)
It is readily verified that J~! = —J, so J is also unitary. The direct substitution then shows that
JT'HJ =—-H' (A.15)

(such matrices are called Hamiltonian). This implies that H and — H' are similar. Hence, A is an eigenvalue
of H iff its imaginary axis mirror, —2, is an eigenvalue of H.

Now, if A + RX is stable, H should have n eigenvalues in C \ Cy. This, in turn, means that the other
n eigenvalues of H must be in C, and this partition of the spectrum of H (n eigenvalues in C \ C, and
the other n—in the Cy) is unique. Of course, this partition is possible iff H has no jw-axis eigenvalues,
which is thus necessary for the ARE (A.11) to have a stabilizing solution. This is not sufficient though.
Some insight why is this true can be gained through the reexamination of the eigenvector structure of H.
Indeed, it follows from the formula ng = [ ;}7,7] and the fact that 7, is a (non-zero) eigenvector of A + RX
that at least one of the first » components of ng must be non-zero. This is not necessarily true for all stable
(i.e. those corresponding to stable eigenvalues) eigenvectors of Hamiltonian matrices as can be seen in the
following simple example:

-1 0:1 0 0
1!
H = _0]_1(])8 . for which spec(H) = {+1,++2} and A = —1 has g = 8 (A.16)
~1 —1:0 —1 1

The corresponding ARE has no stabilizing solutions indeed, which can be easily seen from the fact that
the pair (4, R) = ([ o ‘1’] [(1) 8]) is not stabilizable, so that there is no X for which A + RX is stable.

For general R, there might not be an easy criterion, in terms of A, Q, and R, for the existence of
a stabilizing solution X to (A.11). The situation is more transparent for sign semi-definite R’s as the
following result shows:

Theorem A.4. If either R > 0 or R < 0, then there is a stabilizing solution of the ARE (A.11) iff H
has no jw-axis eigenvalues and the pair (A, R) is stabilizable. Moreover, a stabilizing solution is always
symmetric, i.e. X = X'
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Proof. The necessity of spec(H) N jR = @ was shown before. Hence, we may assume that H has no
jw-axis eigenvalues. Then there always exists a nonsingular 7 € R?"*2" guch that

~1
T—lHTZ[Tll le] [A Ri||:T11 T121|=|:Hs le]
Ty T —Q A || T Tn2 0 H; |’
where Hs and — Hjy are Hurwitz (one such 7', which is orthogonal, can be obtained by the Schur decompo-
sition of H). Equivalently,

|:A Ri||:T11 T121|:|:T11 T12_|:Hs le]
—Q A" || Ta1 T Toy T || O Hs |’
= H. A.l
[—Q —A/i||:T211| |:T21_ : (A.17)

In fact, for any such 7" we have that T, Ty; is symmetric. To see this, pre-multiply (A.17) by [T}, T, ]/,
where J is defined in (A.14), to get

E e P | I | E B T Pl [ A

or, equivalently (mind the fact that JH = —H'J as H is Hamiltonian),

from which

—H{(T{,T21 — Ty, T11) = (T}, Ta1 — T, T11) Hs.

This is a Lyapunov equation of the form (A.8) with Hurwitz A = Hg and Q = 0, hence its unique solution
is T1/1T21 — T2/1T11 =0.

Now, show that there is a stabilizing solution iff 77 is nonsingular. The “if” part follows by construc-
tion, as in this case X = 715, Tl_ll is the required solution with A + RX = T1; Hy Tl_l1 (can be verified by a
direct substitution). To prove the “only if”” part, assume that there is a stabilizing solution X. Eqn. (A.12)
can then be complemented to

A R I 0o |10 A+ RX R
—Q A XI1| | X1 0 —(A"+ XR)
(as a matter of fact, this shows that A" + XR is Hurwitz because the (2, 2) block in the last matrix above
should contain all » RHP eigenvalues of H). This implies that

A+ RX R [ 1 0[Tu Tw][ Hs Hi I 07[ T T\
0 —(A+XR) | | =X 1]|[Tu T || 0 H X I || To T ’

which, in turn, leads to

A+ RX R T11 _ T H
0 —(A"+ XR) Toy—XTi | | T — XTn .

The second row above reads (A" + XR)(T>1 — X T11) + (To1 — X T11) Hy = 0, which is a Sylvester equation
having the unique solution (as the matrices A’ + XR and Hj are Hurwitz) T»; — X T1; = 0. This equality
implies that if there is a vector n # 0 such that 77,1 = 0, then T[ g] = 0, which is a contradiction because
T is nonsingular.

Next, show that 77, is nonsingular iff the pair (A, R) is stabilizable. The “only if” part here is straight-
forward, otherwise A + RT» Tj;' = T11HT;;' cannot be stable. The “if” part, i.e. the proof that the
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stabilizability of (A, R) implies det(7;) # 0, is more involved. To show it, assume the opposite, i.e. that
det(T71) = 0 despite the stabilizability of (A4, R). Pick any 0 # 5 € ker Ty; and pre- and post-multiply the
first row of (A.17) by n'T,, and n, respectively. This yields (mind the symmetry of 7,,7}1)

n' Ty (AT + RTo1)n = 0Ty T Hen = 0/ Ty To1 Hyn

and then n'T,; RT>1n = 0. This is the part where the sign definiteness of R is used as then the last equality
implies that R7>1n = 0. This, in turn, leads to 77; Hyn = 0 from the first row of (A.17). Since n € ker T14
is arbitrary, we actually just proved that Hs ker Ty C ker Ty4, i.e. that ker Ty, is Hg-invariant. It is a known
fact that any (nonzero) invariant subspace of a matrix M contains at least one eigenvector of M. So there
is a vector 0 # ¢ € ker Ty; such that Hi( = A¢ for some ReA < 0. Post-multiplying (A.17) by this ¢ we
have:

|:_If4/i|T21§=|:AOIi|T21Z — |:A/—I:111|T21§:0 — §/T2/1[A—(—)k)[ R]=().

The detectability of (A4, R) then yields (via the PBH test) that the latter necessarily yields 75, = 0. As
T11¢ = 0too and T is nonsingular, we have a contradiction. Hence, det(7};) # 0.

Thus, we just proved that there is a stabilizing solution X iff (4, R) is stabilizable and this stabilizing
X = T21T1_1l for any 77; and T5; satisfying (A.17). Rewrite

X = (Tl_ll)/Tl/lTZITl_ll = (Tl_ll)/Tz/lTllTl_ll = (Tl_ll)/Tzll =X

This completes the proof. U

A.3 Linear-fractional transformations

Linear fractional transformations (LFTs) of A by G can be seen as a general interconnection of two map-
pings (operators),

G = |:G11 G12

c(Uq,up) ,
Go Gzz] (u1,uz) V1, y2)

and A, in the forms presented in Fig. A.1. The lower LFT is the mapping JFi(G, A) : u; + y;, which
corresponds to the choice A : y, — u; as shown in Fig. A.1(a), equals

F(G,A) =G + Gra(I — AG22)_1AG21 =G + GA — G22A)_1G21, (A.18a)

It is well defined if I — AG», (equivalently, / — G2, A) is invertible. The upper LFT is the mapping
Fu(G, A) : up — y,, which corresponds to the choice A : y; — u; as in Fig. A.1(b), equals

]:u(G, A) = G22 + GZI(I — AGll)_lAGlz = G22 + G21A(I — GllA)_lGlz. (Algb)
Yy R [ﬁ
G G2 A
Gy Gy, i u;
Y2 U2 G G2
A i G2 Gx2 —
(a) Lower LFT, F(G, A) (b) Upper LFT, F,(G, A)

Fig. A.1: Linear fractional transformations (LFTs)
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It is well defined whenever I — AGq; (equivalently, / — G;A) is invertible. These transformations are
differentiated merely for convenience, they are essentially equivalent. This follows from the equality

07 017
mea=5(7g]e] 0] a)
which is easy to verify.

Standard addition, multiplication, and feedback interconnection of mappings can be viewed as special

cases of this LFT, e.g.
[ Gy I 0 7
G1+G2=.7:1(_ 11 O]’Gz):}—u([l G1:|’G2)’
(To 1 - 0 Gy
GZGI_]:](_GI 0],G2)—fu(|:] 0 ],Gz),

. -1 _ [ G Gy . G Gy
it 5[0 0o =n([S ] )

and

(these choices are not unique).
The two propositions below present some useful algebraic properties of LFTs.

Proposition A.5. Suppose Fi(G, A) is square and well posed and Gy is nonsingular. Then Fi(G, A) is
invertible and

-1 -1
[Fi(G, M) = Fi(G, ), whereG=[ Gu G G2 ]

G21G1_11 Gy — G21G1_11G12
Similarly, if F,(G, A) is square and well posed and G, is nonsingular, then F, (G, A) is invertible and

_ -1 -1
[Fu(G, A = Fu(G, A), where G = |:G11 G12G3; G21 G120, i|

~G3, G Gy,

Proof. We prove only the lower LFT part, the upper LFT part is proved similarly. The logic is that the
sought [F(G, A)]7! is a mapping y; + u;, so what we need is to swap u; with y;. Because A is still
supposed to have y, as its input and u, as its output, these signals remain untouched. The result then
follows from the relation

-1 210 = )ty o )22
= S = _1 1 =G ,
Y2 G Goo U Y2 G216y Go2— G21G{ G2 Us Us
which is verified by direct substitution. U
Proposition A.6. If G is invertible and such that G, and G,y are square and invertible too, then

T =Fi(G, A) < A=F,(G ', T).

Proof. Let T = F(G, A). Since G is nonsingular, [4.] = G~'[}}]. Then, taking into account that T
is the mapping u; — y; and A is the mapping y, +— u,, we have that A satisfies the following set of

equations:
|:ulj|=G_l|:yl:| and y1=TM1.
Uz Y2
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A
[
V3 Us
V3 ) Us
Hll H12 Hll H12
H21 H22 H21 H22
Ya — iz -
N1 ) U, —_—
Gll GIZ Gll GIZ
- Gy Ga - Gy Gy, e
Y2 - Uz Y2 - Uz
(a) Fu(G, Fu(H, A)) (b) H*xG

Fig. A.2: Nested LFTs and the Redhefter star product

This defines exactly F,(G~!, T). Similar arguments yield that A = F,(G™',T) = T = F(G, A).
To complete the proof we only need to show that (G, A) is well posed iff so is F,(G~!, T). To show
this, assume first that Fi(G, A) is well posed, i.e. that I — G, A is nonsingular. The well-posedness of
Fu(G™', T) reads then as the non-singularity of / —[ I 0 | G™'[ { |T or, because I — M M, is nonsingular
iff I — M, M, is nonsingular, of

I—G_1|:(I):|T[ 10]= G_1(|: Gn G12:|_|:G11 + G2 A(I = G2 A4)™' Gy 0:|)

G211 G2 0 0
Gl |: —G12A(I — G2 A) 'Gay Gr :|
Gai G2
_ G} G2 —G12A(I — G A)'Goy 017
G2 Gay 10|

Now, G, is assumed to be invertible. Its Schur complement in the system in the middle of the right-hand
side above,

G214+ G A(I — G2 A) 'Gay = (I — GuA) ' Gy,

is invertible too, because G, is also assumed to be invertible. Hence, F,(G ™!, T) is well posed. The other
direction follows by similar arguments. U

An important property of linear fractional transformations is that they can be nested one into another
one. Namely, F,(G, Fu(H, R)) is again an upper LFT. This can be seen via the block-diagram in Fig. A.2.
The interconnection of G and H, which is obtained by equating u; = y4 and u4 = y;, is known as the
Redheffer star-product, denoted G = H. The star product is a mapping (13, u3) — (y3, y2). Algebraically,
the relations between input and output signals in Fig. A.2 is

»1 Gii G 0 0 Uy
Ya | _ G2y G 0 O U and |:J/4:|:|:U11|
V3 0 0 Hy Hpz U3 N us |’
Ya 0 0 Hy Hxp Uy

Thus, the internal signals u; and u4 verify

Z31

up | | 0 0 Hy Hx Uz I —H> Ui
|:u4i|_|:G11 G, O 01| us3 |:—G11 I i||:u4:|

Uy

H21 0 Uus
0 Gz uy |’


https://en.wikipedia.org/wiki/Redheffer_star_product
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from which, assuming the invertibility of I — H,,Gq; (or, equivalently, of I — G; Hay),

-1
Hiy 0 0 Hp I  —Hxn Hy 0
H*G =

Hiyy Hi2G12 Hi,Gyy 1
= + [ — H»G H>y HyG ,
|: 0 G i| [ Gy ] ( 2G11) " [ Ha HxGro |

where the last equality is obtained by (A.3b). The nested LFT in Fig. A.2 reads then
fu(G’ fu(Hv A)) = fU(H * Gv A)7

Likewise,
F1(G, Fi(H, A)) = FI(G x H, A).

which can be derived by similar arguments.

(A.192)

(A.19b)



Appendix B

Background on Linear Systems

HE PURPOSE Of this appendix is to collect some basic facts about (mostly finite-dimensional and time-
T invariant) linear systems. The material, which is required throughout the notes, is presented in a
condensed matter. More details can be found in [45], whose philosophy is followed below, as well as in
many other textbooks.

B.1 Signals and systems in time domain

Signals are functions of independent variables (mainly time), conveying information about changing phe-
nomena. Systems are constraints imposed on interdependent signals, like those between forces and posi-
tions in mechanical systems or between voltages and currents in electrical systems or between pressures
and volume flow rates in hydraulic systems, et cetera. As customary, throughout these notes we treat one
group of signals as an action (inputs) and another one—as a reaction (outputs), which is sufficiently general
in many situations, especially for processes with delays. A system G with an input u and an output y can
then be viewed as a mapping G : u — y.

B.1.1 Continuous-time signals and systems

Continuous-time signals are viewed as functions defined on some subset of the real axis R. For many good
reasons, control applications are mostly concerned with signals defined on the positive semi-axis R, in
which case an n-dimensional continuous-time signal f(¢) is understood as

f:[R_;,.—)[Rn.

The ith component of f(¢), denoted f;(¢), is a scalar function of time ¢. Signal spaces are used to constrain
the set of considered signals in some way, formalizing the notion of admissible signals. We mostly use the
space

/
LIRY) =) f iRy > R [ = (/[R ||f(t)||2dt)1 ? oo} B.1)
+

for this purpose. The squared L,-norm, || f||3, can be interpreted as the energy of f. Thus, L, can be seen
as the space of finite-energy signals.

Linear continuous-time systems with m-dimensional inputs and p-dimensional outputs are understood
as linear operators G : ©®g C L)' (R4) — L5 (R4 ) for some domain ®Dg. A system G is said to be stable
(or i/o stable) if D = L3'(Ry) and |G| L,—L, := supy,,=1|Gull2 < co. The norm of G defined by
the last expression is called its L,-induced norm. We say that G : u + y is causal if y(¢t) = 0 for all
t < t. whenever u(t) = 0 for all ¢t < ¢, for every z. € R4. In other words, a system is causal if its output at
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every time instance 7. can only depend on the past and present inputs. A linear system G is said to be time
invariant (abbreviated LTI) if GS; = S;G for all t > 0, where S; is the t-shift operator, defined via

(San) () = { 0 fosr=<r (B.2)

ut —rt) ifr<t

This effectively says that a time-shifted input produces a time-shifted, but otherwise unchanged, output.
A fairly general class of p x m causal LTI systems G : u +— y can be described by the convolution
integral

y(t) = /na+g(t —s)u(s)ds = /[R+§(t —s)u(s)ds + i§+giu(1 — %), (B.3)
where
gy =g+ Y bt — ) (B.4)
ieZ

for a bounded on any bounded subset of R function g : R — R?*™ such that g(¢) = 0 whenever ¢t < 0,
bounded g; € RP*™, and a strictly increasing sequence {x; };cz. , such that %o = 0 and x; — »;; > € for
all i € Z+ and some constant € > 0, independent of i. The (generalized) function g is called the impulse
response of G, i.e. it is the response of G to the Dirac delta impulse! applied at the time instance ¢ = 0.

An important class of LTI systems are finite-dimensional systems. These are systems for which there
are n € Z4 and matrices A € R™", B € R™, C € RP*", and D € R?*™ such that

g(t) = D8(r) + CeB1(r) (B.5)

(i.e. g(t) = Ce'B1(t), go = D,and g; = O for alli > 0in (B.4)). Given any . > 0, the response of such
a system at all # > ¢. can be expressed as

t t
y(t) = Du(?) +/ Ce 9 Bu(s)ds = Du(t) +/ CeAt=9By(s)ds + Ce"x(1),  (B.6)
0 te
where the n-dimensional vector P
x(1) := / eAC=9 Bu(s)ds (B.7)
0

is called the state vector of G. The meaning of the second relation in (B.6) is that the knowledge of x (z.)
is sufficient to account for the effect of the past, t < ., on the behavior of the system afterwards. In other
words, the state vector is a history accumulator. By differentiating (B.7), we get the state-space description,

(B.8)

(%) = Ax(@0) + Bu(r), x(0) =0
| y(1) = Cx(t) + Du(®),

which is a differential, rather than integral, equation. The state-space representation (B.8) might be more
convenient to handle than the convolution integral (B.3). The quadruple (A4, B, C, D) is referred to as a
state-space realization of a system G. In some situations the initial condition x(0) is more convenient to
be taken equal to some xo # 0. This aims at accounting for the behavior of the system in ¢ < 0. In such a
case we can treat G as an operator ®g C R” x LT'(R4) — L5 (R4).

There is also an alternative notion of the stability for systems given by their state equation (B.8). A
linear system is said to be Lyapunov stable if for every € > 0 there is § = §(¢) such that ||x(¢)| < e for
all € Ry whenever || x(0)|| < 8. The asymptotic stability requires in addition that lim,_, o ||x(¢)|| = 0. It
is known that G is Lyapunov stable iff A has no eigenvalues in the open right-half plane C, and its pure

'More precisely, the jth column of g(¢) is the response of G to the input e;5(s), where e; is the jth standard basis on R™.
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imaginary eigenvalues are simple. G is asymptotically stable iff A4 has no eigenvalues in the closed right-
half plane Co. Note that these notions do not account for exogenous input signals explicitly?, considering
the system autonomous for ¢ > 0. This is unlike the i/o stability notion, which assumes equilibrium at
t = 0 and is driven by u. Nonetheless, the i/0 and Lyapunov stability properties are essentially equivalent
for finite-dimensional systems. Namely, under a mild minimality assumption, G is i/o stable iff its state
equation is asymptotically stable. The situation is less trivial for infinite-dimensional systems though.

B.1.2 Discrete-time signals and systems

Discrete-time signals are functions defined on some subset of the real axis Z. An n-dimensional discrete-
time signal f[¢] on the nonnegative semi-axis Zis understood as

f:Z+—)Rn.

The discrete counterpart of the L, space is

8@ =20 R 111k = (T IA0P) < ool B.9)

teZ

and the squared ¢,-norm, || /|3, can be also interpreted as the energy of f, rendering ¢, the space of
finite-energy signals.

Linear discrete-time systems with m-dimensional inputs and p-dimensional outputs are understood as
linear operators G : ©¢g C {5'(Z+) — 4(Z ) for some domain Dg. A system G is said to be stable if
D¢ = 43(Z+) and ||G|l¢, ¢, = supy,,=1 |Gull2 < co. The norm of G defined by the last expression
is called its £5-induced norm. We say that G : u + y is causal (strictly causal) if y[t] = O for all ¢ < ¢,
whenever u[t] = Oforall¢ <t (allt < t.) forevery t. € Z . In other words, a system is causal if its output
at every time instance 7, can only depend on the past and present inputs and strictly causal if its output at
every t. can only depend on the past inputs. A linear system G is said to be shift invariant (abbreviated
LSI) if GS; = S;G, where the unit shift S; is defined similarly to the continuous-time shift in (B.2) for
T =1

A general class of p x m causal LSI systems G : u — y can be described by the convolution sum

el ="Y" glt — sluls] (B.10)
seZ

for a bounded on any bounded subset of Z function g : Z — RP*™ such that g[¢t] = 0 whenever ¢t < 0.
The function g, which is the response of the system to the unit pulse applied at ¢ = 0, is called the impulse
response of G. Finite-dimensional LSI systems are those with

glt] = DS[t] + CA' B[] (B.11)

for some n € Z; and matrices A € R, B € R™™, C € RP*", and D € RP*"™. For such systems there
is a (non-unique) n-dimensional state vector

x[t] := Y A" Buls]. (B.12)
s=0

It is a history accumulator, exactly like in the continuous-time case. Finite-dimensional systems can be
presented in their state-space description,

) xlr + 1] = Ax[t] + Buft],  x[0] =0

(B.13)
ylt] = Cx[t] + Dult],

which is a difference equation, similarly to the differential equation in the continuous-time case.

2If we think of variables in (B.8) as deviations from an equilibrium, then a possibly constant u is involved into the definition.
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B.2 Signals and systems in transformed domains

The Fourier transform of a continuous-time signal f : Ry — [F” is defined as

Ff)=F(o):= | fo)e*dr, (B.14)
R+
where w € R is called the (angular) frequency and measured in radians per time unit (e.g. per second). The
signal §{ f} is called the frequency-domain representation of f. The term “frequency” becomes apparent
in the inverse Fourier transform formula,

& UF = f(t)= %/{R F(jw)e! dw, (B.15)

which effectively says that f(¢) is a superposition of harmonic signals el®* with frequencies . The Fourier
transform F(jw), called also the spectrum of f, can then be viewed as the weight of the harmonic e/’ in
f(t). The set of Fourier transformable signals is quite limited. The integral in (B.14) converges, in norm,
essentially only for L, (R )-signals. The one-sided (or unilateral) Laplace transform of f : Ry — C”,
defined as

LLf} = F(s) :=/[R f)estdt (B.16)

for all s € C for which the integral converges, can be viewed as a generalization of the Fourier transform,
rendering a wider class of signals transformable. The set of s € C for which (B.16) exists is called the
region of convergence (or RoC) of F(s).

An important property of integral transforms is that they turn convolutions into products. Namely, if
G :u + yis LTI then

Sy = &g luy or Y(jo) = G(jw)U(jw)

provided §{g} and F{u} exist. The Fourier transform of the impulse response g of an LTI G is called its
frequency response and denoted G (jw). Likewise,

Livy = L{gt &uj or Y(s) = G()U().

for all s in the RoCs of both G (s) and U(s). The Laplace transform of the impulse response g of an LTI G
is called its transfer function, denoted G(s).

Properties of LTI systems can be analyzed in terms of their transfer functions. An important fact is that
an LTI continuous-time system is causal and stable iff its transfer function G (s) belongs to the space

HEZ™ :={G :Cy — CP™ | G is holomorphic in Cp and |G ||eo := supce, IG(s)[| < oo}, (B.17)

where ||G(s)| stands for the matrix spectral norm on C?*". The H,, system norm defined in (B.17)
actually equals the L,-induced norm of G, i.e. |Gllcc = |G|lL,—L,- Also, every G € Hy has a unique
boundary function G € Lo (jR) such that G (jo) = lim, o G(0 + jo) for almost all w and || G ||ec = [|G || o>
where

LZX™(jR) := { G : jJR = C”" | |Glloo := esssup,ep G (jo)| < 00 }. (B.18)

It is customary to identify G with G and regard Hy, as a closed subspace of Ly (jR), in which case

G lloo = esssup [[G(jw)]. (B.19)

welR

It should be emphasized that this equality holds only for functions G € H, as defined by (B.17).
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The counterpart of the Laplace transform for discrete sequences is the z-transform, defined as

Sy =F@)=) [l (B.20)

ZEZ+

for all z € C for which the sum converges (RoC). The z-transform of the impulse response g of a discrete-
time LSI system G is also called its transfer function, denoted G(z). In full analogy with the continuous-
time case, the relation between the z-transforms of the input and output to G reads Y(z) = G(z)U(z) in
the z-domain and G is causal and stable iff its transfer function is holomorphic and bounded in the exterior
of the closed unit disk, i.e. in C \ D.

Transfer functions, in both the Laplace and z-domains, can be expressed in terms of corresponding
spate-space realizations (A, B, C, D) as

Gs)=D+C(sI —A)'B=: [%’%} =D+ C(zI —A)'B =G(2).

Transfer functions of finite-dimensional causal systems are rational functions of s and z and are proper, in
the sense that their limits for Res — oo and |z| — oo, respectively, exist. Finite-dimensional systems are
stable iff they are proper and all poles of their transfer functions are in the open left-half plane C \ Cq (or
in the open unit disk D in the discrete-time case). All these poles are among the eigenvalues of the “A”
matrix of a state-space realization of G, cf. the relation between i/o and Lyapunov’s asymptotic stability
notions.

B.2.1 System norms

Norms are used to measure sizes. Applying to control systems, norms are frequently used to quantify
performance, which requires to construct a meaningful error system. There is a plenty of system norms
that could be defined for continuous-time LTI systems, such as H,, Hx, L1, *, you name it. In some
situations norms on various Sobolev spaces may be used (although this is frequently just a matter of an
appropriate dynamics scaling). It is important that unlike matrix norms, i.e. norms on finite-dimensional
spaces, system norms are not equivalent. It might happen that a system has a finite H>-norm but infinite
H-nor, or vice versa. Thus, one should be careful with the choice of the norm, which suits a concrete
application.

Below we briefly review two, arguably the most widely used in control applications, systems norms,
viz. Hy and H, ones.

H, system norm

We already defined the H, space and the corresponding norm of an LTI continuous-time system in §B.2
in the context of the L,-stability of G. Just add that if G is finite dimensional, then G € H iff the transfer
function G(s) is proper and has no poles in the closed right-hand plane Co. By (B.19), the H,, norm can
be determined from the Bode frequency response plot as the peak value of the magnitude, or of the largest
singular value of G(jw) for MIMO systems.

The H,-norm of G is important also in performance considerations, especially those motivated by the
classical frequency-domain analysis and in robust control applications. For instance, it is readily seen, via
(B.19), that

1
IWGlloo =1 = |G(jo)| < 7. Yo R
- W (o)

for all SISO systems G and W. This relation can be useful in situations when G is a closed-loop system
of interest and W is a weighing function, whose reciprocal represents a required upper bound (shape) on
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the frequency response magnitude of G. For example, if G represents the closed-loop sensitivity (S =
1/(1 + PC) in the conventional unity-feedback setup with a plant P and a controller C), a required 1/ W
may be some low-pass filter, whose magnitude at low frequencies would represent the error tolerance in the
system, the high-frequency magnitude would represent limitations on the peak of |S(jw)|, and the corner
frequency would reflect our requirements on the closed-loop bandwidth. The minimization of |WG | o
could then be a tool of validating the feasibility of this kind of requirements and, if the problem of rendering
WG|l < 1is feasible, of designing a required controller.

H; system norm

Introduce now another space of matrix-valued complex functions on Cy,

HP*™ = %G : Co — C”*™| G(s) is holomorphic
1 1/2
in Cy and ||G |, := (sup — / |G (o + jo)||? da)) < 00 } (B.21)
>0 27 JR
The norm in this definition, known as the H»-norm of G, is not quite intuitive. To gain insight into it, note
that like in the H, case, every G € H, has a unique boundary function G € L,(jR), where

~ ~ 1 - 1/2
LB (jR) := {G (jR — ¢ | G|z := (2— / ||G(]a))||§da)) < oo}, (B.22)
T JR

such that |G|, = ||G|l». The space H, is regarded then as a closed subspace of L,(jR). We can then

identify G with G and regard H, as a closed subspace of L,(jR), in which case

nas o 12 5 1/2
I61 = (57 [16tita0) = ([ 1swzar)™ B.23)

where the second equality follows by the Paley—Wiener theorem. Thus, H, is the space of transfer functions
of causal systems, whose impulse responses have finite energy. The expressions in (B.23) are both intuitive
and quite convenient from the computational viewpoint, see §B.3.2. If G is finite dimensional, then G € H,
iff the transfer function G(s) is strictly proper, i.e. is such that lims,«||G(s)|| = 0, and has no poles in
the closed right-hand plane C,.

Another interpretation of the H, system norm takes the stochastic viewpoint. Namely, assume that G :
u +— y is LTL If the input u is a unit-intensity white Gaussian process, then the output y is asymptotically
stationary process and |G ||3 equals its steady-state variance. This property renders the H, system norm a
powerful tool to address performance issues in systems driven by stochastic processes. Specifically, this is
the norm of choice in Kalman filtering and LQG.

Remark B.1 (H, vs. Hy). It should be emphasized that the belonging of a transfer function to H, does not
guarantee its stability, i.e. belonging to H.,. For example, the transfer function of a system, whose impulse
response g(¢t) = sinc(¢)1(¢), does belong to H, (it can be verified that |G|, = |/g|> = \/n—/z < 00),
but not to Hy, (as G(s) = arctan(1/s) is unbounded on any path in Cy approaching s = +j). Thus, this
system is L,-unstable. It might also happen that the transfer function of a stable system does not belong to
H,, which is the case with static systems, for instance. \Y%

The H, space is Hilbert and as such it is equipped with an inner product, which is

(G1,Ga)y = %/l;tr([ngw)]/Glga)))da) = /ﬂ3+tr(g/2(t)gl(t))d[

in this case. The notion of the inner product facilitates defining angles between systems, which is a useful
technical tool in minimizing the H, norm via the Projection Theorem.


https://en.wikipedia.org/wiki/Hilbert_projection_theorem
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B.3 State-space techniques

The state-space representation of LTI system is quite convenient for carrying our operations on them,
normally reducing these operations to manipulations over plain matrices. This is a power property, several
examples of which are reviewed in this section.

B.3.1 System interconnections in terms of state-space realizations

State-space realizations of parallel and cascade (series) interconnections of two compatibly dimensioned
systems G; and G, are

A 0] B
A:| B A, | B
[CI}DI}Jr[CZ}DZ]: 0 Ay| B, (B.24)
H 2172 Ci C2| Dy + D,
and
A, 0| By Ay B,C, | ByD,
A, | B A | B
[;}DZHCI}DI}: B,Cy A,|B,Dy | =] 0 A, | B |, (B.25)
21 HE D,C; C,|D,D, C> D>Cy|D>D;

respectively. These realizations can be derived by stacking state vectors of G; and G, and equating cor-
responding input and output signals. Likewise, the transfer function of the star product of two systems is
terms of corresponding state-space realizations is

where
A B,C B,D 5 5
4= fo 1 } [ Zélll ] (I =DnDn)™' [ C2 DG,
B, B,D B>,D _ ~
B, = 1 2712 2 ([ — D22D11) ! [ D>y Dy Dy ] s
L 0 Bz 1
[ C, D1,C DD 5 \— .
C.i=| 0 gz I}Jr[ 11%2111}(1—13221311) "[C DGy,
[ D11 Di2Dyy Di2Dy, A -1 A
D. = 2Dz Do [—Dynb Dy DDy ].
0 B, ] |: by, :| ( 22D11)7" [ D21 D22 D15 |

Finally, the transfer function of the inverse system, which can be derived by swapping its input and output,
is

-1 — —
[A\B:| :[A—BD 1C\BDI] (B.26)

C|D -p7'c | D!
It exists, as a proper transfer function, iff det(D) # 0.

B.3.2 System norms in terms of state-space realizations

State-space representations are also convenient in reducing the computation of system norms, both A, and
Hw, to algebraic manipulations of matrices. Assume that G is LTI and is given in terms of its realization
(A, B, C, D) with a Hurwitz A.

We start with the H, case:
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Proposition B.1. If D = 0, then
IG5 = tr(B'QB) = t(CPC),
where Q and P are the observability and controllability Gramians of (C, A) and (A, B), satisfying
AP + PA'+ BB'=0 and A'Q+ QA+ C'C =0,
respectively.

Proof. Let g(t) = Ce”’ B be the impulse response of G, see (B.5). It follows from the second equality of
(B.23) that

1G] = /[R tr(g(0)'g(0))dt = /[R

which yields the first equality of the proposition. Now, by the property tr (M, M,) = tr(My M),

IGIZ = /[R tr(g()g(1))dt = /[R

which yields the second equality of the proposition. U

tr(B'e?'C’'Ce B)dt = tr(B’/ eA/’C’CeAtdtB),
R

+ +

tr(Ce?BB'e?'C’)dt = tr (C / eA’BB’eA/’dzC’),
R

+ +

This result offers an efficient algorithm to compute the H, norm. The Lyapunov equations for com-
puting P and Q are linear and can thus be solved in a finite number of steps.

Unlike the H, case, there are no closed-form formulae for the H, norm of a stable LTI system. Rather,
an iterative search procedure can be organized on every step of which one has to check whether |G || < ¥
for a given y > 0. The basis for this procedure is given by the following result:

Proposition B.2. |G|« < y for a given y > 0 iff |D|| < y and the matrix

A 0 B _
H = [C,C 4 } — [ C'D ] (y’I -D'D)”'[-D'C B']
has no pure imaginary eigenvalues.

Using the result of Proposition B.2, the Hs, norm can be found by a bisection algorithm. To this end,
we select an upper bound y, and a lower bound y; (e.g. y1 = (D)) for |G|« and then check whether
IGlloo < (Y1 + yu)/2 (in this case yy — (1 + yu)/2) or not (in this case y; — (y1 + yu)/2). The iterations
are repeated until the relative error 1 — y1/yy € (0, 1) falls within a required tolerance level.
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