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Tracking and 2DOF architecture

2DOF architecture in classical control

With d =n=0,

yl| _|P 1
M B {1] 14 pRUes T Rer)

If bounded ureq and yief are consistent, in the sense that

Yref = Pureq

(i.e. Yref can be generated by the plant if its input is tyeq), then

Yy _ P 1 o P _ Yref
e = = [0

SO y = Yref regardless the choice of R (provided it is stabilizing, of course).

Example: set-point tracking by double integrator

Ureq

Yref

Let P(s) = 1/s? (acceleration + position) and the goal be
— attain y(t) = y for all t > t; from y(0) = 0 in minimum time t;
— with a bounded input (force) |u(t)| < Umax.

The solution (for which tr = 21/ y/ Umax):

— maximal acceleration until y(t) = y¢/2
— maximal deceleration until y(t) = yf =

— rest afterwards

Note that

— both ureq and yref = Pureq are bounded, even though P is unstable.




2DOF architecture: pros and cons

Separating tracking (can be done in open loop) from feedback properties,
- simplifies tracking design
only the nominal plant model is involved
= simplifies feedback design
less tasks for R, can concentrate on what only feedback can handle (uncertainty)
- add flexibility into design
R can be tuned / adapted without affecting tracking properties, and vice versa
Consistency requirement yyef = Plireq

A~ might be an obstacle if y,ef is measured online
think of P(s) = 1/s?, for which consistency is treq = Jrer, under noisy measurements

of Vief; it is even more complicated if P(s) is nonminimum phase

State-feedback version of the 2DOF architecture

y@J

If Xref and ureq are bounded and satisfy (state consistency)
Xref = AXref + Bureq, Xref(o) - X(O)

then X = Ax + B(ureq + K(X — Xref)) = (A + BK)x + Bureq — BKxes. Thus,
€ = X — Xpef Satisfies

é=(A+BK)e, e0)=0 = e=0

(if Xef(0) # x(0), then e(t) = e(A+BK)te(0) is still exponentially decaying).

Remark. Works smoothly if the choice of yef and ureq is a part of one optimization setup.
If we measure yrer, then the sequence is yrer — Ureq — Xref, if feasible.

Example: set-point tracking by double integrator (contd)

In the double-integrator case,
01 0
A_[O 0], B_L], C=[10]

xi(t) =y(t) and xo(t) = x(t) = /Ot u(s)ds.

Hence, we end up with

and

ty

Ureq =

¥
Xrefl = 7

te/2 t

N7 l/\
Xref2 =
\

0 t/2 &

for tf = 21/ ¢/ Umax-

State-feedback version of the 2DOF architecture (contd)

Routine block-diagram manipulation rules yield

which is effectively the standard state feedback u = Kx + v with
V = Ureq — KXreq

Remark. This v depends on K. If we prefer exogenous signals independent of the feedback
gain, in the spirit of the classical 2DOF, then the upper diagram shall be used.




Minimum-energy set-point tracking

Let xo be given and x; be such that there is uf such that Ax; + Bus = 0 (i.e.

x¢ corresponds to an equilibrium). Given t; > 0, the goal to

— steer xp = x(0) — x(tr) = xf with minimum energy of u and stay there.

This could be a way to design Xier and ureq for tracking. From Lecture 3,

y (l’) B’ ng(t)rlz (tf)(Xf rll(tf)XO) if t <t
e us if t > tf

which generates (so that Xyef = AXref + Blreq With Xef(0) = xo, as required)

seef(£) = Ma(t)xo + M2(t)r; (tf)(Xf —T(t)xo) ift <t
“ 4 if t >t

"0 ] =ee([0 2]

where

Minimum-energy set-point tracking (contd)

Note that for t € [0, ]
|:Xref(t) :| _ |:/ 0 :| |:r11(t) rlg(l’):| |: X0 }
ureq(t) 0 B 0 rgg(t) F1_21(tf)(xf — rll(tf)Xo)
o). ([A B8], I 0 1 '
10 B %P 0 —A Fll(tf) rlz(tf) Xf ’
Hence, v = ureq — Kxrer could be generated via the differential equation

A BB / o 11 xo]
£(t) = t), 0) =
(e) = [ A,} £(1). £(0) [rn(tf) ru(tf)] [Xf
v(t)=[-K B']&()
Remark. It can be shown that the initial conditions above are equivalent to the conditions

£1(0) = xo and &1(tr) = x¢. This is a particular case of two-point boundary conditions, the
notion that can be seen in numerous optimal control problems.

Example: filling 2 tanks

S FEANEN

As before, ay =ap=1landn=rn=r=1(so p=r/n =1), so that

— heql =05 = heq2 = O-5heq1 =0.25 and Qeq — \/O.Sheql =05
Linearized dynamics

«(t) = {‘11 _12]x(t)+ mu(t), %(0) = x

for x = h — heq and u = g — geq. The goal is to fill up the tanks to h = heq
from h(0) = 0 with a minimum-energy deviation of the input flow from geq.
Hence,

~ s = —he e h(0) =0
— x=0 = uy=0 i.e. h(tf) = heq and Q(tf) = Geq

Example: filling 2 tanks (contd)
Taking tr = 3 and K via LQR minimizing J = y;1 + 16y2 + ry,, we have

0.54 T
0. 0.11
= — 0k
E %rﬂ(?’i
2 X
= |
<o) =
j%" : S 5
= —r =200, J =% L —_—r =00, J ="
= —r=10 = —r=10
—_—r=1 = —_—r=1
r=01 0T r=0.1, v(0) = —3.183]
Uﬂ ‘i 0 ;
Time (sec) Time (sec)
with
0.61
; 0 0
K — 0.2502 0.2316
= 1.1431 1.2964
024
—_—r =00, J ="
—r=10
— We see that h = Xrer + heq and g = Ureq + Geq
r=01 irrespective of K. Naturally, v = treq — KXref
0 L

0 - s depends on K.

Time (sec)
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Disturbances and their modeling

Disturbances and their treatment in classical control

The signal d
— represents effects of the environment independent of our actions.
Classical control is
— mostly concerned with load disturbances (i.e. acting via the u-channel)
— aiming at high-gain feedback to attenuate their effects

think of Plio) )
. jo
Ta(jo)| = . . ‘ = . .
T = T P()RGo) | ~ [17PGe) + RG]
so either of
— small |P(jo)] frequencies where the plant itself filters d out
— large |R(jw)| frequencies where feedback works

is enough to have a small | Tq(jw)|.

Example: 2 tanks with disturbances

q | & &|
pump ‘ h’
r lhz r

Linearized dynamics with old parameters and disturbances are

) -1 1 1 1 0
0= | 3 L e [ gluw+ o] aw+ [$] e
with

— load disturbance d;

— unmatched disturbance d>

x(0) = xo

Example: 2 tanks with disturbances (contd)

Tracking with v and K as before (i.e. tt = 3 and J = y1 + 16y2 + ry,), yet
now with the (load) disturbances di(t) = 0.161(t — 1) and d»(t) = O:

0.68 F

—_—r=10
—_—r=1 L —_—r=1 ]
r=10" r=10""

—_r=10

0.2502  0.2316

High-gain feedback compensates for the effect of di (g — Ureq + Geq — d1).




Example: 2 tanks with disturbances (contd)

Tracking with v and K as before (i.e. tt =3 and J = y1 + 16y2 + ry,), yet
now with the disturbances di(t) = 0 and dx(t) = 0.161(t — 1):

—r=10 —r=10
—_—r=1 —_—r=1

r=10""° r=10"

0 1 3 0 1 3
Time (sec) Time (sec)

0.2502  0.2316

K=-— 1.1431 1.2964

Yet now high-gain feedback does not compensate for the effect of d» ! This
suggests that it needs more than just high feedback to handle disturbances.

Disturbances in state-space settings
d
|Cel 2 I(sl—A)*l[Bd Bl u

— e is a regulated signal, which is required to be small

not necessarily the same as the measured output y, although we only consider y = e
The signal d

— still represents effects of the environment independent of our actions.

where

But disturbances are treated more specifically and quantitatively. There are
basically two directions!:

— rejecting persistent disturbances from a particular class asymptotically

disturbances are modeled via exosystems, the problem reduces to output regulation

— attenuating worst-case disturbances from a wide class
mostly of transients, if the Hs, formalism is adopted

Also for handling other exogenous signals, like references or measurement noises.

Modeling persistent bounded signals via exosystems

A possible model of (unmeasurable) d is

Xex(t) = AexXex(t)s Xex(O) = Xex,0>
d(t) = CexXex(t),

for
— given Aex € R"* and Ce € R4 with observable (Cex, Aex)

reflects our knowledge about the waveform of d

— unknown Xe o € R™

reflects uncertainty in d, like amplitude or phase

describing the family of signals
d(t) = Cex™Xer0 <= D(5) = Cex(sl — Aex)  Xex.0-

This system is
— called disturbance generator or exosystem

and typically spec(Aex) C jR, generating persistent signals.

Exosystem for a step
If

d(t) = dol(t) = T

t

for some unknown dy, then

The corresponding signal generator is

Xex(t) =0- Xex(t)’ Xex,0 = do,
d(t) = 1- xex(t),

i.e. Aex = 0, with spec(Aex) = {0} C jR, and Cex = 1.




Exosystem for a ramp

If
d(t) = (do + det)1(t) = E

0 t

for some unknown dy and d,, then

doS + dr
D(S) = 52 )

The corresponding signal generator is

o) = | o [0 o= | 2],

d(t)=[1 0] xex(t).

, with spec(Aex) = {0} C jR, and Cex = [1 0].

Exosystem for a harmonic signal

d(t) = asin(@t +¢)1(t) = — \/\/

for some known @ and unknown a and ¢, then

If

asin(¢) s + aw cos(¢)
52 +CL)2

D(s) =

’

The corresponding signal generator? is

)= | 5, 0]l o= | S

d(t) =1 0] xx(t),

l.e. Aex = [_Ow Cg] with spec(Aex) = {£jo} C jR, and Cox = [1 0].

*Take the observer form and apply the similarity transformation with T = [1 2 ].
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Asymptotic disturbance rejection in the full-information setting

Asymptotic disturbance rejection problem

d
< ICI = I(s/fA)‘l[BdB] u

Assuming d is generated by the exosystem

Xex(t) = AexXex(t)» Xex(o) = Xex,0»
d(t) = Cexxex(t),
for given observable (Cex, Aex) and unknown xey 0, design u such that
Jim e(t) =0
Classification:
— full-information problem if both x and xex (hence, d) are measured
— state-feedback problem if x, but not xey, is measured

— output-feedback problem if only a part of x, e.g. e, is measured




Asymptotic disturbance rejection as output regulation

Combining the plant and exosystem,

o) 1o L) oo [Zo)=12]

e(t) = [ G 0][ X(t) }

Xex(1)

Thus,
— asymptotic rejection of d is equivalent to an output regulator problem,

viz. ensuring lim¢_, e(t) = 0 from all initial conditions xp and xex,0. Yet it
is qualitatively different from the state regulator problem because

— all modes of Aey are unstabilizable in the system, as

A—Al ByC B

/ _ / !
[0 n] 0 Ao — 2l 0 =0 <= nAx=1nl

is solvable in 1 # 0 for all all A € spec(Aex) C jR.

Full-information control

Assume first that
— both x and x.x are measurable,

which is the most favorable, albeit hardly realistic, scenario. The control law
U= Kx+ Kyxex + v

(i.e. of the full-information type) results in the closed-loop system

{X } _ [A+BK BdCex+BKde}+[B]V

Xex 0 Aex Xex 0

e—[C. o}[xx}

ex

whose modes are the union of spec(A 4+ BK) and spec(Aex) C jR. Because
the controller has no effect on the modes of Aey,

— the whole state cannot be regulated and xex will not decay.

The only way to reject it in e is to make it unobservable via a choice of Kjy.

Closed-loop dynamics: steady state and transients

If A+ BK Hurwitz, then spec(A + BK) N spec(Aex) = @ and the Sylvester
equation
(A+ BK)M — MAex + ByCex + BKg = 0

is solvable in 1 € R™" for every K4. Applying the similarity transformation
with T = [(’) —lrl] (recall Roth’s removal rule), the controlled dynamics read

x—Ixex | |A+BK 0 X — Mxey n B
Xex B 0 Aex Xex 0 /

e=[C CNJ {X_ “XeX]
Xex
If v=0,
e(t) = CoeATBR (x5 — Mxeo) + CeMe?™txe 0
and transients (decaying) steady state

— CI1 =0 is sufficient for y to decay for every xex,0

(in fact, necessary too, as all modes of Aex must be unobservable via C.[).

Regulator equation
Shifting Ky = I' — KT1, conditions

(A+ BK)NN — NAex + B4Cex + BK4=0 and CM=0
can be equivalently written in problem data as
A BN [ of|n ByCex |
L ollr]-[o o] [P [%67] -0

This relation is known the regulator equation (aka Francis' equation). If it's
solvable in 1 € R™" and ' € R™*", then the control law

u=Kx+ (I = KMxex = K(x — Mxex) + MNxex

solves the output regulation problem and thus rejects d asymptotically.




Example: 2 tanks with disturbances (contd)

Two cases under Co = I (here ng = 1 with Aex = 0 and Cex = 1):
— if By = [}] (disturbance in the first tank), then

-1 1.1

1 0

1 20| |™ of _ M_ o
R e it M Cla

0 1.0 0 )

and u = Kx — Xex = Kx — d solves the problem for any stabilizing K;
— if By = [9] (disturbance in the second tank), then

1 1:1 0

1 20| |™ 1 .
10 o | + 0 =0 = no solutions

o 1i0]t? 0

(from the last two rows 73 = 7 = 0, so the second row reads 1 = 0).

Example: 2 tanks with disturbances (contd)

If only the liquid level in the second tank is of interest, i.e.if Co = [0 1 ]
and step disturbances affect both tanks, then ny = 2 and

Bd = /2, Aex = 0, and Cex = /2.

The regulator equation

-1 1.1 11 12 10 M 0 -1
120 fm w0 1|0 — [T =]0 o
0 1.0 Y1 V2 00 -1 -1

u= Kx+ (— [1 1] + [0 kl])Xex: KX—d1+(k1—1)d2
The controlled dynamics are then

O S FIEA R )

Solvability of regulator equation

Lemma 8.1

Equation
A BN [ of|n ByCex |
& olle)=[o ][] 6] -

[A—M B

is solvable in (IM,T) € R™ " x R™*"d for every ByCex iff C 0
e

} has
full row rank for all A € spec(Aex).

The condition of Lemma 8.1 says that the plant

— is not underactuated (i.e.dim u > dim e and the rank is full)

— has no zeros at the modes of the disturbance model
Remark. The condition of Lemma 8.1 might no longer be necessary for specific choices of
By Cex. For example, if By = BMy (matched disturbances), then 1N =0 and I = — My Ce

solve the equation regardless other properties (we just saw that in the example). The
control signal u = Kx — MyCexXxex = Kx — Myd then, not quite surprisingly.

Outline

Asymptotic disturbance rejection in the output-feedback setting




Setup

[XX(Q)] - [3 BZGCXQXHXZX((?)} *[g]”(f)’ [x:x(gg)} - [xxoo]

e(t) =[G o}[ x(t) }

Let

Xex(1)

assuming that
Aj: (A, B) is stabilizable

Ao <[Ce 0], [A BdCeX]) is detectable

0 A
: A B i — I~0 I By Cex Yy .
Aj: [Ce 0}{F] [0 0:|[r:|Aex+[ 0 }—Olssolvablem(l'l,r)

The control goal is to

— ensure lim;_,o e(t) = 0 measuring only the regulated signal e

Observer-based controller

Under A3, the full-information controller u = Kx + (I — KT)xex + v would
solve the problem under any stabilizing K. Yet x and xex are not measured.
So we use its observer-based version

u=K%+ ([ = KMSex + v,

where

-0 e [Tl (- te o))

for any L € R™P and Le, € R™*P such that

A ByCo L [A+LC ByCu
[o At }*{Lex]m 0]_{ LocCo Ao ]

is Hurwitz (exist by A»).

Observer-based controller (contd)

Substituting u into the observer equation, we end up with

1 [A+BK+LC ByCo+ B —KM)][ %
Rex | LexCe Aex

A

Xex

Xex

u=[K r—Kn][A’?]w _[th}ﬁ[ﬂv

Alternative realization: introduce the variable

[%-MN&] 1 -N7[ &
A VR e I A B -

in terms of which (mind A3) the controller can be rewritten as

 [A+BK+(L—NLy)Ce O LMLy, B
XR‘[ LexCe Acc 7| Lo [T 0¥

u= [K F]XR

(this form will be discussed later on).

Closed-loop dynamics

Combining plant and controller dynamics and setting for brevity v = 0, the
closed-loop dynamics read

X A ByCy BK B(I — Kn) X
Xex | 0 Aex 0 0 Xex
£ || LG 0 A+BK+4LC. ByCo+B(T—KM) || %
5.\<ex - Lex Ce 0 Lex Ce Aex )?ex

or, transforming coordinates “observed states — observation errors,”

X A+ BK ByCox+B(T—KM) BK B(M—KM)T[ x
% | |0 A 0 0 Xex
17| o 0 A+ LC.  ByCe €
éex 0 O Lex Ce Aex eex

where € := x — X and €ey := Xex — Xex. Ihis is the standard separation, but

— the closed-loop dynamics still include unstable modes, those of Aey.




Closed-loop dynamics (contd)

Introducing yet another change of coordinates,

X Xex Xex 0 I 0 0 X

Xex ol E ] [ x—Mxe| |1 - OO Xex
TXE | T ¢ S0 0 1 o0f| €|’

€ex €ex €ex 0 0 0 /] [e€ex

we end up with the closed-loop system (in this stage v is added as well)

Sex] [Ael O 0 0 Nex 0
£l WOTZ(—FNBT( 77777 BK B(r—kKnN)|| & N B ,
€ 0 . 0 A+ LC, By Cex € 0

€ex 0 3 0 Lex Ce Aex €ex 0

e= [OiCe 0 O]Xd

(to derive it A3 was used). Important is that the

— disturbance dynamics are isolated from the other states and from e.

Observer-based controller and the internal model principle

Return to the controller in the form
g A+ BK + (L —NLe)Ce O]x—[L_nLex}e+[B]v
RZ R LexCe Aex R Lex 0

Remarkable property is that the
— controller has all modes of the disturbance model as its own modes.
This is a manifestation of the internal model principle, whose essence is that
— the controller should contain a model of persistent exogenous signals

to be capable of rejecting them. A classical example of its utilization is the
use of an integral action in Pl controllers, aiming at constant disturbances.

To have the modes of Aex as poles of the transfer function of the controller
R : e — u, we need their controllability and observability.

Exosystem modes in controller: controllability

The corresponding PBH matrix

A+BK+(L—MNLe)Co—Al 0 L—TlLg i
L C. A — Al Loy
. I 00
_ {A TBK AL 0 L—”Lex] 0 /0
- 0 Ace — A Ly c oo
e

Hence, the uncontrollable modes of Ay are those of (Aex, Lex). Assume the
contrary, that there are € R and n # 0 such that

n,[Aex_jwl Lex]:O — I:O n/i||:A+LCe__JCU/ BdCeX :|

Lex Ce Aex — jool

(remember, spec(Aex) C jR). In other words,

A+ LC ByC
Lex Ce Aex |

which contradicts the Hurwitz assumption about it (observer dynamics).

— jw is an eigenvalue of {

Exosystem modes in controller: observability

The corresponding PBH matrix now is

A+BK+(L—TMNLy)Ce— Al 0

by which the unobservable modes of Aey are those of (I', Aex). Assume the
contrary, that there are @ € R and n # 0 such that Aexn = jon and 'n = 0.
Post-multiplying the regulator equation by 7 yields

A—jol ByCe

{A_j“” BdCeXH””]:o = | 0 Ax—jol [n"}:o
Ce 0 n Ce (S 0 n ’

which, in turn, implies that ([c. 0},[6‘ Bj\iex]) has an unobservable mode at

the imaginary axis, thus contradicting assumption A5.




Example

S EEAEN

As before, ag =ax=1land n=rn=r=1(so p=r/rn =1), so that

— heql =05 = heq2 = 0.5heq1 = 0.25 and Qeq = \/O.Sheql =05
Linearized dynamics

1 1 1

x(t) = {_1 _2} x(t) + [0] u(t), x(0)=xo

for x = h — heq and U= q — geq. The goal is to fill up the second tank to
ho = heqo from h(0) = 0 despite disturbances of the form

— C/l(t):dlo]](t—l)
— do(t) = agsin(wat + ¢2)1(t — 1) + 0.5d1(¢)
for a given wp > 0 and arbitrary dig, az, and ¢» (assuming dig > 2ay).

Example: exosystem

The signal
g s - { dio1(t) ]
o an sin(w2t+¢2)1](t) + 0.5d10]](t)

can be generated by the exosystem with

Example: A,
With e = x» (second tank), so that C, = [0 1],

([ce 0},[6‘ ijex]) —{[o1i000].|0 0 0 0 0
ex ' X

The observability matrix

0 1 o 0 0
1 -2 05 1 0

My=| -3 5 0 —2 Wy
8 —13 —05 —w3+5 —2ws

—21 34 15 2w3—13 —wy(w3s —5)

and det M, = —1.5w3(w3 + 1) # 0 for all wp # 0. Hence, A, holds.

—————————————— 1
Aex = 03 0 wr|, Cx= |:05’§_)8:| » Xex,0 = | a2 S|n(¢2)
0i—wz 0 o a2 cos(¢2)
for which
,,,,,,,, diol(t)
Xex(t) = | azsin(wat + ¢2)1(t)
ap cos(wat + ¢2)1(t)
Example: A3
The regulator equation
—1151H 10:0]-7[0 0 0 1 00
a2l |- fo o [Tfo o w405 10]~0
0 1.0 0 0:0 0 —w O 0 00
is solved by

0510
n__[o 00

] and F:—[1.5 1 0)2},

Hence, A3 holds. The corresponding full-information control law would be
u= [kl kQ]X— [1.5—0.5/(1 1—k1 a)g]xex

for any stabilizing K = [kl kz] (i.e. such that k; < 3 and ky <1 — 2kq).




Example: design

The overall system:

( -1 1:1
. 1 —2:05
{ }: 0 0'0
Xex 0 0.0
0 0:0
e=1[0 1100 o}{

Two elements of observer-based controller:
state-feedback gain K is designed by LQR for J = y1 + 16y> + 4

because all modes of Ae« are uncontrollable, LQR is only concerned with the plant

observer for the 5-order augmented system is selected via Ackermann’s

,,,,,,,,,,,,,,,,,,,,,,,,,

oo ocor
S

formula placing all 5 observer modes to —1/7 for some 7 > 0.

Example: controllers in simulations

Simulations are carried out for wy = 7, dig = 0.16, ax = 0.05, ¢ = 1.466.
Depending on the choice of t (time constant of the observer), the transfer
functions of the controllers R : e — u are:

— if T = 0.2, then

~ 1280(s + 1.965)(s + 171.9)(s? + 0.7646s + 3.124)

R(s) =
(5) s(s2 4 9.87)(s + 2.898)(s + 240.4)
— if t =0.1, then
R(s) = — 10644 (s + 1.985)(s + 843)(s® + 4.234s + 10.53)

s(s2 + 9.87)(s + 2.946)(s + 990.3)

In both cases the controllers have poles matching the modes of Aey, viz. in
{0, £jm }.

Example: simulations for t = 0.2

1 3 3.8
Time (sec)

3 3.8
Time (sec)

dy(t) and d, (t)

[INT) SR

0.13

3 3.8
Time (sec)

3 3.8
Time (sec)

Example: simulations for t = 0.1

0 1 3

Time (sec) Time (sec)

ol T T ]

0.24 W 013 F
016 |reeerereenna

\/ 7Y ISR SR Y AU

dy(t) and d, (t)
dy(t) and dy(t)

3 0 1 3
Time (sec) Time (sec)




	Tracking and 2DOF architecture
	Disturbances and their modeling
	Asymptotic disturbance rejection in the full-information setting
	Asymptotic disturbance rejection in the output-feedback setting

