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Preface

Theprojection theorenin R? is intuitive: the poinb, in a planeV that is closest to some exte-
rior pointx is precisely the one for whick— v, perpendicular to this plane, see the above figure.
The purpose of this course is formalize an generalize them®bf “plane” and “perpendicular”
and “closest” etc. in such a way that these notions becomiéablgin many other situations
as well. The second part of this course is a collection of wdrkxamples to demonstrate how
powerful the general projection theorem is. Most exampleglsawn from Systems and Control
Theory en Signal Processing.

| assume the reader has some familiarity withmMaB and some basic knowledge of Calculus
and Linear Algebra and here and there (but not too often | hbpéll need some Statistical
notions like expectation and variance.

| wrote a large part of these notes especially for this co(insdaifa) and though | try my best
(well) it will certainly not be ideal. One part that worriesera bit is the lack of Topology (open
and closed sets, Cauchy-sequence, complete spaces,rethi} course. | do this on purpose
because it would require too much math, but it comes at sorste tfoyou want to know more
about these matters and its beautiful applications | sudglgese books:

Young (1988) A beautifully written introduction to Hilbert space. It isnaath book.
Luenberger (1969) Old but great and well written book. Also covers optimizatio
Saxe (2002) A first course on functional analysis.

Mallat (1998) A very good and complete book on Wavelets and other Signagssing tools. A
tough read though.

Hayes (1996) An excellent first course on statistical signal processing.

Zhou et al. (1996) A standard book on optimal control of finite dimensional eyss. It takes a
linear algebra approach to control.

And of course there is wikipedia.
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1 Intro: elementary geometry

Some intuitive ideas from elementary geometry are usefulfeat eventually will become a
full fledged projection theorem.

1.1 Perpendicular vectorsin  R?

w
01
02 2
—0 To 01

Figure 1.1: Perpendicular vectors

Consider the vectorsandw shown in Figl 1.1, that is (with respect to the standard hési

R P R ]

Wouldn’t you say that these two vectors are perpendiculao? pfobably would. Convince
yourself of the fact that two vectors w € R? are perpendicular iff

v1w1 + vow2 = 0.

Incidentally, we identify elements &2 with thecolumnvector of its entries, such as= [Z;]
but once in while, for notational convenience, we write- (v1, v2). Similar conventions apply
to R and higher dimensions. To avoid clutter in figures, vectaersages are labeled by the
appropriate coordinate only (i.e. we label the ve¢tar 0) simply by the number1, see Fig. 1.1).

1.2 Perpendicular vectors in RS

A way to intuitively construct vectors that are perpendicub a given vectos = (a, b, ¢)
RR3 is shown in Figl. 1.2. The construction goes as follows: thetore is an element of a plane
that contains the-axis and the vectos := (a, b, 0), i.e., the grey-colored plane in Fig. 1.2.
Now w? := (b, —a, 0) is perpendicular to the-axis — sincew? is in the (x, y)-plane — and it is
perpendicular te = (a, b, 0) according to the previous section. Hencg&is perpendicular to
the entire grey-plane of Fig. 1.2 and therefore in particisl@erpendicular to. In summary:

b a
w? := | —a | is perpendicularto = | b |.
0 c



X-axis

Figure 1.2: Sincev is perpendicular to the-axis and vectos it is perpen-
dicular to the entire gray plane, including

In terms of the coordinates: take= (a, b, ¢), set its last coordinate to zer¢q, b, 0), then
interchange the first two and take one of them with a minus, glgn-a, 0). Then you end up
with a vector that is perpendicular to theyou started with. Obviously we can interchange the
order of the coordinates so all of these three vectors apepdicular taa, b, ¢):

b —C 0
w'=|-al, w=|0]|, w=|c]|. (1.2)
0 a -b

Combined the three vectors span the plane of vectors
{weR? | w=Iiw+uw’+yqw?, (u,1,neR))}

that are perpendicular ta (In fact two of them are enough to span this plane.) Now eé&dtieo
three vectors?, wY, w* have the property that

v1w1 + vow2 + v3w3z = 0. (1.2)

and it is now easy verify that a vectaris perpendicular to if and only if (1.2) holds.

1.3 Lengthin R? and R3

The Pythagorean theorem says that in a right-angled teamigh sides of length, b andc the
longest side satisfiex? = a? + b?. Figure 1.3 is groof by pictureof the Pythagorean theorem.
Therefore inR? the lengthjv| of a vector» = (v1, v2) equals

. 2 2
[v] == /0] + 5.

Likewise the length of a vectar = (v1, v, v3) in R3 equals

|o] =,/v%+v§+v§.
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Figure 1.3: Pythagoras? + b? = ¢?

Figure 1.4: Pythagoras iR3

This follows from a nested application of Pythagoras: fisst = a2 + u% wherea is the length
of the vector(vy, v2, 0) — see Fig. 1.4 — and the lengghin turn, again by ordinary Pythagoras,
satisfiesa? = 02 + v2.

1.4 Angle

Figure 1.5: Angles

The expressioniwi + v2wz not only captures perpendicular vectors, but also angles:
Lemma 1.4.1 (Angle). For anyo, w € R? we have that
v1w1 + v2w2 = |v]|w]| cOLP) (1.3)

whereg is the angle between the vecterandw, see Fig. 1.5. O



Proof. It trivially holds if v or w are zero. Now suppose## 0, w # 0. Writev asv =a+b
with a = 4w a multiple ofw andb perpendicular tav, see Fig. 1.5. Suppose the angle is acute
or straight: 0< ¢ < #/2. Thenl > 0 and

v1w1 + v2w2 = (81 + b w1 + (a2 + b)w?
= a1w1 + aw2 + biw1 + bows
—_— ——
= 0 because perp.

= (w? 4+ wd) = w|® = |al|w]

= |v| cogg) |w].
Here we used thda| = |v| cog¢) which is immediate from Fig. 115. For obtuse anglg¢s;
7 /2, the factorl is negative and so is c@f) so that equality is maintained. L]

This cumbersome proof begs for more efficient notation.
1.5 Problems

1.1 Representation free dot produstle define thedot product x- y for x, y € R2 asx - y =
[X||y| cod¢) whereg is the angle between the two vectors and where it is assunaéd th
we know what length is. Show from scratch (that is, using imgtlof the above) that then

X -y =X1Yy1 + X2Yo.

1.2 Another intuitive derivation of perpendicular vectoiSig.[1.6 suggests thatandw are
perpendicular iff the two vectors + w ando — w have equal norm. So we could have
definedv to beperpendiculato w if [o — w| = |v + w|. Show that with this definition
andw are perpendicular ifb1w1 + vow2 = 0.

v+ w

Figure 1.6:[o + w| = o —w



2 The dot product on R"

Now it is time for a more axiomatic approach to “perpendicufto be calledorthogona) and
“length” (to be callechorm).

The sefR" is the set of ordered-tuples(xy, Xz, ..., Xp) With xx e R, k € {1,2..., n}. Gloss
through Appendik A for some standard matrix notation andltsdecause we are going to need
it.

2.1 The dot product and orthogonality

Given the previous chapter it is natural define

Definition 2.1.1 (Dot product and orthogonality in RM). Thedot product x- y of two vectors
X,y € R"is defined as

Xy =X1y1+X2y2+ -+ Xn¥n

and we say that two vectoss y € R" areorthogonalor perpendicular notationx L y — if
x-y=0. 0

ForR? andR? the dot product being zero agrees with our intuition of ogibwality but from
now on we simply take - y = 0 to be thedefinitionof orthogonality for anyR".

2.2 Euclidean norm

In R3 Pythagoras suggests that fleagthof a vector(xy, X2, X3) is /X2 + x2 + x3. This is
precisely,/x - X so our notion of dot product appears to encompass lengtdyirét is customary
to refer to,/X - x not as a length of but as thgEuclidean) normof x.

Definition 2.2.1 (Euclidean norm).  TheEuclidean nornx| of x € R" is defined as

[X] = /X - z\/xf+x§+...+xr2]_

2.3 Pythagoras

So forget about geometric intuition (well) and realize tbahogonality is nowdefinedas
having zero dot product. With that out of the way the Pythagartheorem is trivial:

Theorem 2.3.1 (Pythagoraen theorem).  x L yiff |x + y|2 = |x|2 + |y|2.



Proof.

X+YP = X+Y)-(x+Y) (2.1)

= X-X+y)+y-X+Yy) (2.2)

= X-X4+2X-yY)+Vy-y (2.3)

= IxP+20¢-y) + Iyl% (2.4)

(Please realize that the dot product has these properties.) L]

2.4 Orthogonal complementin  R"

Theorthogonal complemertf some se€ c R" is the set ofall vectors that are orthogonal to
all elements o6, The orthogonal complement is denotgtl.

Example 2.4.1 (Orthogonal complement).  Consider
1
x:=|3|eRS
10
Its orthogonal complement is
xt:={yeR3| x-y=0}
={y e R® | y1+3y2+10y3 =0}

1 3
= RS =y - =
{ye | Y3 10)/1 10y2}

a
={ b
1 3
—10@ — 10P
The orthogonal complement here is a two-dimensional plane. O

We writeV L W whenever all elements &f are perpendicular to all elementsWf.
2.5 Subspaces of R" and im and ker

Loosely speaking a subset®f is asubspacdf it is “flat” if it extends in all directions and if
it contains the origin, see Fig. 2.1. Itis not too hard to falire subspace:

Definition 2.5.1 (Subspace). A subseS of R" is asubspacédf
1. 0eS,

2. U, € Simpliesu+o €S, closed under addition



(b)

Figure 2.1: (a) subspace; (b) affine variety; (c) not a sutspa

3. ueS,a e Rimpliesav € S. closed under scaling
O

It is customary use 0 for both tharigin (i.e. the zero vector) and the zemamber The first
of the three conditions seems superfluous but it is neededamgtee that the subspace is not
empty. The first part states that the origin is part of the sylike second roughly that it is flat
and the third that it extends to infinity and zeroSlfs a subspace then+ S referred to as an
affine variety see Fig. 2.1(b).

Example 2.5.2 (Image and kernel). The set
S:={v € R®|v = (b1,02,0), 01,02 € R)

is a subspace dR3. It is the “(x, y)-plane”. Let us verify the three defining properties of
subspace:

1. Clearly 0= (0,0,0) € S

2. Ifv,w € Sthenv = (v1,v2,0) andw = (w1, w2, 0). Hencev + w = (v1,v2, 0) +
(w1, w2, 0) = (v1 + w1, v2 + w2, 0) and since its last entry is zero also this vector iS.in

3. If o € Stheno = (v1, v2, 0) so thatlo = A(v1, v2, 0) = (lv1, A0z, 0) and this clearly is
again an element &.

This subspace can be represented in many different ways:

10
e S=im(A):= AR?:={x |x=Ay, yeR%forA=|0 1| eR3*2
00
0 0
e S =W for the subspac&/ =im(|0|)=|0|R.
1 1

o S=kerW) :={xeR® | Wx=0}forW=[0 0 1]eRM:
O

We hope you appreciate the compactness of the notatioA)ire= ARK. It is theimageof
A, i.e. the set of all possible linear combinations of the ooig of the matrixA. Thekernel
kern(W) is the set (subspace) of vectorghat annihilateV x. The following lemma states that
any subspace d&" can be represented by matrices, and the use of such re@tsesare that
it allows us to translate properties of subspaces etcetéogproperties of matrices, making it
explicit, i.e. “Matlabable”.



Lemma 2.5.3 (Matrix representation of subspace). Let S be a subset oR". The following
statements are equivalent:

e Sis asubspace

e S =im(A) for some matrixA € R™k and somé € N
e S =W+ for some setV e R"

o S = ker(W) for someW € R™" and somen € N

Given any subspac® there are many matrice& and W for which S = im(A) = ker(W).
Among these there ar&, W that are minimal in the following sense: Sf= im(A) = ker(W)
then the following are equivalent:

1. If S = im(A) = ker(W) then A has at least as many columnsAasndW has at least as
many rows asV,

2. [A W]is square,
3. [A W]is square and invertible,

4. AAandWW are invertible.

Example 2.5.4. In Example 2.5.2 we have

10
S =im(A) =ker(W)with A= |0 1[andW=[0 0 1]
00

Clearly [A W] is the 3x 3 identity matrix I3 hence by Lemma 2.5.2 and W both are
minimal in that no “smaller’A andW exist that represerf. Minimality can also be inferred
from invertibility of AA = I, andWW = 1. 0O

2.6 Projection

Figure 2.2: Projection ifR3

With orthogonality, norm and subspace defined it should newdssible to mathematically
formulate our intuition that connects minimal distancertmpwith orthogonality. Here is our
first version. Have a look at the proof because it is the basigfer generalizations.



Definition 2.6.1 (Best approximation).  An element, € V C R" is abest approximatioin V
of x e R"if

X —v] < |X—0| VoeV.

Theorem 2.6.2 (A projection theorem).  Letx € R" and letV be a subspace &".

1. Avectoro, is a best approximation i of X iff (x —v.) L V.
2. The best approximation is unique and satisfies v.|% = |x|2 — |v.|2.

Proof. If (x —v,) L Vthenforanw eV,

2 becauséx — v,) L (v — vs).

X —0]2 = [(X =) — (0 = 0:) |7 = [X = 0u]2 4 |0 — 04
——
eV

Hence ifv # v, the normx — v exceeds that of — v, makingo. the unique best approximation.
Conversely, suppos& —v.) £ V. Thenthereis a € V such tha{x —v,) X v i.e. such that
(X —v4) - v # 0. In particular suclk # 0. Then
X = @+ a0)l® = [(X=0.)—avl?
X — v*|2 —2(X —v4) - (av) + |ocv|2
= |X—04?— 20[(X —vs) - 0] + a?[v]?.

This quadratic expression inis minimized fora = % rendering it equal to
2 2 [(x=wv.)-0]? 2
[X = (0 + av)|© = |X — 4] —T<|X—v*|

so thatv, is not the best approximation. The equality— v.|% = |x|? — |v.|? is a restatement
of Pythagoras. L]

The lemma avoids the issue existenceof the best approximation, because we prefer no
to worry about it now. Here it does exist though. Existence fa instance be inferred by
construction one, which we will do soon, but first a restatent# the projection theorem, a
version that appears often in applications, se€ Fig. 2.3.

Theorem 2.6.3 (Projection theorem — minimum norm element of affine variety). Letx e R"
and letV be a subspace @&". A vectoro, is the minimal norm element of the affine variety
X+ Viff v, L V.

Proof. Do it yourself: Problem 2]1. [

2.7 Transpose

For explicit representations of the best approximationeveind you of a trivial fact: the dot
product can be also compactly be written usiragnspose

X1
/ X2

Xn



X+V

Figure 2.3: Minimum norm element,. of affine varietyx + V

Then we get the handy rule that for amy k-matrix M and anyz € R that
X-(M2) = (M2)x =Z(M’'x) = (M'x) - z.

2.8 Explicit projection: matrices and the normal equations

If we have the subspace given in the explicit form
V = ARK.
then the best approximation of € V of x can be obtained rather explicitly:

Lemma 2.8.1 (Explicit projection — normal equations). Letx € R"andA € R"™K. Then

Y = argmincgk [X — Ay
iff y, e R¥ satisfies thevormal equations

A'Ay, = A'x. (2.5)
The best approximation, € ARK of x then isv, = Ays,.

Proof. This is the projection theorem f6f = ARX andv, = Ay,. By the projection theorem
we need only establish thét — Ay,) L V.

X—Ay) LV e (xX—Ay) (Ay)=0 VyeRK
e YAX-Ay)=0 VyeRK
= A (- Ay, =0, see Problem 2/2.

This result clearly shows that the transpose is a convenigtin. With it, projections can
be formulated “explicitly”, something we’ll come back tatda (at which point we generalize
transpose to something calledjoint operator). The equations (2.5) are known asrtbemal
equationgplural). The lemma does not require th&ltA is invertible and indeed the solution
of the normal equation need not be uniqueibua’ A is invertible then[(2.5) yields

Ve = (AA)TIAX
and hence the best approximation= Ay, equals

0. = A(AA)TAX. (2.6)

10



Realize that the best approximatien= Ay, according to Thim. 2.6]2 iglwaysunique, even if
Y.« IS not unique.

Example 2.8.2 (Projectionin RR?). Let

v=[gr wa x=[]]

Then

=[] 9F) e a[]-[%-[5]

2.9 Under-determined equations

Lemma 2.5.3 assures thatysubspacé& has a representatidn= ARK with A’ A invertible.
In applications we often encounter representatiérs ARK with A a strictlywide matrix which
rules out invertibility of A’ A but which may be such th& A is invertible (note the difference).

Example 2.9.1. Let

A=[1 3JR?  x=1
Now there are many e R? that satisfyx = Ay, for instancey = [}]. The solution set
{y e R? | x = Ay} for givenx is an affine variety

1-3a
o

{yeR2|x:Ay}={[ }|aeR}=|:(ﬂ+ker(A).
In such cases one may opt for the smallest (in ngrriat solvesx = Ay:

Lemma 2.9.2 (Minimal norm solution).  If AA is invertible then for everx e R" the equation
X — Ay = 0 has at least one solutignand the unique minimal norm solutign is

v, = A(AA) x. 2.7)
Thisyy, is also the unique solutiop, in im(A").

Proof. This is Theorem 2.6!3 foV = ker(A) andv, = Y.. Clearly they, of (2.7) satisfies
Ay, = AN(AA) Ix = x andy, L ker(A). "

2.10 Orthogonal matrices and QR-factorization

The normal equations are particularly easAiA = |. The ramifications of this basic idea is
what is known a€) R-factorization This factorization at present is the numerically mostatak
method for solving least squares problems.

11



Definition 2.10.1 (orthogonal matrix). A matrix Q is orthogonalif it is square andQ'Q = 1.
O

Lemma 2.10.2. The following statements are equivalent.

Q is orthogonal matrix
Qs invertible andQ’'Q = |
Qs invertible andQQ = |
QQ=QQ =1

Q is square and all its columns have unit norm and are mutuettiypgonal:| Q.x| = 1 Vk
andQ*k 1 Q*J = OVJ ;ﬁ k.

Proof. Problem 2.5. n

The termorthogonal matrixs unfortunate. Better would have bearthonormalmatrix, since
orthonormal means orthogoreid having norm 1.

Lemma 2.10.3 (QR-factorization). Every A € R"™K has a factorization
A= QR
with Q e R"™" orthogonal arR € R"*K upper triangular. It is known as ti@R-factorization

SinceR is upper triangular it naturally splits into a non-zero mafR; and a zero matriRy,

R= [RzRi 0} with R; of maximal dimension (possibly empty)

PartitioningQ compatibly, theQ R-factorization becomes

A=QR=[0 Q|2 |- i

Proof. Consult a linear algebra book. L]

If Rz is of maximal dimension theRy is of full row rank (equivalently:R} Ry invertible). If
A’ A is invertible thenR; is square invertible, in which case the least squares sol#.5) is
unique and can efficiently solved via

AAy, = Ax — RQ]QiRy. = RQ)x
— RjRiy. = R Q}x
= Ry = Qjx.

This last equation is easily solved fgr becauseR; is upper triangular: solvg, element-wise
beginning with the final element gf. and then moving up.
Another implication of the existence @J R-factorization is that

im(A) = im(Q1R1) =im(Q1) sinceRy is full row rank.

Thatis, subspaces iM) of R" can always seen as generated by orthogonal unit norm véthers
columns ofQq). Later we will generalize this to what is known as the Gracm8idt procedure.

2.11 If you want to know more...
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e The mappingP = A(A’A)~1A’ from x to its best approximation, = Px is a projec-
tion. A projection(matrix) onR" is a matrix P with the property thaP? = P. Itis an
orthogonal projectiorif in addition P = P’, which is the case i (2.6).

o More variations of QR-factorization: google for Moore-Pese inverse and SVD (singular
value decomposition).

2.12 Problems

2.1 Prove Theorem 2.6.3.

2.2 Showthak -y = Oforally € R" impliesx = 0.
2.3 LetW € R™" |s ke(W) a subspace?

2.4 Show that a sé& C R" is a subspace iffS*)* = S.
2.5 Prove Lemm@a2.10.2.

2.6 Consider
10
A=|(1 4
0 1

a) MATLAB: Compute the QR-factorization &

b) Verify that the first and second column Qfare orthogonal

c) Sketch the columns o% and the first two columns o as vectors oR3

d) Do these two columns dk and two first columns 0@ span the same plane?
e) MATLAB: Compute the best approximationVh= im(A) of x = (0, 0, 1)

2.7 Sketch the affine variefy? | + im[ %, ] and determine the minimal norm element of this
set.

2.8 LetA e R"™*3 and let (as alwaysh.k denote itk column. Show that
|A*l|2 A*Z . A*l A*3 : A*l
AA=|Aa1 Az |A2? As Ao
A - A*3 Ao - A*3 |A*3|2
2.9 Letx = (0,0,1) € R3and
V=ker(1 1 1)).

a) Expresd/ asV =im(A) for some matrixA
b) MATLAB: Determine with MATLAB the best approximation i of x = (0, 0, 1).
¢) SketschV and bothx = (0, 0, 1) and its best approximation. (It need not be artwork.)

2.10 Show thaf € R?*? is orthogonal iff it is of the form
o [cos(a) —Sln(a):| or [cos(a) sin(a) :| .

sinfa) coqa) sin(a) —coqa)

13



14



3 Vector space and subspace

If we are to generalize the projection theorem we should gdize the four players in the
projection theorem:

e spaceR",

e subspac# of R",
e dot product,

e Euclidean norm.

In this chapter we generalize spaRe (to be called vector space) and subspcestill to be
called subspace). As alwalsdenotes the set of real numbers and the set of complex nuisbers
denoted byC. The set of positive integef4, 2, 3, .. .} is denoted bW (by Ny if zero is included)
and all integers...,—1,0,1,...} by Z.

3.1 Real vector space

The question thus is: what properties®if did we (implicitly) use in the projection theorem
and its proof? Have alook at Thm. 2.6.2 and its proof and yptibably agree that the following
eight properties oR" are sufficient:

Definition 3.1.1 (Real vector space). A real vector spac& is a set of elements, callegctors
on which vectordditionX x X — X and real scalamultiplicationR x X — X is defined with
the following eight properties for all, w € X and all scalars, § € R:

l.u+v=0v+4u commutative
2. U+v)+w=u+ (v +w). associative
3. There is a unigueero vectoror origin 0 € X suchthau + 0=uvu e X

4. For eachy € X there is a uniquadditive inverse-» € X such thab + (—o) =0

5. w=0andb =vo.

6. a(Bv) = (af)v. associative
7. (a4 p)o=av+ po distributive
8

.oa(U+0)=aU+av distributive
|

Actually that @ = 0 for any vectow is implied by the other properties (see Problem B.18).
If this is your first contact with such a formal definition thplease realize this: we have the
freedom to define or own “addition” and “multiplication” arwge may dream up really weird
setsX; but the moment thaX with that addition and multiplication satisfies the eighioemxs of
vector space then automatically all results we will derivedeneral vector spaces hold for our
weird X as well. That’s the beauty of generality and abstraction.
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Example 3.1.2 (R"). The spacd" is the set of ordered sequences of lemythith entries inR,
R"={u | u=(usUz,...,Up), Uk € R}.
It is a vector space under the addition and scalar multifiinalefined elementwise as

ut+o = (u1+01)u2+025"')un+0n))
ou = (aug, aUy, ..., auUp).

The subtlety is that the plus-signint» represents addition of two vectors whereas the plus-sign
in U1 + o1 represents ordinary addition of two real numbers. Likewtigés a product of scalar
a and vectou while auy simply means product of real numbers. 0O

Example 3.1.3 (£r(N)). The spacér (N) is the set of one-sided infinite sequences
R(N) ={u | u=(ug,uz,us,...), uk eR, ke N}
As inR" it is a vector space under the addition and scalar multifdinalefined elementwise as

U+ o := (U1 +o1,Uz2 4+ 02, Uz +03,...),
av = (au1, auz, aus, ...).

ot mmm» o o H BN
e = e

u v u+o

gt

Figure 3.1: Two vectors, v € R25and sunu + o

Figure 3.1 depicts vector addition B?°. (In fact the reason for us to include this figure is
to convince you of the fact that also function spaces can ée as vector spaces, see the next
example, and that conceptually the step fil@fhto function space is marginal.)

Example 3.1.4 (function space). Also sets of real-valued functions defined on, say1]0
S0, 1, R) :={f :[0,1] = R}
can be seen as a vector space: under addition and scalaplioation defined pointwise,

f+g:=h in whichh(t) = f (t) 4+ g(t) for eacht € [0, 1],
af :=h in whichh(t) = «f (t) for eacht € [0, 1]

the spacg ([0, 1], R) is a vector space, see Fig. B.2.

Itis a bit of a bore to verify the eight defining rules of vecspace, but once we have to do it:
for our function space rules 1 and 2 are trivial; there is amrlg function “0” with the property
thato + 0 = » Vo: itis the zero function @) = 0 Vt; given any function» only one functiorg
exists such that + g is the zero function: defing pointwise agy(t) = —o(t), we denote thig
as—o; rule 5 is trivial; in fact rules 6,7 and 8 are trivial as wdllone. 0
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f+g

0 \
g \\

Figure 3.2: Two functiond andg and their sumf + g

The notatiorf§ (T, V) will be used to denote the set of mappings frérmo V. For the particular
case thaf is countableT C Z, we use instead the notatiéy (T).

3.2 Complex vector space

A complex vector space differs from a real vector space onthat the scalars — thes and
ps — in complex vector space are taken frGhnstead ofR. For completeness:@mplex vec-
tor spaceX is a set of elements, callegctors on which vectordditionX x X — X and complex
scalarmultiplicationC x X — X is defined that satisfy the 8 properties of Definition 3.1.11 fo
allv,w € X and alla, f € C. From the context it will be clear whether we deal with real or
complex vector spaces and we refer to the andgs” simply asscalars

Example 3.2.1 (C"). The spac&" is the set of ordered sequences of complex numbers of length
nl

C"={u]u=(uyUz,...,Up), Ug,...,Up € C}.
It is a vector space under the addition and scalar multiptinadefined elementwise as

u+v:(u1+015u2+025"'5un+vn)5
au = (aUg, aUy, ..., aUp).

|

Example 3.2.2 (£c(Z)). The spacéc(Z) is the set of doubly infinite ordered sequences
fc(Z)={u|u=(..,u_1,Up,Ug,U2,...), uxeC, ke Z}.
It is a vector space under the addition and scalar multifiinalefined elementwise as

U+o=_(..,U_14+0v_1,Ug+ 0o, U1 +01,U2 +02,...),
au=(...,au_1,alg, auy, auy, ...).

Example 3.2.3 (function space). Complex-valued functions defined on, say, 1D

§([0,1],C) = {f :[0,1] - C}
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can be seen as a vector space with addition and scalar rradtiph defined pointwise as

f+g=nh in whichh(t) = f (t) + g(t) for eacht € [0, 1],
af =h in whichh(t) = «f (t) for eacht € [0, 1].

3.3 Subspace

Actually subspace hardly needs any modification.

Definition 3.3.1 (Subspace). A subsetV of a vector spac& is asubspacef for all u,» € V
and scalan:

1. 0eV,
2. u+v eV, closed under addition
3.av€eV. closed under scaling

|

In a non-empty seV the third condition implies the first (take = 0). Therefore the first
condition in effect only says that subspaces are not alldwée empty.

Example 3.3.2 (function space). The set
S={f:R— R | Jda, b e R: such thatf (t) = acogt) + bsin(t) vt € R}

is asubspace (R, R). Indeed (1) the zero function is an elemen$dfakea = b = 0), (2) itis
closed under addition for ify (t) = ax coqt) + by sin(t) € S then so is their sumf; + f2)(t) =
(a1 + ap) coqt) + (b1 + bp) sin(t) € S. Finally it is closed under scalar multiplication for if
f(t) :=acoqt) + bsin(t) € Sthensoisuf (t) = (aa) cogt) + (ab) sin(t) € S.

Our intuition fromR3 that says that a subspace is“something flat” fails for fumcsipaces. It
is a subspace nonetheless. O

Example 3.3.3 (£i" (N)). The set
f&”ite(N) ={u:N = R | only finitely manyuy are nonzerd
is a subspace dfz (N). See problem 3.10. 0

Example 3.3.4 (Subspaces of matrices).  The set of real squarex n matrices is denote"*"
and it is a vector space under the usual matrix addition aatisenultiplication. The subset
S ¢ R™" of upper-triangular matrices

S={AeR™" | Aj=0forany0< j <i <n}
is a subspace @&"*". See problem 3.11. O
Example 3.3.5 (Differential equation).  The space

S:={f eF®R,R) | fisdifferentiable andf’(t)+ f(t) =0Vvt}

18



is a subspace dg¥(R, R). That is, the set of solutions of the homogeneous lineaeuifftial
equationf’ + f = 0 is a subspace.

Proof: clearly the zero function(f) = 0 satisfies the differential equation. Suppdsg € S
so they both are differentiable and satisfy the differdmttpuation, thenf + g is differentiable
as well and we have

(F+9'®O+(fF+9®) = f'MO)+d®) + ft)+9gt)
=[f'@t)+ f ()] +[gt) +gt)] =0+0=0.

Similarly if f € Sthen soigy:=af forany scalae € R because is then differentiable and
g+9 =af +[af] =a(f + ) =0.
This completes the proof. 0O

Subspaces inherit the defining properties (Dn. 3.1.1) of/dwtor space they are part of and
are themselves vector spaces. For instancéxhg)-plane of Example 2.5.2 is a subspacésf
but is also a vector space in its own right and it can be idexttifiith vector spaci?.

The real vector spac®" is not a subspace of the complex vector sp@€e It is a subset,
R" C C", and itis closed under addition, b@&" is not closed under scaling since the scalars are
allowed to be complex.

3.4 Linear combination, span, basis and dimension

Lemmad 2.5.3 says that iR" subspaces can be representedR that is as the set dinear
combination®f afinite number of columng$A.1, A., ..., Awx}. With R" in mind we similarly
define linear combination, span, finite basis and dimensioarbitrary vector spaces as follows.

Definition 3.4.1 (linear combination, linear dependence, s  pan, basis and dimension). Let
X be a vector space and ket, vo, . . ., vy be afinite set of elements K.

e A linear combinatiorof v1, vy, ..., vn is a sum of the form
o101 + 0202 + - - - + andn
with ay scalars.

e The set{vy, v2, ..., vn} is linearly independenif none of its elementsy equals a linear
combination of the others. (The g€ is defined to be dependent.)

e Thespanof vy, va, ..., vy is the set of all possible linear combinations
span(v1, v2,...,on} ‘= {a101 + a2 + - - - + apon | ak scalan.
e The sef{v1,v2,...,vn}is abasisof X if
— span{v1,v2,...,0n} = X, and
— the sef{v1, v2, ..., vp} is linear independent.

e If X has a finite basis then tlttmensiordim(X) of X is defined as the number of basis
vectors. A spac& is finite dimensionaif it has a finite basis, otherwisg is said to be
infinite dimensional
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Of course this assumes that the so defined dimensidhdifes not depend on the choice of
basis. Indeed, that is the case. Linear independence camakeuly be characterized as follows.

Lemma 3.4.2 (Linear independence). A set {v1,v2,...,0n} is linearly independent iff
Zi"zl ajvi = 0 implies all scalars are zera; =0Vi =1,2,...,n. 0O

You may wonder why in this section we do not consiaémite sets of vectorsys, vo, . . ..
The reason is that we do npeétknow how, on general vector spaces, infinite sums are defined!
This requires some form of convergence. It will be resolvé@mwe consider inner products —
more particularly norms — in Chapter 5.

Example 3.4.3 (R3). Leto = (1, 2, 3) andw = (0, 1, —1) both inR3. Then(l, 5, 1) is a linear
combination ofy andw while (0, 1, 5) is not.
It is also interesting to see what the seadiflinear combinations of andw are:

1 0 a1
spanfv, w} ={aw +aw=a1 |2 +a2| 1 | =|201+0a2]| | a1,02 € R}.
3 -1 301 — a2

Clearly a linear combinatiomv + a2w is zero only if its first entry (which is1) is zero. Hence
a1v + azw = 0 impliesa; = 0 but thenaow = 0 implyingaz = 0. The two vectors, w
therefore are linearly independent and hencevthe form a basis for the subspace sgajuw}
and dim spaiw, w} = 2.

(We could also have invoked Lemma 2]5.3 and deduceAhais invertible for

1 0

Example 3.4.4 (Span of monomials).  Consider the polynomialpk : R — R,
) =t, k=0,1,2,...
For ease of reference we will refer to these functippsimply astX. Then
span(1,t,t2, ..., t19
is the set of all polynomials of degree 10 or less. O
Any finite span is necessarily a subspace.
Example 3.4.5. R" has dimensiom. O
Example 3.4.6 (Polynomials). The vector space of polynomials of degreer less,
Poi={p:R—> R | pt) = pnt" + pn_1t"" + - + pat + po}

has dimensiom + 1. Indeed, the dimension is at mast+ 1 because it is spanned by+ 1
elements,

Pn = span{1,t,t%, ... t"}.

Convince yourself of the fact that the dimension is not lessih + 1, see Problem 3.12.

1why is the dimensiorc m if the space is spanned Iy elements? Problem 3.20
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Example 3.4.7 (Infinite dimensional).  Consider the vector space of polynomialsaofydegree
P:={p:R—>R [IneN,pceR:pt)=pnt"+ pnoat" +---+ pit + po vt € R}.

Clearly for anyn € N we haveP, c P so that the dimension is at least 1. Sincen is arbitrary
P is infinite dimensional. 0O

Example 3.4.8. What is the dimension o8 := span(1, €, €®} c F(R,R)? Surely it is at
most 3. Let us verify linear independence. So consider

a1+ azel + ocg,e2t =0 vt e R.

In particular this should hold far=0, t =1, t = 2:

ag + a2 + a3 =0
o1 + aze + a3e2 = 0 . (3.2)
o1 + a2€'2 + a3e4 = 0

These are three equations in three unknowns and as is welirkite solution is unique iff its
determinant is nonzero:

1 1 1

det|1 e &|=(e—1)(?—1)(—e) #£0.
1 &€ ¢

The determinant is nonzero, hence (3.1) has unique soldtios a2 = a3z = 0. The set

(1, &, €} therefore is a linear independent, i.e., it is a basiS of span(1, €', €®} and it has
dimension 3. 0

3.5 If you want to know more...

o http://en.wikipedia.org/wiki/Vectogpace

3.6 Problems

3.1 IsZis real vector space?
3.2 Are the three vectors?, wY, w* of (1.1) linearly independent?

3.3 Considerthe séf = {f : R — C | f(t) = € for somec e C}. On this set we define
the weird vector addition and scalar multiplication

eclt + eczt — e(c1+cz)t, aect — eact_

With this addition and multiplication, i¥ a complex vector space?
34 Is{f :R— R | IM, |f(t)] < M Vt} a subspace g§(R, R)?

3.5 Showthaf{f : R — R | fol f (t) dt = 0} is a subspace & (R, R).
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3.6 Showthaf{f :R — R | ffooo | f(t)| dt < oo} is a vector space (under standard addition
and multiplication).

3.7 Consider the subset Big
S={f ePp| f(2)=0}.

a) Show thaf is a subspace df1o.
b) What is the dimension &?
c) Determine a basis fd&.

3.8 Consider the three functioris(t) = 1, fa(t) = €, f3(t) = et

a) Check whether or not the three functions are independsrgléments df (R, R)).
b) Determine a basis for spéfy, fa, f3} C F(R, R).

3.9 What is the dimension of the subspace of Example 3.3.2.
3.10 Show that théf"'®(N) of Example 3.3.3 is a subspacef@f(N).
3.11 Show that th8 of Example 3.3.4 is a subspace.
3.12 Consider Example 3.4.6. Show that sffan, .. ., t"} has dimensiom + 1.
3.13 LetS; andS; be subspaces of some vector spicés S; NS, a subspace af?

3.14 LetS; andS; be subspaces of some vector spEcésS1+S2 = {1+ | S1 € S1, S €
S»} a subspace oX?

3.15 what is the smallest subspaceRsfthat contains the unit circlegx, y, z) | X2 + y? =
1,7=0)?

3.16 Is the set of diagonal matrices®1*" a subspace @"*"?
3.17 Is the set of symmetric matricesf1*" a subspace dR"*"?

3.18 Show that the property 0= 0 for any vectow in a vector space is implied by the other
defining properties of vector space.

3.19 Istc(N) finite dimensional?

3.20 Show that difV) < mif V is spanned byn € N elements.
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4 Linear transformation — operator

Linear transformations (aka linear operators) are eveeye/hor instance the projection the-
orem (pageé D) states that the best approximatioaf any x is unique so we can consider the
mappingF that sends to its best approximation,. = F(x). This is just one of the many map-
pingsF that turn out to be linear. The main reason we are reviewinggnties of linear trans-
formations is that we want to generalize the projection teen(next chapter) to cases where the
subspacé is given as the image of a linear map (remember Selction 2 #BéR"-version.)

4.1 Linear transformation

Definition 4.1.1 (Operator). LetV andW be two vector spaces (both real or both complex). A
mappingF fromV to W is linear if for every o1, v2, v € V and scalau:

1. F(v1+02) = F(v1) + F(v2), additive
2. F(av) = aF ). homogeneous
O

If 7 maps fromV to W we write 7 : V. — W. We can applyF to elements (vectors) e V
but also to set§ C V, and we write

FS :={F@) |v eS}.

Therangeof F : V —» W is defined asFV, i.e. it is the set of all possible outcomes of the
mapping. The range is also known as itmage(of its domain) and is denoted as(ff). The set
W to which 7 maps is sometimes refered to as toglomain

This is an attempt to explain what linearity means on fumctipace: suppose we know two
outcomes ofF:

F(_I L=_-" and  F(—nAn_)=—A—

then additivity implies that

™M)=

and homogeneity that

F A ) =—A—

4.2 Familiar linear transformations

Well, the most familiar linear transformations are the oties map fromR" to Rk—see the
next section—but here are some other standard ones. Itysteagrify that they are indeed
linear. Following the colloquial definition some trickiessues regarding domain and codomain
are added.
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Example 4.2.1 (Fourier transform).  The Fourier transformatioris a linear transformation that
sends continuous time functiorfs: R — R to continuous frequency functionfs : R —» R,
defined as

f=2F(f): fA(w)z/oo f(t)e 't dt.

—00

As domainV we could take the set of absolutely integrable functigpfis: R — R |
Jr 1 f@®)]dt < oo} (with standard addition and multiplication) because tt#&if) is well de-
fined for everyw € R. See Problem 3.6. 0

Example 4.2.2 (Fourier series). TheFourier seriescan be seen as a linear mapping that sends
continuous time functions on finite intervaf, : [0, T] — R to countably many frequency
coefficientsf : Z — C,

A~ ~ 1 T il 2z
f=F(f): fk:?/ f(t)e KTidt, keZ.
0

As domainV we could take the set of continuous functions onT[P(but other sensible domains
can be dreamed up). Codomdin(Z) is natural. O

Example 4.2.3 (Laplace transform).  Likewise the unilateral Laplace transforfhis linear as
well,

F=L(f): F(s):/ooo f(t)e Stdt.

Domain and codomain are tricky here: ifas domainwefége={ f |3c > 0:|f(t)| < cevt )
then as codomail# it suffices to takéWg, = { f : ((sp, 00) + iR) — C}. 0O

Example 4.2.4 (Convolution and Fredholm).  Here is another familiar linear mapping: tben-
volutionCh,

y=Ch(u): yt)=(h=u)):= /_ h(z)ut —7) dr

The convolution is in fact a special case of the “generalédin mapping from§ (R, R) to
SR, R),

b
Y = Firedhoim(W) ©  Y(t) =/ K(t, s)u(s) ds.
a
If a andb are finite andK (t, s) is continuous and is continuous as well, then the operator

is well defined and its outcome is continuous. The equatitating u andy is often called
Fredholm equatiorfand the game then is to findfor givenK andy). O

Example 4.2.5 (Differentiator).  Also linear is the differentiataP,

f=D@: ft)==g).

As domainV we should take a set whose elements are differentiable.ettify linearity. For
one it is additive,

Dg+M(® = =g +h®)] = 290 + h(®) = (DY + D)V
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o(t)

‘ \/ ‘ ‘HL i1 = _ —
Figure 4.1: Original signal, sampled signal, held signatdzrder hold)

and it is homogeneous as well,

D@ag)(t) = =[ag®)] = a = 91) = (DY),

Example 4.2.6 (Sampler). The ideal sample§, with sampling periodh > 0 is defined as
u=35w): uxk=uo(kh)y, keZ.

It maps functions to sequences. See Figl 4.1. It is a lineastormationS, : V — U for,

for instance, the vector spac¥s= {v : R — R | is continuou$ andU = ¢R(Z) with their
standard addition and multiplication. Linearity in wordeams “the samples of the sum equals
the sum of the samples”. Indeed,

Sh(f + 9k = (f +9)(kh) = f(kh) + g(kh) = Sn(f)k + Sh(Q«-

It is also homogeneous: “the samples of a scaled signal iscaled samples of the signal” (or
“scaling commutes with sampling”):

Sh(af)k = (af)(kh) = a(f (kh)) = aSh(f)k.

(In digital communication the samples are digitized, i.apmped to some finite set, which makes
it a nonlinear transformation.) O

Example 4.2.7 (Hold). The zero-order hol@, : U — Y is best understood from Fig. 4.1 and
is formally defined as

y="Hn): y(kh+17)=ux VkeZ, v €][0,h).

It sends sequences to continuous-time functions. It isealitransformation from domain
U = trn(Z)

to codomain, say,
Y:={y:R->R" | y(kh+17)=y(kh) VkeZ tel0h)}

The elements in this codomain are piecewise constant fumefbutY = F(R, R") suffices as
codomain as well). O

4.3 Linear transformationon R"

OnR" linear mappings are often identified with matrices.
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Fo

Figure 4.2: Rotation and reflection

Example 4.3.1 (Rotationin R2). Figure 4.2(a) illustrates thetation F : RZ2 — R2 operator. It
rotates its argument over an anglesofcounter clockwise). It is a linear mapping (verify this).

In particular it maps the unit vectes := [§] toy1 := [g?ég))] and the unit vectoe, := [ 9] to
—sin(a)

¥2 = [ oqa) |- Combining the two outcomes in a matrix

coda) —sin(a
Frotation := [Y1 YZ] = [Sinséa)) COS(((x)):|
is the standard way of representing linear mappings firo R". Identifying linear mappings
with their matrix has to do with the fact that the linear maqpis completely specified by its
matrix. The drawback of such a matrix approach is that it m&suwe all agree on what the
“standard basis” is and while this may be so (wellRify for other vector spaces this may not be
so obvious. 0O

Example 4.3.2 (Reflectionin R?). Figure 4.2(b) depicts the reflection transformatinR? —

RR2. It reflects its argument with respect to the line with angl@. The matrixF now becomes

Freflection= [cos(a) Sin(a) :| .

sin(a) —coda)
Note that this is an orthogonal matrix (see Lemma 2.10.1). 0O

Example 4.3.3 (transformation on  R3). Suppose we have a mappifigthat we know to be
linear and that sends the unit cube to a stretched versierkigé4.3. The figure indicates that

Ter=e, Tex=2e, Te3 =es.
This way the mapping (since assumed linear) is fully spetifithe matrixT associated with

this mapping (with respect to the standard basis) is

T =

[eoNeN
o N O
= O O

Note that the volume of the transformed unit cube eqpaésT| (in our case 2). This holds for
any transformatior? . 0O

4.4 Matrices as representations of operators
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Ter=¢ Te =26

Figure 4.3: Unit cube linearly transformed

A message of the previous section is: once we settle on adatdrbasis” then the linear
mapping may be identified with “its matrix”. As mentioned lear a drawback of such an
approach is that it assumes we all agree on “the basis.” Oatltex hand, an advantage is that
it translates the linear mapping into a matrix of numberscivimakes it explicit (matlabable).
Since the linear mapping is fully specified by its matrix, @ngperty that the linear mapping may
have can in principle be verified from its matrix. For compiatain MATLAB it is often needed
to represent the linear mapping by matrices. Consistehttivé previous section we define:

Definition 4.4.1 (Coordinates and matrices).  LetV be a vector space with finite ordered basis
{v1,02,...,vn}. Foranyx € Vletx; € C" denote the column vector of coordinatesofiith
respect to the basis, that is,

X=[1)1 [0 vn]Xﬂ.

For any linear transformatiaf : V — V define thematrix Ry e C"*" of F with respect to the
basis by the equality

[Flo1) Fwz2) - Fn)]=[v1 v2 -+ on]Fy.

d

In other words, thejth element of the matri¥;; of 7 is the contribution of basis element
vj in F(vj). The matrix clearly depends on the choice of basis. This iiefinis consistent
with that of the matrices of Examples 4.3.1 and 4.3.2, bexafithe following lemma. Rougly
speaking the lemma says that linear transformations ore fiithensional vector space can be
identified with matrices, much like what we commonly ddif:

Lemma 4.4.2 (Matrix representation of linear transformati ~ on). Let V be vector space with
finite ordered basi&s, ..., vn}. For any linear transformatiafi : V. — V we have

y=FXx) < ¥ =Fux.

Proof. By definition ofx; we have thak = [01 vn] xy. Using linearity we gefF(x) =
f([vl l)k]Xj) = [.7:(1)1) f(l)n)]Xﬂ = [1)1 vn] Fijﬂ. Soy = F(x) iff
[v1 -+ on]ys =[o1 -+ on] FiX:. Asthefo,...,on} are linearly independent this last
equality holds iffy; = Fyxs. L]

Lemma 4.4.3 (Eigenvalue and eigenvector). Let 1 € C. Consider a linear mapping : V —
V and letFy; be the matrix associated with this mapping (given some lwd&i3. The following
statements are equivalent.

1. Thereisa €V, v # 0 such thatF(v) = o.
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2. Ais an eigenvalue of the matrk;.
Proof. Apply Lemmd 4.4.2 foly = /x. L]
The lemma implies that the eigenvaluesef do not depend on the choice of basis!

Example 4.4.4 (Differentiator). Consider the differentiatd@ : P, — Pp that sends polynomials
p € P, of degree at most to their derivativeD(p). A basis forP, clearly is

(Lt,t2,.. .t
and they map to
{0,1,2t,...,nt""1,

With respect to this basis the matrix that represents tHerdifitiator oriP,, can be derived from

[P(1) D) D3 - DAM]=[0 1 2 ... nt"?
01 0 ... 0
0o 0 2 -
=1t t? t"[{o o - 0
n
0 0

The matrix (the one on the far right in the above equationpisimvertible hence neither is the
differentiator. Indeed the differentiator is not invehtitsinceD(1) = 0. The only eigenvalue
that the matrix has i$ = 0 hence the differentiator has no eigenvalues other thar. Indeed,
the derivative of any polynomial is of lower degree so natieigenfunctions do not exist. The
eigenfunctions with eigenvalue O are the constant funstion

If we would have chosen as domaih= span{e!, €®} with obvious basige!, é?} then the
matrix of the differentiator would have be¢f 9] because

D) D] =[¢ 28] =[¢ €] [é g}

Now the matrix is invertible, hence the differentiator igéntible on spare', €'}, indeed it is.
Also, its eigenvalues are 1 and 2 herfce span(e!, €} exist withD(f) = f andD(f) = 2f,
indeed suchf exist. 0

The connection between mappings and their matrix repratentcan be quite useful.

Example 4.4.5 (Eigenfunctions of polynomials). Consider the mapping : P> — P, defined
as

g=F(p): gt) = p(1-1).

The graph(t, g(t)) hence is the graplt, p(t)) reflected in the vertical = 1/2-axis. With
respect to the standard ba&list, t2} the matrix becomes

11 1
[F@) Fo) FEd)]=[1 1-t @A-v?]=[1 t t?] {o -1 —2]
0 0 1
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Because of the upper-triangular structure the eigenvaleethe diagonal elements of the matrix:
A =1,-1, 1. Itis readily verified that the eigenvectors (modulo staktc.) are

1 0 -1
A=1: v1=1|0f, vy =|-1 and Ai=-1:0v_1=| 2 |.
0 1 0

This corresponds to the eigenfunctions
p=1  pr@®=t*—t, and p_it)=2t-1

See Figl 4.4. Since the eigenvectay for A = —1 is unique (up to scaling) the eigenfunction
p—1 with eigenvalue-1 is unique as well (up to scaling). The eigenfunctions wigesvalue 1
are the linear combinations @i and py'. 0O

pP1

0| 1/2

Figure 4.4: Three eigenfunctions (Example 4.4.5)

4.5 If you want to know more

e Let 7 : V — W be a linear transformation on vector space, the(imnand ke(F) are
subspaces and we have

dim(kerF) + dim(FV) = dim(V).
o If V=W and if they have finite dimension, then the above saysihiat surjective iff it
is injective.
e Thisimplies that there is a unique polynomjdt) of degreen that interpolates + 1 pairs
(i, pi), G #tj.

e A sets of eigenvectors all with different eigenvalues igéirly independent. In particular
on finite dimensionaV a mappingF has at most finitely many different eigenvalues.

o http://en.wikipedia.org/wiki/Linear_transformation

4.6 Problems

4.1 Determine which of the following mappings are linear:

a) F:R—- R; F(t) =3t + 1.
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b) A:Pn— R; F(p) = pP(3).
c) B:P— P; B(p) = pY.
d) G:C"— C:G(x) = ax (for some givera € C").

4.2 LetB e C"™*". Show that the mapping : C™" — C"™" defined asL(A) = AB— BA
is linear.

4.3 Prove Lemma 4.4.3.

4.4 Consider the linear transformatigh: P — Pq,
F(ag + a1t) = aog + (Bag — a1)t.

a) Determine the matrix af with respect to the standard basisfaf
b) Determine the matrix of with respect to basig + 1,t — 1}.
c) Determine the eigenvalues of the above two matrices.
d) Determine the eigenvalues &fwithout using the matrices.
4.5 LetC([a, b], R) denote the set of continuous functionsga, b], R). Is the integral
operatolf : C[a, b] —» C[a, b] defined as

t
f—1(g): f(t)=/ o(c) de
a

linear?

4.6 Leto € £c(N). Show thatA : ¢ (N) —» £¢(N) defined below is linear:
f =A@ fk =0k

4.7 LetV be a subspace @&". Show that the orthogonal projection fraxto its best ap-
proximationo, (Thm.[2.6.2) is linear and do this without using normal etpret (because
without it the proof is more elegant).

4.8 AssumeF is linear. Show that for angn € N:
F(aqo1 + av2 + - - - amom) = a1.F (v1) + @F (v2) + - - - + amF (om).

4.9 Consider the mapping : P, — P, defined a5 F(p(t)) = p(—t).

a) Find a basis oP»

b) Determine the matri¥;; of the mapping with respect to this basis
¢) Find the eigenvalues and eigenvector§ of

d) Find the eigenvaluesand eigenfunctionp € P of F.

4.10 Repeat the previous question but now for mapgigg(t)) = p(t + 1).

4.11 Figuré 4.5 shows the effect of four linear mappifgsF, F3, F4. Approximately deter-
mine the four 2x 2 matricesFy, F2, F3, F4.

1since F acts on functions the notatiaf(p(t)) mayseem awkward, but it is clear anyway and avoids more cumber-
some forms likeF (p)(t)

30



PP

Figure 4.5: Four transformations &f
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5 Inner product, norm and orthogonal projection

Next we generalize the remaining two players in the projectheorem:
o the dot product (to be calledner produc}
e length or Euclidean norm (to be calledrm)

Then, finally, we can formulate a full fledged version of thejection theorem.
5.1 Real inner product

Let us see what we used in the proof of Theorem 2.6.2V(ajas assumed to besaibspace
of thevector spac&®"; (b) of the dot product we used th@tx +2z) -y = a(x - y) + (z- y) and
thatx - y = y - x and of course that - x > 0 with x - x = 0iff x = 0. These we now simply take
as the definition of inner product on real vector space

Definition 5.1.1 (Real inner product).  LetV be areal vector space. Afunctiorfal-) : VxV —
R is a (real)inner productif

1. (X, y) = (y,X), reflexive

2. {aX +2z,¥) = a(X,y) + (z,y) for everya € R, linear in first argument

3. {x,x)>0,and(x,x) =0 < x=0. positive definite
O

That's all. Once we settle on this definition we are forcedtoatude that there are many inner
products orR" other than the dot product. Indeed we could edqgégor instance with:

Example 5.1.2. Consider as inner product @&?
(X, ) == X1y1 + 3X2Yo.
Itis an inner product because
1. (X, y) = X1y1 + 3XaY2 = y1X1 + 3y2X2 = (Y, X),

2. (X+az,y) = (X1 + azi)yr + 3(X2 + az2)y2 = (X1y1 + 3y2X2) + a(zay1 + 322y2) =
(X, y) +a(zy),

3. (X, X) = xf + 3x§ > 0 and it equals zero iffy = x2 = 0i.e. iff x =0.

5.2 Complex inner products

There is one little further generalization that is usefuiteasion to complex numbers (and
functions and vectors). An inner product is now a functiaghat maps to the complex numbers.
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Since we want to maintaitx, x) > 0 we should guarantee thgt, x) is a real number. This is

automatic if we impose thak, y) = (y, x).
Definition 5.2.1 (Inner product on a complex vector space). LetV be a complex vector space.
A functional(-, ) : V x V — C is a(complex) inner produdf
1.(X,y) ={y, x), conjugate reflexive
2. {aX+27,¥) = a(X,y) + (z,y) for everya € C, linear in first argument
3. (X,x) >0,and(X,x) =0 < x=0. positive definite
O
5.3 Norm
Definition 5.3.1 (norm associated with inner product). Thenorm ||x|| on a vector space with
inner product is defined ax|| = /(X, X). 0

So the norm depends on the choice of inner product: first wkes@t an inner product and
then the norm follows.

Lemma 5.3.2 (Three properties of norm).  LetV be a real or complex vector space with inner
product. The nornj - | associated with the inner product has the following propsrt

1. |lax]| = |a|lIXx]| for everyx € V and scalam homogeneous

2. X+l < IX] + vyl triangle inequality

3. |Ix|| > 0,and||x|| =0 < x =0. positive definite
O

Proof. The first and third are obvious. The second (triangle inety)dbllows from Cauchy-
Schwarz’ inequality, see Sectibn 5.6. [

The triangle inequality loosely speaking says that tranggliom O tox + y via x or y can only
mean a detour.

5.4 Orthogonal complement

Obviously St is used to denote the set of all vectors perpendicular tdethents inS. The
orthogonal complement is thus dependent on the choice ef jmoduct.

Example 5.4.1. Consider again the inner product of Exaniple 5.1.2R3n
(X, y) 1= X1y1 + 3X2Y>.

The boundary of the unit bajk € R? | ||x|| < 1} is not a circle but an ellipse
xeR? | Ix| <1} = (x e R? | x} +3x3 < 1)

see Figl 5.1(a), and the orthogonal complemelﬁtjlf] is now

[L] =11 ([ 4] %) =x1 — 3% =0} = span 3],

34



X <1
(2

Nl sparf{]

span 2 |

Figure 5.1: (a) Unit ball for inner produck, y) = x1y1 + 3X2y2; (b) two
orthogonal vectors in this inner product

see Figl. 5.1(b). Orthogonality with respect to our innerdoict here does not mean “having an
angle of 90 degree”.

It is instructive at this point to compute the best approtiorav, in V = spar{ _11] of
x = [ 3], see Fig. 5.1(b). Express candidaeasa| % ]. Then

0 2 0 rog12_ © 2 2
aHX—D*H =£||[2+Z]|| 25[(2—‘1) + 32+ )] = 2(4a + 4).

This is zero iffa = —1 makingo, = —1[ % | = [ 7*] the best approximation, see Fig. 5.1(b).
Of course we should be able to computemore efficiently and in greater generality with the
projection theorem. Soon. 0O

5.5 Pythagoras

Pythagoras’ theorem remains valid on arbitrary inner pebdpace:
Lemma 5.5.1 (Pythagoras). x L yimplies|x + y||Z = ||x||Z + |yl O
Proof. If (x,y) =0 then

IX+yI? = (X+y,x+Yy)
= X X+Y)+(Y,X+Y)
= XX+ (X Y) + (Y, X) + (Y, Y)
= [IXII* + 2Re((x, y)) + IyIZ = IxI1% + lIyl>.

|
In fact onreal vector spaceg L y is equivalento || x + y||2 = ||x||2 + |ly||2, but on complex
vector space it is not equivalent, see Problem 5.10.

5.6 Cauchy-Schwarz

In R? the dot produck - y was shown to satisfy - y = |x||y| cog¢), see Lemma 1.4.1. Now
we have the following.
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Theorem 5.6.1 (Cauchy-Schwarz inequality).  Any inner product satisfies
11, v < X1yl Cauchy-Schwarz inequality
2. 1, ¥ = IX|Hyl iff y = Ax or x = Ay for some scalaf, aligned
Here (as always) - || is the norm associated with the inner product.
Proof. The resultis trivial ify = 0. Supposeg # 0. For any scalaf,
0 < X =2yl = (x = Ay, x — Ay) = [IX[|* = A(y, X) — Z{y, X) + [2[]y]I°.

In particular the right-hand side is 0 for 2 = (y, x)/|ly|I:

|(x, y)I?
0< IxII” -
Iyl
which proves the Cauchy-Schwarz inequality. Equality esduand only if||x — Ay|| = O i.e. iff
X = 1y. |

The Cauchy-Schwarz inequality igry important and shows up in many applications. A
consequence of Cauchy-Schwarz is for instance the triangtpiality.

Lemma 5.6.2 (Triangle inequality).  For any inner product and associated norm we have
X+ yll < I+ [yl
Proof.

Ix + ylI? X+Y,X+Y)

= (X)) + XY+ Y. X) +{y,Y)

< X)) G+ KY, X+ (Y, Y)
< IXIZ -+ 21yl + Iyl
= (Xl + yIh?.
|
It is intriguing that in this abstract and general setting tifiangle inequality remains.
5.7 Examples of inner product
Example 5.7.1 (scaled R™). Let T € R"™" be an invertible matrix. Then
X Y1 = (Tx)-(Ty) =yT'Tx (5.1)
is an inner product oRR". In fact onR" a functional is an inner produitf it is of the form[(5.1)
for some nonsingulaF, see Problem 5/5. 0O

There is more to this example than meets the eye: a seriowbdci of the dot product - y
is that it considers all components, x», . .. of a vector on equal footing. But whatxf is in
meters anck; is in millimeters? We would like to have the notions of norndamthogonality at
our disposal irrespective of the scaling (choice of unitsnore generally, irrespective of linear
transformation of the componentg, and our inner product allows exactly that (as opposed to
the, in hind side, rather limited dot product).
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Example 5.7.2 (Not ¢ (N) but ffg(N)). There is a little subtlety if we want to extend the standard
inner product ofR" (that is, the dot product) tég (N). The natural candidate is

o0
(X, ¥) = > VX
k=1

but the infinite sum is not always defined, take for instaxeey = (1,1, 1, ...). The standard
remedy is to allow this inner product only on the smaller set

o0
CEN) == {u | u= (U, uz,...), [lul® =D Jukl® < oo}.
k=1
This set is a vector space which can be proved using Caudmy3z: the set’]%(N) is closed
under addition for iu, v € ¢ (N) then

u+oll < lull + o] < oo.

(Thaté’]i(N) is closed under scaling and contains the zero element is)edsig therefore a
subspace of vector spaég(N) and hence is itself a vector space. O

5.8 Inner product on function space: 1.2

What is the function space equivalentt@(N)? Itis the spac&ﬁ([a, b]):

Lemma5.8.1 (L?). Leta,b e R, a < b (includinga = —oo andb = c0). The set
b
L2([a, b)) :==(f :[a,b] > R |/ f2(t) dt < oo}
a

is a vector space and the functional

b
(f.q) = / a(t) f (t) it (5.2)
a

is an inner product on this vector space. O

We should first fix an unsettling problem: part of the defimitad inner product (and its norm)
isthat| f|| =0 < f = 0 but here that is not the case! For instance functions tleateno
almosteverywhere such as

f(t)=0ift 0, andf (0) = 3

are not zero but do have zero norm. The easy way out of thidgmrols to simplyidentifyevery
function f with zero norm with the zero function. That is not far fetchmstause if| f|| = 0
then

b
||f||2=/ If@®2dt =0
a

implying that “f (t) is zero almost everywhere”. From now on we do not distingbistween
functionsf andg when their difference has norm zero:

f =gforf,ge Lﬁ([a, b]) is considered to mean thjpt — gj| = 0.
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We leave it to the reader (Problém 5.17) that (5.2) is indeeider product (given our identifi-
cation of zero-equivalent functions).

Once we have an inner product we have the notion of orthoggraadd we can talk about
projections: we are now able to project functions onto sabep of functions and apparently
there is such a thing as functions being orthogonal to or¢han!

Example 5.8.2 (Orthogonal sinusoids). Considerﬂdé([o, 2x]). On this space sine and cosine
are orthogonal,

sin(t) L coqt).

Why? Because

2 2t 1 _ 2 2m
(sin(t), coqt)) =/ cogqt) sin(t) dt =/ —sin(2t) dt = M =0.
See Figl. 5.2 for a “proof by picture” of orthogonality of tleetsvo functions. 0O

sin(t) / sin(t) cogt)
z V \//\\/ z

Figure 5.2: sift) L cogt) onlLZ ([0, 27])

Example 5.8.3. OnL2 ([0, 1]) the norm of &is

1 1 et -1
= 20t = S A [ APV
||e||—\//0 (&) dt_\//o etht_\/Z |0_\/e =~ 1787

Example 5.8.4. Consider]l,fg([o, 1]) with two of its elements

po(t) =1, pa(t) =t.

They are not orthogonal because

1 1 1
(Po. P = | paOpottydt = [“tet =320
0 0

If we subtract the mean gf; from ps,

1

1
pr () == pi(t) — 5= t— >

then we end up with two functiong, py thatare orthogonal

1
(po, Pr) =/0 — Zdt=0.
The norms ofpg and py are

llpoll =1, Iprll = 2v/3.
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5.9 Vector valued functions

To vectorize an inner product is often straightforward. igtance for the functions mapping
from [a, b] to R" (mind then in R") we can take as inner product

b
(f.g) = / g f(t) dt. (5.3)

Here g’ denotes the complex conjugate transpos@'st) f (t) for eacht is a number, hence
(f, g) € Ras it should (on real vector space). We denote the space ghwhe norm associated
with this inner product is finite also with?:

]L[%&n([a, b) ={f :[a,b] = R" | (f, f) < oo defined in|(5.3).

Of course this is just one of the many inner products for vecatued functions.
5.10 Orthogonal projection

As before an element e V is abest approximatiom V of x if
X —vull < X =] Vo € V.

Theorem 5.10.1 (A projection theorem).  Let X be a vector space with inner produgta sub-
space ofX. Then for anyx € X

1. If a best approximation, in V of x exists then it is unique.
2. v, is a best approximation i of x iff (x —v.) L V.

3. The norm of the best approximation erfior— v, || equalsy/[|X||2 — ||v«|2.

Proof. An easy way out would be to say that the proogimctlylike that of Thm[ 2.6.2 because
that is how we designed our notion of vector space, subspatéaer product, but since the
projection theorem is so important — it arguably is the mogidrtant theorem in this course —
we should re-do the proof and verify that our generalizaitwleed was successful.

If (x —v.) L Vthen because of subspace properties and Pythagoras weohavgd € V,

2 2 2 2
X =" = [[(X = vs) = (0 —0:) [|7 = [IX = 0 ]|” + [[o — 0|
——
eV

Hence ifv # v, the normx — v exceeds that of — v, makingo. the unique best approximation.
Conversely, suppose —v.) f V. Thenthereis @ € V such tha{x —v,) £ v i.e. such that
(X — v4,0) # 0. In particular suck # 0. Then for anyx,

IX = (s +a)|? = (X —0.) —av|?
= X = 0sll% = (X = vs, a0) — (@0, X — v,) + [low]|?
= |Ix—04)1? — 2Re BE{X — vs, 0)] + |al?||v]%.

X—0y,0

Fora = 4 s ! this becomes

[(X — v, 0) |2

2
e < X = vl

2 2
X = (0« +av) |7 = IX —vu|* —

so thab, is not the best approximation. The equalif—o. || = v/ [|IX||2 — ||v«||? is a restatement
of Pythagorasi|x — v. || + |02 = [Ix]|%. "
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Example 5.10.2. Consider Example 5.4.1 witk = (2,2) andv, = (=1, 1) as indicated in
the figure. Clearly — v, L spar{ _11] hence by the projection theorem is the unique best

approximation in spap_?; | of x. Done. O

For infinite dimensional subspadgis mayhappen — but not necessarily — that a best ap-
proximation does not exist:

Example 5.10.3 (No solution exists).  TakeX = ¢2(N) and the subse¥ = ¢MMe(N) — see
Examplé 3.3.3. There is no best approximatioﬂ&'ﬁte(N) of

X=(15%5%,%5%,'..)
because it can be approximated arbitrarily welldyy = (1, 3, 3,..., %,0,0,...) but the
approximation error cannot be zero becam%é’]ff{"e(N). O

As we shall see next, fdinite dimensional subspadéa best approximation always does exist
and for many infinite dimensional subspaces as well.

5.11 Projection onto finite dimensional space — Gram matrix

Consider projecting onto a finite dimensional spadé = span{vs, ..., vn}. The candidate
best approximation, in V we write as.,. = [1)1 vn] Yy« with y, € C". By the projection
theorem this problem is easily solved:

Lemma 5.11.1 (Projection onto finite dimensional subspace) . On any vector spack with
inner product, a finite s€b1, v, ..., vn} is linearly independent iff th&ram-matrixdefined as
(v1,01) (v1,02) -+ (v1,0n)
(v2,01) (v2,02) -+ (v2,0n)
. ) ) ) e C™" (5.4)
(on,v1) (vn,v2) -+ (on,0n)
is invertible (in fact positive definite). In that case thesta&pproximatiom.. in spanfvy, ..., vn}
of x e Xis
(015 Dl) (Dls UZ) e (Dls Dn> - (X, Dl>
(v2,01) (v2,02) - (v2,0n) (X, v2)
Uy = [Ul e Dn] y*, y* = . . . .
(on,01)  (On,02) (vn,on) (X, vn)

Proof. By the projection theorem, is a best approximation of iff:

X—0, LV < x—[o1 -+ ovn]ys Lspanfos,...,on}
— X—[Dl Dn]y*J_l)k vk=12,...,n
= [(1)1, vk) ---(vn,vk>] Ve = (X, 0k) vk=1,2,...,n
(v1,01) (v1,02) -+ ||\ (X, 01)
— (v2,01) (v2,02) -+ ||Y2| = | (X, 02) | (5.5)
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Remains to show is that the Gram-matrix is positive defirfitus, ..., on} is a linearly in-
dependent set. This follows from the fact th|z{tvl vn] yl? = y'Ry whereR is the
Gram-matrix. Hencgv1 - on]y # O for any nonzery iff R > 0. "

Equation|(5.5) is again callatbrmal equationgfor reasons that will become clear later). For
n = 1 the normal equations simply state that
(X, v1)
Dy =01 .
(v1,01)
Example 5.11.2. Let us redo the projection of Example 5.4.1, that is, we ward the best
approximation in spafv1} for v1 = [ 2 ] of x = [ 3] with the weird inner product. According
to the normal equations we have as best approximation

(X, v1) _[1:|2x1+3x2x(—1)_|:1j|—_4_|:_1j|

T Loy -1 1+3 -1]72 7|1

|

Example 5.11.3. ConsideﬂLﬁ([—l, 1]) and let us project'eonto the subspace of polynomials
of degree at most 1:

min e — (y1+ yat)llp2.

With respect to the obvious badik t} for P1 the normal equations become
(L1 (Lo [yr] _[(€. D
(t,1) (1) ]|y (€,t)]"

Its solution is (verify this):

Y1=}(e—}) Y2=§-

2 e”’ e
The best linear approximation oa-[L, 1] of € by 1-degree polynomial hence i (t) = %(e —
1) + 3t, see Fig. 5.8. O

Figure 5.3: Approximation of'eby degree-1 polynomial

5.12 Orthonormal sequences and Parseval

A convenient special case is if the Gram matrix (5.4) of inpr@ducts is the identity matrix.
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Definition 5.12.1 (Orthonormal sequence). A sequencee, €, ..., €y} is anorthonormal se-
quencdf all elements have unit norm and are mutually orthogonal,

lexll =1 and e L e vk # j.

|

A sequence is orthonormal iff the Gram matfix (5.4) is thentitg matrix. Lemma5.11]1 then
specializes to the following elegant result:

Lemma 5.12.2. If {e1, e, ..., e} is an orthonormal sequence then the best approximation in
span{ey, ..., en} of xis

D = (X, €1)€1 + (X, ©2)€ + - - - + (X, en)en. (5.6)
Moreover therjx — v, [|Z = [|x[|2 — >_g_; |(X, &)I?.
Proof. Follows from Lemma 5.11.1 and Pythagorgs, || = > ¢_; [(X, &)|%. "

The numbergx, e) in (5.6) are the coordinates of with respect to the basis;, e, .. .}. If x
happens to be an element of sgeq . . ., en} then the minimal approximation error is obviously
zero so then

X117 =" 1(x, &2 (5.7)
k

This is known asParseval’s identitywhich also holds more general, see Section|5.17) and it
should remind you of the fact that R" the length of the vector can be expressed by its coordi-

nates with respect to the standard (orthonormal) bagis| as (xf —+ x22 + - )%.
Example 5.12.3 (Legendre polynomials).  Without proof we claim that the polynomials

(2k + Dtpk(t) — kpc—1(t)
k+1 ’

pot) =1, pa(t) =t, Pr+1(t) = k>1

defines arorthogonalsequence of polynomials drﬁ([—l, 1]) with norm

Pkl = 2
Pl =y 211

See Figl 5.4. So thes = L;l pk is an orthonormal sequence. These are knowloegen-
dre polynomials

5.13 Adjoint operator

In R" in turned out be useful to be able to pull matridésn the dot product from one side of
the dot product to the other:
(Mx)-z=x-M'z

(See Section 2.7 and the ensuing results). Given its usekiésreense to generalize this notion.
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Figure 5.4: The first eight Legendre polynomigs : [-1,1] —» R. (not
normalized| px|? = 52+

Definition 5.13.1 (Adjoint). LetV andW be vector spaces (both real or both complex) and both
with inner product. Letd : W — V be a linear mapping. Then a linear mappiag: V —> W
is said to be thadjointof A if

(Av, wyw = (v, A*w)v, VoeV,weW.
O
Given A the adjoint (if it exists) is unique so we can talk abthetadjoint, see Problem 5.9.
Example 5.13.2 (Shift operator). ~ Consider the linear shift operatsr: ¢2 (N) — ¢4 (N),
y=35(: (Y1, ¥2, ¥3,...) = (0, ug, U2, ....).
Given the standard inner product the adjoint of this mapjsng

0=8*): (s, 0203 ...) = (V2, V2, ...).

k=1
That is, the adjoint of the forward shift is the backward shif O
Example 5.13.3 (Integral operator). We determine the adjoint o4 : L[%&nu R) —» Lﬁny R),
o
y=Au): y@t)= /_OO K(t, s)u(s) ds.

Note that for each, s the matrixK (t, s) is any x ny matrix. (Implicit here also is that thi€ is
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such that it map&.2 signals td.? signald.) Then

(Auy) = / v / Kt 9us) dsll

t

/ / [K'(t, s)y(t)]'u(s) dsdt
teR JseR

/ / [K'(s, 1)y(s)]'u(t) dsdt
teR JseR

/ [/ K’(s, t)y(s) ds]'u(t)dt = (u, A*y).
eR JseR

t

Aryi=
That is, taking the adjoint corresponds to transforming<érael as
K(t,s) — K'(s, ).

This is similar to the adjoinkl’ of matricesM, with the added fact that the two time indices need
to be interchanged as well (which can also be understoodasgose). 0O

Example 5.13.4 (From finite dimensional to infinite dimensio nal). Consider the linear map-
ping
PR LE(0.1]):; P& =a+at

(with R? andIL? equipped with standard inner product). Then
1
(Pa, f)p2 = / (@ +agt) f() dt =ar(f, L)g2 +ax(f,t)r2 = (@, P* f)pe
0

The adjoint ofP* : IL]%([O, 1]) — R? hence maps functions to vectors as

_ * . _ <f51>]LZ
b=P*(f): b_[”’tmz]

5.14 Normal equations revisited

If we have the subspadé C X given in the form
V=AY

for some vector space and linear operatad : Y — X then the projection ox € X onto this
subspacé/ can be characterized again by the normal equations:

Lemma 5.14.1 (Normal equations). Let X andY be a vector spaces with inner product. Let
x € X'and assumel : Y — Xis linear and that the adjoiot* exists. Then

Vi = argmiWeY ”X - Ay”
iff y. € Y satisfies
A* Ay, = A*X. (5-8)

Lsufficient is thatfy g tr K’ (t, K (t, 5) dtds < oo
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Proof. This is the projection theorem f&f = AY andv. = Ay.. By the projection theorem
we need only establish thaét — Ay,) L V.
X—Ay) LV = (x—Ay,, Ay)=0 VyeY
(A'(x—Ay.),y) =0 vyeY
= A*(x— Ay, =0.

Since best approximations do not necessarily exits, thenabequations need not have a
solution. Indeed:

Example 5.14.2 (No solution of normal equations exists). Consider agaiX = fﬁ(N) and

the subsel = ¢MN®(N) and letA be the identity mapping froriy to X. ClearlyA* is identity
mapping as well and the normal equations become

Ve = X.

HoweverY # X so for somex € X the normal equation has no solutighe Y. Indeed it does
notforx = (1, 3,3, %,...), see Example 5.10.3. O

A pragmatic approach to approximation is tlifathe normal equations have a solution then
the problem is solved. The Gram-matrix is a special caseeofiémeral normal equations:

Example 5.14.3 (Gram-matrix). ConsiderIL]%([—l, 1]) and let us project'eonto the subspace
of polynomials of degree at most 1,

min [|€" — (y1 + Yat)ll2.
Y1,Y2

This problem can be solved using Gram-matrices but for tke s generality we will set up
the problem using adjoints. Borrowing the operafofand its adjoint) from Example 5.13.4, the
subspace of polynomial® of degree at most 1 can be seen as the image,

Py = P(R?)
so the normal equations are
P*Py, = P*e.

These are equations IR? (the domain ofP) and it readily verified that these are exactly the
normal equations derived earlier in Exaniple 5.11.3:

[(1, 1) <1,t>} [yl] _ [<eﬁ 1>}
(t,1) (tt) |y [t ]"

The normal equations discussed in this section may also/applases wher& is infinite
dimensional. In that sense the normal equations here dexetfze Gram-matrix theorem. Ap-
plications of the normal equations are disussed in follgwghapters.

|

5.15 Under determined equations

Theorem 2.6.3 from Chapter 2 and the related Lefnma 2.9.9 omer verbatim:
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Theorem 5.15.1 (Projection theorem — minimum norm elemento  f affine variety). Consider a
vector spac& with inner product and a subspa€eC X andx € X. A vectoro., is the minimal
norm element of the affine varieky+ V iff v, L V.

Proof. Do it yourself. L]

Lemma 5.15.2 (Minimal norm solution).  LetX andY be vector spaces, both with inner product.
If linear 4 : Y — X has adjoint, and if4A* : X — Xis invertible, then for everx € X the
unique minimal norm solutiow, of the equatiorx = Ay exists and equals

Ve = A (AAM) X (5.9)
Moreover the minimal norm squared can be expressed in tekma®
Iyl = ((AA") 71X, X)x. (5.10)

Proof. This is Theorem 5.15.1 fo¥ = ker(A) andv. = y.. Clearly they, of (5.9) satisfies
Ay, = AA*(AA*)"Ix = x andy, L ker(A4). Equation[(5.10) follows easily. "

The right-hand side of the expression (5.10) is a useful @uaibse typically is of lower
dimension thar’, see Chaptér 10 for an extensive example.

5.16 Gram-Schmidt and the matrix of inner products
The generalization of) R-factorization is the Gram-Schmidt procedure, see ProBl&n
5.17 Hilbert space

In Chapter 2 we managed to find best approximations by solk@rgal equations and the
normal equations could in principle always be formulatechsiinat the inverses involved exist.
Hence these projection problems are essentially solv&biegeneral subspace best approxima-
tions need not exist (Example 5.10.3). Here is an other el@amp

Example 5.17.1 (No best approximation exists). ~ ConsiderX the set of bounded functions on
[—1, 1] and consider its subspace of continuous functiéns C([—1, 1], R). What is the best
approximation of the unit step function

1 t>0

X(t) =1() = {O t<0"

No best approximation exist because the approximatiom gxre- v, || can not be zero (for then
v, = X butx ¢ V) but it can be made arbitrarily close to zero. For instanesétfunctions

1 1
on(t) = — arctar{nt) + —
T 2

are continuous and satisfy lim oo X — vnlly2q-1,1] = O 0

The problem of nonexistence can be traced back to the fac€Cnachy sequences Wi such
as theop in the above example need not have a limityin What to do? How to rule out such
undesirable problems? Here is the by now standard route. &#iom this route here because it
is really standard and powerful, but for this course you didhawe to master the detalils:
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e Assume we have a vector spaevith inner product (hence norm). Then an infinite series
> ke akvk is said toconvergeo somex € X if lim m— oo IX — Zlﬁ"zl agok|| = 0.

e Check whether or not every Cauchy sequencs hmas a limit inX, that is,

lim sup [Xpn —Xml|=0 =— 3IxeH: lim |x—=x,| =0.
N—oon m>N n— oo

Inner product spaces with this property are knowhlaisert spaces

e Check whether or not the subspa€ds a Hilbert space. (IKX is a Hilbert space then
V is Hilbert iff it is a closedsubspace, meaning that the complement X|x ¢ V} is
openmeaning that for any in this complement a small enough neighborhood does not
contain any element &f. A sufficient test for closedness of a subspace is that it fiake
dimension.)

e Theorem: IfV andX are Hilbert then for anx € X there is a unique best approximation
v. € V. The theorem doesot provide a means to construct best approximations (via
normal equations or whatever) it only guarantees its axige

This is all rather involved but for each inner product spéeeHilbert space property needs only
to verified once (and we will not do it). The following innergatuct spaces are Hilbert spaces:

o R", C"in factanyfinite dimensional inner product space is a Hilbert space;
o (2,(Z) andLZ,([a, b]) including ifa = —oo, b = oo

The Hilbert-space property dt(zcn([a, b]) did not come about easily. In fact given the stan-
dard Riemann-sum definition of integral, the space of sqndéegrable functions isota Hilbert
space! This prompted mathematicians to actually wantingdefine the notion of integral (dif-
ferent from Riemann sums). In the beginning of the 20th agritsue was settled by the mathe-
matician Henri Lebesgue. He came up with complicated naifantegral that did not suffer the
annoying convergence problems that Riemann’s definitiffierd from. Thd_ebesgue measure
was born and with respect to this measure the shaeas shown to be a Hilbert space. The “L”
in the notatioriL2 is in honor of its inventor Lebesgue. We, however, do not nedmbther about
the difference between Riemann and Lebesgue and we cgréahot going to treat measure
theory here.

Another advantage of having a Hilbert space is that some faar#iar results froniR" carry
over. For instance this central result:

Theorem 5.17.2 (Complete orthonormal basis).  Let H be a Hilbert space and I¢¢;, e, ...}
be an orthonormal sequence (possibly infinite)linThe following conditions are equivalent:

1. x L egforall g iff x=0 sequence isomplete

2. X =D (X, &x)ex foreveryx e H function equals it§ourier series

3. IX11% = 3 (X, &)|? for everyx e H. Parseval’s identity
O

Proof. (1) = (2): any finite sumxy = ZE‘zl(x,ek)eK is the best approximation of
in spanfey, ..., en} hence by Thm. 5.10.1 the norm of the approximatigndoes not exceed
that ofx, so|| Zl’(\'zl(x,a()eKH < |IX]l < oo. By Pythagoras this implies th@l'(\I [(X, &)|? <
X2 < oo (for N = oo this inequality is known aBessel’s inequalily Consequentlyy is
a Cauchy sequence becausg; — Xy 1% = > N<k<M l(X, &) = 0as miiN, M} = oo.
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By the Hilbert property them, := > 2 (X, &)ex exists inH. This X, equalsx because we
assumedey, ...} to be complete and

M2

(X = Xo0, €n) = (X, €n) — > (X, &) (&, €n) = (X, &) — (X,en) =0  Vn.

=~
Il

1

That(2) — (3) is immediate from Pythagoras and orthonormality&f e, . ..}. We prove
(3) = (1) by contradiction: suppodes, €2, ...} is hot complete, i.e. a honzexoexists with
x L e Vvk. Then|x|| > 0 while >, |(x, &)|?> = 0. This contradicts (3). "

For finite dimensional space such@s the theorem is intuitive and says that ffeg, e, . . .}
span the entire space iff the orthogonal complement of spam,, .. .} is zero.

5.18 If you want to know more...

Some other snippets of results:
e kerA = [im A*]+ and kerd* = [im A]*.

e If v, is best approximation i thenx — v, is a best approximation iW+. This can be
useful if V* is easier to work with (for instance ¥+ is finite dimensional).

e For linear operators continuity is equivalent to being kaeoh(in operator norm).
e If g is an orthonormal set theR «; g is well defined (if Hilbert) iff 3" |aj|? < oo

e Riesz-Fréchet: IX is Hilbert then a functionaF : X — R is bounded (continuous) iff it
is of the formF(x) = (x, y) for somey € X.

e Any bounded linear operator from Hilbert space to Hilbeaaphas a unique adjoint and
the adjoint is bounded as well.

e The notion ofnormalso exists outside the context of inner product: any raattional on
some vector spack is defined to be aormif it satisfies the three enumerated properties
of Lemmd5.3.2.

And finally we should warn the reader about the unfortunabé frathe systems and control com-
munity to define inner products as the complex conjugateefrther products used elsewhere.
So in systems and control literature one may ready) = [ f(t)g(t) dt which on complex
vector space isotlinear in its first argument, but linear in its second argumemnt

5.19 Problems

5.1 Prove thearallelogram law [u + v |2 + |lu — v || = 2||u||® + 2||v| 1.

5.2 Verify that oan&([O, 1]) with its standard inner product we have thtf, €/) = e —

k(tk=1, €'y for anyk € N,k > 0. Use this and MTLAB to find the optimal degree 10
polynomial p(t) approximation of kand plot the error'e— p(t).
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5.3 Let{v1, 02, ...} be alinearly independent set. Prove that@ram-Schmidprocedure:

n-1
01 On
T On =0n — (DkseK>a( €h=-—",
loall B Zk:l gl

produces an orthonormal sg, e, ...} and that spafvy, ..., ok} = spanfe,..., e}
for eachk.

5.4 Apply the Gram-Schmidt procedure (Problem 5.3)yt, t?} e L2 ([0, 1]) and sketch
the graphs of the so obtained e, es.

5.5 Show that ofR":

(X, y) is an inner productk= (x, y) = y'Px for someP = T'T with T nonsingular.

5.6 Supposex, y) = 0 for all x € X. Show thaty = 0.

5.7 Is(A, B) := tr B’A an inner product ofik"*k?

5.8 IsitSt+ c SorS c stt?

5.9 Show that the adjoind* (if it exists) of a mappingd is unique (Lemma 5]9).

5.10 Show that on real vector spape+ y||2 = |x||> + |ly||? iff x L y and find a counter
example to this equality for the complex vector spé@ce

5.11 Show that & > 0 exists such that

|/0” f(t)coqt)dt| <c //Oﬂ|f(t)|2dt vf

and determine the smallest possible and a functioffi(t) that achieves equality for this
smallest,.

5.12 Consider the vector space of continuous functionsel@fam the unit circle,
f,g:{zeC||zl=1} > C.

Show that

1 — 1
(f,g) = —/ g(2)f(2)—dz (wherez encircles counter clockwise)
2ri |zl=1 z

is an inner product.

5.13 Consider a set of continuously differentiable funti§d, 1] — R. Is

1
(f,q) = / gt f ) + gty F Dty
0

an inner product?
5.14 Prove Lemma5.11.1.

5.15 Conside§ ([0, 1], R). Does a best approximation dfia the space of polynomials of any
degredP exist?
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5.16 Does Px, y)| < |Ix]I2 + |ly|I? hold for any inner product?
5.17 Prove that (5.2) is indeed an inner producLg[a, b]).

5.18 Consider the convolution mappiég: L2 (R) — L2 (R),

y=Ch(u): y() =/ h(z)u(t — ) de

—00

Determine the adjoint in integral form, that is, determine
(0.¢]
u==Cp(y): u() =/ k(t)y(t — ) dr.
—00

5.19 Write a MaTLAB function that returns the solutione R" of the optimization problem
myin y'Qy, subject to theAy = x
for given positive definite, matrix A and vectoix. (You may assume tha A’ is invert-
ible.)

5.20 An extension of Parseval’s equality is that for a cotgpdethonormal sequence on Hilbert
spacet we have for any, y € H that

(X, ¥) = D" (X, &) (&, ¥).
k

Prove it.
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There are four classic fourier transformations (threeoif gount differently) and they all have
intriguing orthogonality properties. They can be categgdtiby their domain and range:

e From discrete to discrete (DFT, FFT),

e From continuous to discrete (Fourier series),

e From continuous to continuous (Fourier transform),
e From discrete to continuous (DTFT).

In this chapter we cover the first two in detail and the renmagjriivo only briefly.

6.1 DFT — discrete to discrete Fourier transform

The n-point discrete Fourier transform (DFTis the linear transformatioffyq : C" — C"
defined as

F% 11 1 -+ 1 77 %]
24 1 bt b2 ... bl X1
N 2 4 2(n—1
R=Fx: | % |=|1 p* b* . VI 6.1)
Xn-1] |1 b=t p20-2 . gD | e
i ARG
R F X

HereF is then x n matrix whosek, n)th entry is equal tb*~D ™D with b the complex number
b= e 127/n, (6.2)

Note that the first index ot andX is chosen to be 0 instead of 1, and also note that for each
n € N we have a different DFT. The x n matrix F is completely determined Bywhich in turn

is completely determined hy. If we distributen complex numbers uniformly on the unit circle
with 1 being one of the numbers, thbiis the first number below 1 ari#f is the next in line and
thenb?, see Fig. 6.1. Repeating this process we eventually endaipnb"~1 and then, finally,
back in 1= b". The numbea := b"1is

a=et27/n, (6.3)

The numbers andb are each-others inverssh = 1, and each-others complex conjug&@es: b
andb = a.
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a:=hb"1
1=0"
b
b2

b3

Figure 6.1: The unit circle equidistantly divided imio= 16 parts

The DFT has the property that it is invertible for amyand that its inverse is similar to the
DFT. This follows from the fact thaf is orthogonal (modulo a facta):

11 1 -1 101 n oo
, 1 al a® -.-||1 bt b? 0no
F'F=11 a2 a* ...[|1 b2 b* -..|=]|0 0 n

This is readily verified: thel, 1) element ofF*F is the product of the vectord, 1,...,1)
and(1,1,...,1) hence equals. Likewise the(2, 2)-entry is the product of1, a, a2, ...) and
(1,b,b? ...) and hence becomesab+a2b? +--- =1+ 1+ 1+ ... = n. All diagonal
entries similarly turn out to equal. All non-diagonal entries of *F are zero. For instance
the (1, 2)-element is the product of the first row B and the second column &f. That gives
1+b+b%+---+b" 1 These are th@ numbers on the unit circle and since they circle
around zero they add up to zero, seelFig 6.1. Likewis€1h8)-entry of the right-hand side is
1+ b?+b*+ ... 4+ b?~2. All thesen numbers circle around zero as well, be it now twice as
fast, nevertheless due to symmetry they again add up to 2droon-diagonal entries are zero.
The conclusion is

Lemma 6.1.1 (Inverse DFT). DFT (6.1) for anyn € N is invertible with inverse

Xo 1 1 1 X0

L X1 111 at a? L1
X=FX: x2 | = |1 a2 a4 Lo (6.4)
wherea = 1/b = &27/", O

SinceF*F = nl we have for anx e C" that
K12 =% - % = (FX) - (FX) = (F*Fx) - x = n|x|°.
This equality is known as Parseval’s identity (though ingeiding chapters we preserved Parse-
val's identity for orthonormal bases).

6.2 Harmonic decomposition — the DFT as a change of basis

Instead of interpreting the DFT as a linear transformati@ncan also interpret it as moving
from one basis to the other. With the DFT we determine thedinatesky of the vectorx, with
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respect to the basis formed by the columngof,

1 1 1 1
~ 1 N a ~ a2 A an_l
0 1 X2 An—1
x="l1|+ a2 |+ et [+ T | a2

and sinceF ~1 is invertible (obviously) we know that the columnsfef ! are linearly independent
and that they span the entire spdtk that is, anyx € C" has such an expansion. In fact, since
F*F is diagonal we have that the columnsfof! form an orthogonal basis @".

Figure 6.2 shows the DFT of twa-vectors forn = 16. The DFT spreads ang;, over all
%, k=1,...,n. Inversely, as can be seen from Fig.]6.3, ef¢ls distributed over all entries
of x = F~1%. As the bottom two plots of Fig. 6.3 suggests, the DFT for vedledxy obeys the
symmetry property

ReXx = ReXn—k, ImXx = —ImXn_k VO<k<n

and thatXg is real.

6.3 Extra: the FFT

For generah x n matricesA and vectorx e
R" it requires at leash? operations to form the
productAx because every of the elementsA; i The vibration analysis system that stands
affect the product. For the DFT the story is quite | aloneinversafility.
different. The point s that the matrix in arpoint My
DFT only hasn differentelements. Indeed, since
b" = 1 any termbX is one of{1,b, ..., b""1}.
This gives the DFT-produdtx a lot of structure,

a structure that can be exploited to significantly
reduce the numbers of operations required. The
resulting algorithm is known as thfast fourier
transformor simply asFFT; a truly famous al-
gorithm. It was invented in 1965 during the cold
war by John Tukey, and was published together
with James Cooley. It was immediately recog-
nized as a breakthrough and soon computers ap
peared whose sole purpose was to compute FFTs.
Among them the impressiveéhourier Analyzer
5154Aof Hewlett-Packard.

It is interesting fact that the derivation of the
FFT is best seen not from a matrix representation

Hewlett-Packard 5451 A Fourier Analyzer, De-

but from a summation representation, cember 1972,
n—-1 )
A _j<n
fe=Y e’y k=12...,n-1, (6.5)
m=0

and its inverse

1n—1 2
i £ mkg
xmzﬁkzoen Xk m=12....,.n—1
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Xo=1 Ric

Lo e LTI

x1=1 ReRk

—

Figure 6.2: The dat&g or x1 is spread over aK,
(blue =real part; red = imaginary part)

Im Rk

DFT-1
&~

Figure 6.3:Xk is the coordinate of thék + 1)st column ofF ~1,
(blue = real part; red = imaginary part)



Lemma 6.3.1 (FFT). Supposen is an integral power of 2n = 2M. Then the DFT can be
computed inO(nlog(n)) number of operations.

Proof. The crux of the FFT is that for all evén= 2j we may rewrite[(6.5) as

n/2—-1
e
foj = D Om+Xmpn2)e” 2™ j=0,1,...,n/2-1

m=0
and for all odd indicesn = 2j + 1,

n/2-1

A _j2r —i 2T mi .

Roj4+1 = E e M (Xm — Xmin/2)€ 2™ j=0,1,...,n/2—-1.
m=0

Thus then-point DFT (6.5) may be reduced to computation of my@-point DFTs, one of

Zevenm = Xm + Xm+n/2, m=0,1,...,n/2-1
and one of
i 2n
Zoddm = €' M(Xm — Xm+n/2), m=0,1,...,n/2—1.

Forming thezeyenm from xm, takesn/2 (complex) additions. Formingyqqm takes besides addi-
tions also multiplications. Nowadays multiplication régs about as much computing time as
addition, in any event, forminBeyenm andzy4dm together takesn units of operation for some
constand > 0. Now letC(n) denote the number of operations needed to compute-fhant
DFT. Using the above procedure we have that

C(n) =dn+ 2C(n/2).
As C(1) = 0 we get that

C(n) = dnlog,(n).

6.4 Fourier — continuous to discrete

It is time for some elegant math. We will not rely on the resoltthe previous section but we
prove from scratch (well) ah? version of the famous Fourier series. The story begins wigh t
following easy result:

Lemma 6.4.1. On IL(ZC([O, 1]) the doubly infinite sequende. ., e_1, ep, €1, €, . ..} of harmonic
signals

ek(t) — eiZ;rkt

is an orthonormal set.

Proof. (e, en) = [ 27 k=t gt which is 0 ifk # n and is 1 ifk = n. n
0
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So immediately we get that the best approximatiom span{..., e_1, e, €1, ...} of a func-
tion f € L2([0, 1]) is

00
fo= > (f.ae,
k=—00
that is,
00
f*(t): Z fAkei27rkt
k=—00

where we used the short hand
T
fx = (f, &) = / e~ 27KUE (1) dt.
0

The obvious question now is: is the Fourier serigof f equal tof ? Or, to put it differently, is
the sequencg..,e_1, e, €1, ...} acompleteorthonormal sequence ]In%([o, D2 Itis:

Lemma 6.4.2 (Classical Fourier series). LetT > 0. Everyf e L%([O, T]) equals its Fourier
series,

t) = fiekF! (6.6)

keZ

where fy are theFourier coefficientslefined as

~ 1 il 21 1 T ile 21
f = = (f, kT = —/ e KTFLE(t) dt.
k=TI )=3 ; ®)
Proof. We prove theT = 1 case (otheT follow from scaling). According to Theoreim 5.17.2
we need only show that the only function orthogonal toeglis the zero function. Assume for
the moment thaf is continuous. Iff is nonzero therf is > 0 (or < 0) throughout some small
enough intervald — A, c + A], see Figl 6.4. Take the harmonic functio(t) of the form

1 1 . ‘
h(t) := b+ 5 cos2rt +a) = b+ Z(e'(z””a) + g7 (@rt+a)y

wherea, b are such thalh(c — A) = h(c+ A) = 1, andh(t) > 1 inside this interval, ane: 1
elsewhere in [01], see Fig. 6.4. Clearly for large enoughve have

(f,h™ #£0.

Theh" is a linear combination of harmonic signals! e span(e_n, ..., ey} hence for at least
onek we have(f, &) # 0. Therefore the only continuous that is orthogonal to ak is the
zero function,f = 0.

Now let f € L2, not necessarily continuous. ff L e for all k then the integrate@ (t) :=
fé f () dr — which is continuous — is orthogonal to &} as well. Indeed, sinc& (1) =

F() + fol f(t)dt = F(0) + (f, eg) = F(0) = 0 we get using integration by parts

1
(F, &) =/ e ZTKE (1) dt = [
0

So F(t) — (F, ep)ep is orthogonal to alky, includingk = 0. By continuity this implies that
F — (F, ep) is the zero function, i.eF (t) is constantfF (t) = F(0) = 0. Its derivativef hence
is the zero functioh which is what we set out to prove. L]

1

1

e—i27rkt
—i2zk
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ht) > 1

h(t) < 1

A IR

AM".-\,-/ M A N A

0 ¢c-A c+a

Figure 6.4: A particular cosine(t) = 1+

cog2x (t—c))—cog2z A)
2

Be aware that equality in (6.6) is to be understootifrsense. l.ef (t) and its Fourier series
could differ at some values o¢f as long as they are the same for “almostall
Parseval’s identity for our case becomes:

Lemma 6.4.3 (Parseval and power).
212 = > Il
T zqo,y T K
keZ

forany f e L2([0, T]) and corresponding Fourier coefficierfis 0O

Proof. ForT = 1 itfollows immediately from Theorem 5.17.2. Othefollow from scaling. =

For f : [0,T] —» C", the quantity%” f ”12L2[o 7 is often referred to as thgower. Since the
chopped Fourier series ’
N S
Nt = > fiel T
k=—N
is a projection off — onto sparje_n, ..., en} — its power never exceeds that 6fand by

Parseval we have an explicit description for the power loss

1 2 2
SIf == > 1
|k|>N

We think of| ﬁ(|2 + fA_k|2 — for k # 0 — as the power of the signat angular frequencﬁrl k.
The Fourier series can also be intergreted as a linear tnamafion from functions to Fourier
coefficients Feq : L2([0, T]) — €2(Z), f = Fea(f).

6.5 Fourier transform — discrete to continuous (DTFT)

litis atheoremthat the derivative of the integr&l of a Lebesgue integrable functidnequalsf almost everywhere!
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Very briefly: fixing T = 2z and interchanging the role of time and frequency readilggivs
that the discrete-to-continuous Fourier transfdrea Fqc(u) is

o
O(w) = Z Ume '™, w e [-n,x].
=—00

It is better known as thdiscrete-time Fourier transform (DTFTIX transforms infinite (discrete-
time) sequences to continuous-frequency functions asdrivertible for anyu € £2 with inverse

T

1 )
Un = — U(w)e'”™ do, m e Z.
2 J_,

Parseval’s identity becomes

1
Iullezzy = ﬁllullLZ[—z,n]

or, in terms of inner products,

1 IR
(U, Y)e2z) = (U Y)L2[—7,x]-

Mappingf Fdc : %(Z) — L?[—=, x]is unitary (inner product preserving, linear, invertible).

6.6 Fourier transform — continuous to continuous

ForT — oo the Fourier series thickens to an integral.

Theorem 6.6.1. For anyu e ]Lén (R) the Fourier transformi = F¢c(u) defined as

00 .
O(ia)):/ u(t)e 't dt, welR (6.7)
—00
is invertible, with
1 [® -
u(t):—/ O(iw)e' dw, teR. (6.8)
21 J_o

where equality is understood Ir? sense. The Fourier transform map, (R) to L2, (iR).

Proof (sketch). Consider the restrictiont of u to the time interval {—%, %]. The restriction
ur is inL2([—%, ]) and so equals its Fourier series,

iz
u) =ur®) = > weT*  vte[-F, 7]
keZ

wherely are the Fourier coefﬂments afr: Gg = T fTﬁz u(t)e—izT”kt dt. Given that the Fourier

transform ofut is Gt (iw) = f T2 u(t)e""’t dt we getlx = 07 (i5F 27k), S0

1 2 —k
ut) = Zé?mo—k)e T vt e [—7, 5
€
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With the substitutiom\ := ZT” we recognize this as a Riemann-sum approximation of integra
1 . iAK T T
uct) = EZAUT(IKA)G vte[-2,T
keZ

Let T — oo (henceA — 0) and the above sum thickens to the integrall(6.8). That jtsna
ue IL(ZCH R)tol e ]L%n(iR) follows from Plancherel’s theorem (done next). L]

In this context Parseval’s identity is often callethncherel’s theorenafter its inventor Michel
Plancherel.

Lemma 6.6.2 (Plancherel, L2-inner product in frequency domain). For anyu, y € L2(R) and

their Fourier transforms, ¥ we have

1
(U, Yia) = 5 (U Virzr)
and hence for any € L2(R),

1
lullLew) = ﬁHUHLZ(iRy (6.9)

Proof (sketch). The inverse Fourier transform says thit) = % ffooo O(iw)e®t dw. There-
fore

27 (U, y) :/y*(t)/a(iw)ei”tda)dt =//(e—iwty(t))*a(iw)dtdwz/y(iw)*a(iw)dw
=(0,9).
(See the comment in Section 6110, or, on second thoughtt sea'this comment!) L]

So, up to a scaling factor, the Fourier transform frbA(R) to L2(iR) is a unitary trans-
formation (inner-product preserving invertible lineaarsformation) and because of this strong
connection we usually are ambiguous about which domain eeamsidering, time domain or
frequency domain.

Example 6.6.3. The Fourier transform ai(t) = e‘t]l[o,oo)(t) is

1
1+iow

In time domain the norm (squared) computes as

o0 o0
1
||u||2=/ u?(t) dt:/ e gt ==
—00 0 2

while in frequency domain we get
1 ., 1 [® 1 1 © 1
—a|1c = — —— dw = — arcta =-.
2r 19 2r /_Oo 1+ w? R r(a)):|oo 2

The two results are the same, as they should. O
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6.7 Bilateral Laplace transform of  LL2(R)-signals

The Fourier transform naturally extends to the bilateraplaee transform. Théilat-
eral Laplace transformalso known as théwo-sidedLaplace transform is the linear mapping
f:R>V

F=g(f): F(s) =/oo f(t)e Stdt

—00

for thoses e C for which the integral is well defined. It is an extension oliFier in that it may
not only be defined on the imaginary axés= iw, but possibly for othes € C as well. The
(largest open?) set @ for which F(s) is defined as called thegion of convergence (ROC)

Example 6.7.1 (Region of convergence).

1. The bilateral Laplace transform of the causal sighél) = e '1(t) = _N— is well
defined for Res > —1,

’m(s)

1 _

F()=——, ROC= L Re()
s+1

2. The bilateral Laplace transform of the anticausal sigiel = €' 1(—t) = —1_is well
defined for Res < 1,

Im (s

1 1
G(s)= ——3. ROC= ‘ _—

3. The Laplace transform ¢if(t) = & not defined for ang € C. The ROC is empty.

4. The Laplace transform qi(t) = e~” is well defined for everg € C. The ROC isC.
O
The Fourier transfornf will from now on usually be seen as a special case of the bilate

Laplace transform and we us&(iw) to denote the Fourier transform of a signfal Another
example of Plancherel’s theorem reveals something special

Example 6.7.2 (Orthogonal rational Fourier transform). For anya, b > 0 these two functions
f(t) = e o0 (t) = _K and g(t) = 'L (_o,0(t) = /l_
0 0

are orthogonal, and are it?(R). Then Plancherel states that their Fourier transformsrneg-
onal inL2(iR),

. 1 1 .

(With Complex Functions Theory this can also be verifiedrefytiin frequency domain.)
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The findings of the above example generalizes as follows hizt followsstability of a rational
complex functiorF (s) is understood to mean thBis) has all its poles in the open left-half plane.
Antistabilitymeans its poles all have stricthositivereal part.

Lemma 6.7.3 (Orthogonal rational Fourier transform). Let F(s) and G(s) be two strictly
proper rational functions. If(s) is stable and5(s) anti-stable, then they are orthogonal on
L2(iR):

F(iw) L G(iw).

If H(s) is a stable rational function with relative degree at leasthén

/ H (iw) dw = 0.
weR

Proof. Associate withF andG a region of convergence that contains the imaginary axdsdi.
right-half plane forF and a left-half plane foG). With partial fraction expansion the inverse
Laplace transform oF andG may be shown to be causal and anticausal respectively (aero f
negative time and zero for positive time, respectively)degh andG are orthogonal as elements
of L2(iR). Split H(s) asH(s) = F(s)G’(—s) with F, G strictly proper andF stable andG
antistable. Ther|, _p H(iw) do = [, _p F(io)G'(=iw) do = (F, G)12(r) = 0. n

The set of all stable strictly proper rational functions
Hrzatz {F :iR — C | F(s)isrational, stable, strictly propégr
can on the one hand be characterized as being the ratiorcidns that are Fourier transforms
of causat signals and on the other hand can obviously also be chaimedexs the strictly proper
rational functions that have their poles in the open leff-tamplex plane. The generalization of
this equivalence is due to Paley and Wiener (stated belolowitproof). In what followsC is
the open right-half complex plane afid the open left-half complex plane,

C;={seC | Re(s) > 0}, C_={seC | Re(s) <0}

Theorem 6.7.4 (Extra: Paley-Wiener). The set of Laplace transforms of causal signals
e (L?cn [0, oo))

is well defined inC, and equals thelardy spacéH?,

H? = {F:Cy — C"| FisanalyticinC, and sup| FliLz@+ir) < 00}
c>0
Moreover then sup. ¢ [ Fllp2(, 1iry = IF (i0)llp2¢r). Similarly
£ (Lén(—oo, 0]) =H*:={F:C_>C" | F analytic inC_ and SuplFlipz4iry < 00}
o<0

|

2a signal f : R — Viscausalif f(t) =0forallt <O.
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Example 6.7.5. The bilateral Laplace transform df(t) = 1o n)(t) = —ﬂ— is

The candidate-pole = 0 of F(s) cancels against the zero in the numerator. Hs) is defined
everywhere in the complex plarie Over theleft-half complex plane it is unbounded (red part
of above figure). This functiof is in H2. O

6.8 Stable systems, causal or noncausal

A linear mapping (system) = Gu from {R — C"} to {R — C™} is said to bel.?-stable—
or simply,stable— if the IL2-gain of the mapping is finite, that is, if a1 > 0 exists such that

IGUll 2Ry < Mllull2g) VU e L2(R).

The infimal suchM is known as th@perator normof G.
The set ofL?(R)-stable LTI systems is denoted

L.

This set contains both causal an noncausal systems. Thé Eétstable LTI systems that in
addition are causal is denoted

H™.

Both L*° andH®* have clear frequency-domain characterizations but thas et concern is
now.

For systems with rational transfer matric8¢s) = £(g), to be inlL*° it is necessary and
sufficient that the region of convergence®(ts) contains that imaginary axis and thats) is
proper. In other words, with every proper rational matriattioes not have poles oR bne can
associate a (possibly noncausal) systes g = u that isL.?(R)-stable. For systems with rational
transfer matrice$s(s) = £(g), to be inH* it is necessary and sufficient that the region of
convergence of3(s) contains the entire closed right-half plane and that it appr. Conversely
to any propelG(s) with its poles in the open LHP one can associate a causalhsyste g * u
that isL?(R)-stable.

6.9 LTI transformations, adjoint and conjugate

In what follows we take the adjoint with respectltd.
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Lemma 6.9.1 (Adjoint in frequency domain).  Let G be a stable LTI mapping with frequency
responsés (iw). Then the adjoing* has frequency responsé (iw)]’.

Proof. (y, Gu) = ffooo[G(iw)u(ia))]’y(ia)) do = ffooo u(io)'[G(iw) y(imw)]dw = (G*y,u). =

The adjoint frequency respongB(iw)]’ by itself is defined only on the imaginary axis. It will
be useful to extend the adjoint frequency response to gansdtrices (i.e. defined on a larger set
than just the imaginary axis). If the LTI mapping is givenimé domain (i.e. as a convolution)

y=G(): y=h=xu

then according to Example 5.13.3 the adjoint is a convatusie well with the only difference
that the impulse response is time-reversed and that its lesropnjugate transpose is taken,

u=g*(y): u=gsxy, g(t) = h'(-1).

The bilateral Laplace transform bf(—t) is denotedH ~(s),
o0 o0
H™(s) = / h(—t)e Stdt = / h'(t)etstdt = [H(-3)]'.
—00 —00

The commutative diagram below expresses that we can detetime, say, frequency response
of the adjoint in different ways.

Lapl =i .
aplace H(s) s=io H (i)

h(t)

adjointl lconjugate ladjoint
Lapl =i .
W(-t) =225 H~(s) 2=5 H™(iw)

We can bypass any time-domain interpretations and direatiye from transfer matrix (s) to
H ™ (s) according to the rule

H™(9) = [H(-5)"

The so definedd ~(s) in terms ofH (s) is known as theonjugateof H (s). We see that it has
the property

H™(iw) = [H (io)]’

which is consistent with Lemma 6.9.1. # (s) is defined on the closed right-half plane (closed
RHP) the conjugate is defined on the closed left-half plateséd LHP) and vice versa. If the
domain of H(s) includes the imaginary axis then so does thatiof(s). The conjugate of a
rational function is rational.

Example 6.9.2 (Conjugate of real-rational ~ G(S)). The conjugate of the stable system with trans-
fer function

6O =17  (Re®>-1)
s
G (s) = [—§1+ J* - _31+ . =G(-9.  (Re(s) <1
Note thatG(s) = £(e~t1(t)) andG™(s) = £(& 1(t)). -
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Likewise one readily gets that for real LTI systems (systeiitis real-valued impulse response)

the conjugat&™ may be determined as

In

G™(s) = [G(-9)]".

particular, ifG(s) is real-rational then so 6~ (s) and the poles o6~ (s) are minus those of

G(s).

Example 6.9.3 (Three norm preserving systems).

6.

64

1. The stable LTI system = G(u) with transfer function
s—a
~ s +1
is norm preserving — that igy|l; 2 = |July2 for all u —iff a = £1. Indeed,

G(s)

(Gu, GU) 2wy = (GU, Gl)2(ir) = (G GU, U)2(jR)
and this equalgll, U)y 2k, for everyl iff G™G = | on the imaginary axis,

2 2

—s—as—a _a’-—s
—s+1s+1 1—-82°

G7(5)G(s) =
2. The stable LTI system with transfer matrix
1
G(s) = |:5ng]
s+1
is a horm preserving mapping frohé(iIR) to L(Zcz(iR) because

1 1—g2
G (96 == =) [] =

241

3. The delay operatoy(t — h) = u(t) is obviously norm preserving ob?(R). Its transfer
function isG(s) = eS"and so

G~ (5)G(s) = e s =1

which once again proves the norm preserving property.

10 Extra: some technical details...

o A proper proof of Theorem 6.6.1 and Plancherel’s theorenuiiprgsingly involved. The
problem with the sketch of proofs given above is that they oel Riemann-sum approx-
imations (while we are supposed to work with Lebesgue i=tiglgrfunctions) and in the
proof of Plancherel we secretly assumed that the orderegiation may be interchanged,
which requires Fubini’s theorem. A proper proof followsdbdines: first show that the
theorems are valid far = L1 NIL2 (the sefl.! is the set of absolutely integrable functions).
Foru e L2 use thaf.? N L1 is dense iflL? to construct a sequence wf € 1.2 N ! such
thatux — u in L2-sense. Because of Plancheiigle L2(iR) and sincel.? is a Hilbert
space it has a limill € 2. This is the extension of the Fourier transformuof



 Note that the domain dfI?> does not contain the imaginary axis so we can not consider
F(iw) for F e H? (which we secretly did in Theorem 6.7.4). We should have:siid
F e H? then for almost every € R the nontangential limi€ (iw) := limg 0 F(o + iw)
exists and the so defined functiénis an element of 2(iRR).

6.11 Problems

6.1 Write a MATLAB script that approximates the Fourier transfafiga using the FFT.

6.2 Consider thé/cc and subspac€ps = {f € LE&(R) | f(iw) =0V|w| > A}. Find the best
approximation inV 4 (in both time domain and frequency domain) of

sing, (t) = SN Y =

T - h
Lt [ 2h

The answer depends & [Hint: what is the Fourier transform of sig)?]
6.3 Show that singt — kh), k € Z is an orthogonal sequencelif (R).

6.4 Construct a functiori € Lﬁ(R) whose Fourier transfornfi (i) is not defined at» = 1
(but f is nevertheless iiﬁ,?c(iIR) as Plancherel dictates). [You do not have to deterntine
explicitly.]

6.5 Conside]L]%{([—l, 1)] and suppose we apply the Gram-Schmidt procedure to theesequ

span{l,t,tz,t3, ...} to obtain an orthonormal sdgp, e1, ...} of polynomials. Prove
that this sequence is complete (i.e. evdry Lﬁ([—l, 1)] equals its series expansion
f =2 olf, e&)e). [Hint: do notapply Gram-Schmidt and have a look at the proof of
Thm[6.4.2.]

6.6 Show that the sequenf@, &, .. .},

i) — 1 [io—1\K
eKw_ia)—I—l iw+1

is an orthogonal sequence bA(iR), and determingé||. Is the sequence complete?

6.7 Show that the stable causal delay-differential system
. 1 1.
y® + 3yt —7/2) =u(t) — Ju(t —7/2)

is L2-norm preserving.

6.8 Let
n
H(s) = cinr'n—l( a)
[Tj=1(s —bj)
For whichn,m e N, c,a1,...,an, b1, ..., bm € R is this the transfer function of a norm

preserving LTI system?

6.9 (H™)~ =H?
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7 An Introduction to stochastic processes

Also spaces of stochastic variables can be equipped withrar iproduct. We will denote
stochastic variables (random variables) by lower case sianb

7.1 Expectation, variance and covariance
For a real valued stochastic variabiethe probability distribution k(&) is defined as the
probability thatx < ¢:
Fx(©) =Prix < ).

Its derivative

0
fx(©) = o Fx(&)
(which we assume exists) is known as firebability density functionlt is nonnegative and we
get the familiar picture (witla < b € R):

b fx (&)
Pra < x < b) :/ F(E) &
a

a b &

Theexpected valug(x), also known as thmean of a stochastic variabbeis defined as
oo
e00= [ @
—00
and one can prove that for ahfunctiong : R — R

EQ(X) = /_ 9(E) fx (@) 2.

The three for us important expectations are

mean: E(X)
second moment: E(x?)
variance: var(x) := E(x — Ex)?

The mean is also known as the first moment.
Fortworeal valued stochastic variables xo the (joint) probability distribution F, x, (&1, £2)
is defined as

Fx.x2 (€1, $2) = Pr(X1 < &15 X2 < £2).

lwell, sufficient is thag have bounded variation?
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Its derivative

2

0
fxx(E1, &) = mFxl,xz(fl,fz)
(we assume it exists and that it is continuous) is known a§dira) probability density function
It is nonnegative and we get the familiar picture (with< b € R, c < d € R):

&1=b  p&H=d
Pra < x1 < b;c < x2 < d) = / ey (1. &) dides
¢1=a

&=¢C

As before one can prove that for functiogs R? — R the stochastic variablg(xz, x2) has
expectation

EQ(X1, X2) = //RZ 9(&1, £2) fxy % (&1, &) dELdE,.

The three for use important expectations are

correlation:  E(xYy)
covariance: cov(X,y) :=E(X —EX)(y — EY)
correlation coefficient: p(x,y) := %

We mostly work directly with mean and (co)variance and wellyagver have to worry about
underlying probability density functions.

7.2 Inner product and the covariance matrix

Given a finite numbem of R"-valued stochastic variables, . . ., xm all with finite first and
second moment

EXkj € R, EXEJ- < 00

we form the vector space of linear combinations of thestochastic vectorsy’s:

m

XM :=span(Xa, ..., Xm} = {X | x = Zakxk, ai,...,am < R}. (7.1)
k=1

Any sample (observation, realization) frak is an element oR". The spac&" satisfies the
usual vector space properties (we do not want to dwell on it).

Definition 7.2.1 (inner product).  Let X" be the above vector space (7.1). A functiopal) :
X" x X" — Ris aninner productif for everyx, y, z e X"

1. (X, y) =(y,x),
2. (aXx+2zy) =a(X,y) + (z,y) foreverya € R,

3. (X,X) >0,and{x,x) =0 = Prix=0) =1. 0O
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We make no distinction between zero and stochastic vagahég are zero with probability 1.
The only inner product we are going to consider is

(X, y) ==EYX
Lemma 7.2.2. (X,Yy) := EYy'X is aninner product oik":
1. Eyx=EXy
2. Ey(x+az) =Ey'x+aeyz
3.EX'x>0

4. EX'x = 0iff Y p_jEXZ =0iff Pr(x =0) =1 zero with probabilityl
O

Elementsx, y € X" are consideredolumnvectors, soy'x is a 1x 1 stochastic variable and
Xy is an x n matrix of stochastic variables.

Definition 7.2.3 (covariance matrix). ~ Thecovariance matribof x, y € X" is defined as

E(X1y1) E(X1¥2) --- E(X1¥n)

, . E(X2¥1) E(X2¥2) -+ E(X2¥n) xn

COUX, Y) = EX—EX)(Y—EY) =ERY) = | . R R™",
E(Xny1) E(ny2) -+ E(Xn¥n)

Here we use the short hands= x — E(x), § = y — E(Y). O

For zero mea, y the covariance matrix is a matrix of inner products and weetihe useful
identity

n
trExy = > E(&yk) = EY'X.
k=1

7.3 Orthogonal — uncorrelated

Elements, y € X" are said to berthogonalif the inner produck y’x is zero. Two stochastic
variablesx, y € X! are said to bencorrelatedf

E(xy) = (EX)(EY).
Lemma 7.3.1. X,y € X! are uncorrelated iffx — Ex) L (y — EY).
Proof. (X —EX,y—EY) =EX —EX)(Yy—EY) =E(XY) — (EX)(EY). |
7.4 Norm — standard deviation
The norm is defined as

Il = v/ (X, X)
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Hence for our inner product

IXIl = VEXX = /EOD) + E0G) + -+ EOR) = EIXI2
For zero meax € X! this equals thetandard deviation

Std(X) 1= oy := VE(X — EX)2.

7.5 Cauchy-Schwarz — correlation

Lemma 7.5.1 (Cauchy-Schwarz). For stochastic variables y € X! there holds that
L [E(xy)I? < E(X?) E(Y?)
2. |E(xy)|? = E(x?) E(y?) ifand only if y = 0 orx = ky for somek € R.

Proof. Lets? := E(x?) andsy := E(y?). The resultis trivial ifx = 0 ory = 0. Considex 7 0
andy # 0. Then for anyy € R,

2 2
X Y\2 X Xy y E(XY)
X y Oy O'Xo'y y O'Xo'y
As the above is nonnegative it follows that
25N 2142 (7.3)
O'Xo'y

Fory = %1 this readé%?' < 1. This proves Condition 1.

If equality | E(xy)|? = E(x?) E(y?) holds then foy = sgn(E(xy)) the expression (7.2) is zero,
so necessarily — y J—yy = 0. Takek = y ox/oy. "

An immediate consequence is:

Lemma 7.5.2 (Correlation coefficient).  The correlation coefficien(x, y) := % sat-
isfies the bounds
-1<pxy) <l
O

7.6 Pythagoras — variance of uncorrelated variables

Pythagoras become the familiar rule:

Lemma 7.6.1. Letx,y e XL If Exy = 0 thene(x + y)? = E(x?) + E(y?). When applied to
mean zerx andy it says: zero mean, uncorrelated implies

var(x + y) = var(x) + var(y).
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Proof. Easy. ]

7.7 Projection — optimum linear estimator

Consider the finitely generatéf" of (7.1) and suppose thate X" is not observed but that
we want to estimat& on the basis of other (related) stochastic variables in setié c X".

Definition 7.7.1 (Optimum linear estimator).  Let V be a subspace &f" of (7.1) with norm
x| = VE|x|2. A stochastic variable, € V C X" is anoptimum linear estimatérin V of
x e X" if

IX—0v.]| <E|IX—=0]| VoeV.
]
Theorem 7.7.2 (A projection theorem).  Letx € X" and letV be a subspace of tB&" of (7.1).
1. A stochastic variable, is an optimal linear estimator i# of x iff (x —v.) L V.

2. The optimum linear estimator is unique and thsmimum mean square error (MMSE)
E(IX — v4]%) equals(x — v:]?) = E(IXI?) — E(lo[?).

Proof. Essentially the same as that of Theofem 2.6.2. L]

State differentlyp.. is an optimum linear estimator iff(x — v.)o = O for everyo € V. For
our finitely generated spade (7.1) the optimum linear estinwways exists, which follows from
the normal equations derived next.

7.8 Normal equations

For a brief moment lex, z1, .. ., z, denote real numbers. Then the problem
min|x—[(zz --- z
o Il [ 1 n] yll

is an underdetermined problem and typically mang R" exist that achieve zero norm. With
stochastic variables the story is quite different.

Lemma 7.8.1 (Normal equations). Letx, z1, ..., z, be 1x 1 stochastic variables. Then
Ys = argmincgn X —[z1 -~ za]yl

iff y,. satisfies th@ormal equations

EZz1 X Ez1zy, EZ1Z --- EZ1Zn Vi1
E ZpX EZyzy EZZp --- EZ2Zp Yi2

— =0
E ZnX EZnzi EZnzz --- EZ2 Yen

2The term “linear” emphasizes that we seek a linear comluinaif elements o¥; in general if the entire joint proba-
bility distribution is known, there |x — v, |2 is minimized for the conditional expectati@(x|V) and this need not
be a linear combination of elements¥f
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or, more succinctly (wittz the column vector of’s),
E(zX) — E(zZ)y. = 0.

The MMSEE(x — 7'y, )? equals
E(x?) — E(xZ)[E(zZ)] "L E(zX).

Proof. According to the projection theorem we have

Zy.optimal < x—[zn -+ zn]y. Lz VK
— E(zXx) - [E(xz1) - E@zn)]y. =0 vk
The MMSE isE(Xx — Z'Y.)? = E(X?) — E((ZYx)?) = E(X?) — V. E(Z2) V.. "

Example 7.8.2 (All that hair). Let us say there is a correlation between a persons 1Q, EQ and
amount of haix,. We assume thag, zeq andxy have been centered (normalized) to have mean
zerd. Of course the correlation between betwegmndzg is negative.

We aim to estimatey on the basis ofjq andzeq. The normal equations for our problem are

[ e@)  E@qzq ‘1[E(ziqu}
" | E(zeqiq)  E(Z3) E(ZegXh) |

Case 1. whenjg and zq are uncorrelated.Then the covariance matrix is diagonal and the
optimum linear estimator ofj, is

E Z|q Xh E Zeqxh
Xxh = 5 Ziq 2 e
iq €q

Case 2: whenig = zeq. Then the covariance matrix that we want to invert is singatza
indeed in this case anyziq + (1 — 1)Zeq is the same, i.e. the optimum linear estimator is not
unique. The optimum linear estimator is as in the scalar,case

E(ZigXn)
«h = Iq2 Zq.
EZ,
Case 3: where zﬁq = EZ3, = EZigXh = EZegXh = 1. Then
Zig+z
Xeh =
1+ E(ZigZeq)
Cauchy-Schwarz in this case says thdt < E zjgZeq < 1. O

7.9 Stochastic processes

A discretestochastic procesis a sequence of stochastic variab¢t with t € Z (or some
other countable set). At each time Z the x[t] is a stochastic variable. Its stochastic properties
may change with time as indicated in Fig. 7.1 where we sedlhlegirobability density function
f (x, 1) changes with time.

3s0 for most of us here at the Technion the amount of hair istivegand probably one out @Ziq, Zeq) is positive.
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X[t]

f(x,2)

f(x,1)

Ay

L2 t— t—

Figure 7.1: The probability density (x; t) and meanu[t] etc. depend on
time

Themean
uxpylt] == Ex|t]
and variance and standard deviation
oxult] = varx(tl),  oxqlt] = std(x(t])

may depend on time. We, though, will work exclusively witbdtastic processes that are wide-
sense stationary, considered next. By the way, Figure %$miut capture temporal relatedness
of a stochastic process, i.e. that samples at subsequesttiray be related.

7.10 Wide-sense stationary stochastic processes

Definition 7.10.1 (WSS). A stochastic procesqt], t € Z if wide sense stationary (WSS§)
1. meanux[t] := EX[t] is constantux[t] = ux,
2. coux]t], x[s]) depends on lag— s only: couX[t + 7], X[t]) = rx[z].

In this case we refer to;[z] as thecovariance functiof the process. It is also known as the
autocorrelation(function). O

The covariance function z] of a WSS process describes the temporal relatedness ofdhe p
cess. For example,if[24] > 0 thenx[t 4+ 24] andx[t] are positively correlated. The covariance
function is event[z] = r[—], and by Cauchy-Schwarz it is maximalat= 0,

r[0] > |r[z]] Vr € Z.

This expresses tha{t] correlates best with itself. An example of a covariancecfion is

X el AR R T (7.4)

forsomela| < 1. The numbes = /r[0] = /var(x[t]) is thestandard deviatiowof the process.
The numbeag, with |a| < 1, determines how fast the function decreases to zero, andehhow

fast the temporal relatedness is lost. Figure 7.2(a) shbevplpbt ofr for = 1 anda = 0.9.
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(b)

Figure 7.2: (a) Exponential covariance function
(b) Damped harmonic covariance function

x[t]
(@)

x[t]
(b)

Figure 7.3: (a) Realization of a process with exponentighdance function
(b) Realization of a process with damped harmonic covaedimaction

74



Figure[ 7.3(a) shows an example of a realization of the cpoeding WSS process with mean
valueu = 0. Later we will see how we can generate such realizations.
A different example of a covariance function is (without gf)o

27|t

r[z] = aza'”[Acos(g) + Bsin( NE teZ, (7.5)
with o, a, T, A, andB constants. Agaiw > 0 is the standard deviation of the process. The
numbera, with |a] < 1, again determines how fast the function decreases to Z&®number

T > 0 represents a periodic characteristic of the signal. Eigu2(b) displays the behavior of
the plot ofr forc = 1,a =09, T = 12, A= 1 andB = 0.18182. Figuré 7.3(b) shows a
possible realization of the process with mean vatue- 0. The irregularly periodic behavior is
unmistakable.

7.11 White noise

A WSS process has minimal temporal relatedness if

a2 fort =0, {

I=10  fore #0, (7.6)

This process consists of a sequence of uncorrelated stachasables. Such a process is some-
times said to be “purely random.” In a physical or enginegiontext it is often calleavhite
noise. This name is explained later in Example 7.12.2. Usually teamvalue of white noise
is assumed to be 0 and the standard deviatidaken to be 1. Sometimes it is assumed that
the stochastic variables are not only uncorrelated but evatually independent. In this case
the process is completely characterized by its distrilouBigy) (&) = Pr(x[t] < £). Oftenitis
assumed that this distribution is normal.

The white noise process plays an important role in the thebstochastic processes and signal
processing and time series. In a sense it is the most elegestdahastic process. We shall soon
see that other stochastic processes often may be thoughgtoate from white noise, that is,
they are generated by a “driving” white noise process.

Figure[ 7.4 shows an example of a realization of white noigh wiean zero and standard
deviations = 1. Realizations of white noise may easily be generated witndom number
generator.

Figure 7.4: Realization of white noise with mean 0 and steshdaviation 1

x= rand(1,200);
x=randn(1,200);
plot(x);

% 200 samples white, uniformly distributed over [0,1]
% 200 samples white, normally distributed, mean 0, var 1
% plot it
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0 2 0 2z

Figure 7.5: Magnitude of DTFT of a realization of white no{sg@ N = 100
samples, (bN = 400 samples

7.12 Power spectral density, Parseval

Realizations of WSS processed] do not have @iscrete-time-Fourier-Transform (DTFT)

o0

Z x[t]e 't

t=—00

because the infinite sum is not well defined. Direct frequaar@alysis of stochastic processes
therefore is not immediately feasible. At first sight it maes a good idea to takefmnite
realizationx[0], . .., XN — 1] and compute the DTFT of this finite realization. Figure $hbws
the magnitude of the DTFT of a realization of unit varianceozemean white noise for two
differentN. What we notice is that the DTFT is very irregular and thatrttagnitude appears to
increase withN but not linearly. The following shows that it grows lineaity+/N and that we
should have taken the DTFT of the covariance function:

Lemma 7.12.1 (Spectral density function).  If x[t] is a zero mean WSS process with limited
memory in the sense that ., |tr[7]| < oo then

2

— $(0) (7.7)

N-1

Z X[t]eiwt

lim —E
N—ooo N
t=0

whereg (w) is the(power) spectral densityf x[t] defined as the DTFT of the covariance function
r[z] of the process,

o0
pl@)= > rlzle’,  wel[-z,7). (7.8)
T=—00
Proof.

N—1 NG 1 N1 N1 A
NE Z x[tle™"*¢| = NE Z x[t]e~"t® Z x[s]e's®

t=0 t=0 s=0

1 NZIN-1 . 1 NZIN-1 A
— N E Z Z X[t]x[s]e—l(t—s)w — N Z Z r[t _ S]e—l(t—s)a).
t=0 s=0 t=0 s=0
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The above double sum equals the sum of all entries ilNthe N matrix

r[0]e® r()e® ... r(N—1)dN-De
1 r[1]e~'v r0e ... r(N—=2eN-2o
N e O o riN=2e 79)
r[N = 1]e"iN=Do [N = 2]e"i(N-2o .. r[0]€°

This matrix is constant along diagonals. If we sum the esitofedhe matrix per diagonal we get

N—1 . N—1 _ 1 N-t .

> oa-trikeT = > ke - N > Ikir[Kle™'k, (7.10)
k=—N+1 k=—N-+1 k=—N+1

The right-hand side convergesddw) asN — oo. L]

This does not explain why the DTFTs of Fig. 7.5 are so irregiiée will not go into that here.
The name “power spectral density” will soon become cleae 3jrectral density takes over the
role of the Fourier transform. A noticeable difference begw DTFT's of signals and spectral
density functions of processes is that spectral densiteeseal valued and in fact nonnegative as
we see from[(7.7). A further mathematically trivial propgei that

1 T
var(x[t]) =r[0] = Z/_ ¢ () do. (7.11)

This follows immediately from the inverse DTFT appliedr{a] for r = 0 — See Section 6.5.
For non-stochastic signalgt], the poweris commonly defined as the average»3{t]. In

a stochastic setting the power of a zero mean process beoangft]) = Ex?[t] = r[0].
Equation|(7.11) shows that the power can be seen as digttilower frequency, hence the name
power spectral density and we think of the num@gfb(wo) as the power at frequeneyp.
Equation|(7.11) is a type of Parseval identity.

Example 7.12.2 (Why white noise is white).  Because the covariance function of white noise
x[t] with standard deviation is given by

2 _
r[z] = coux[t + ], X[t]) = [ 4 ‘;grrz By 8’ -y (7.12)

the spectral density function of white noise equals
b)) =0  wel[-m, ). (7.13)

Therefore, all frequencies are equally represented inenfise. |.e. its power is equally dis-
tributed over all frequencies. The fact that white lightjgsagedly also has this property explains
the name “white noise.” O

Not every functiorr [z] is a covariance function of some WS&t]. Clearly it needs to be
symmetricr[t] = r[—z] andr[0] needs to be nonnegative becau§e] = var(x[t]) and by
Cauchy-Schwarz’s inequality we also need {hit]| < r[0]. These conditions are not sufficient.
The following theorem summarizes some elegant necessarguficient characterizations of
covariance functions.

Theorem 7.12.3 (Covariance functions).  Suppose [z] is an exponentially decaying. The fol-
lowing four statements are equivalent.

1. r[z] is a covariance function of some WSS process.
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2. Wiener-Kinchin theoremThe DTFT¢ (w) ofr is real and nonnegative forall e [—x, 7 ].

3. For any finiten then x n covariance matrix

r ([0] r{i] <o r[n=1]
r{i] r[0] - rn=2]
_ | : : : (7.14)
fn=1] r[n—=2] -  r[o]

is a symmetric nonnegative definite matrix.

Proof. Equivalence of 2) and 3) follows from inverse DTFT and DTFT:

eOiw
1 7| et . . _
Ry = 2_/ ) gb(a)) [e—OIw e—llw e—(n—l)lw] do
T J_» :
e(n—l)iw

and¢ (o) = liMn 00 26, Raey with €, = [e70@ el ...]. The implication 1) = 2)
was shown in Lemmia 7.12.1 and that 2) implies 1) follows froemma 7.15.1. The assumption
thatr be exponentially decaying can probably be relaxed. L]

7.13 LTI systems, power and the £%-norm

Consider a discrete LTI systeyn= H(u) with impulse response

h[n] = a"1[n] = MHTTHH

If we take as inputi a zero mean white noise process, the outpig a WSS process (proved
below). Because of the dynamic properties (memory) thewuytpvill exhibit memory even if
the white noise input itself does not (by definition). Inde#a realizations of (white) such
as in Fig! 7.4 and (nonwhitg) such as in Fig. 713(a) show the difference in structure ofitee
signals.

u[m]

u[m]h[t — m]
u[n]

: m — £[rﬁh'[t'—ﬁ]
u y

Figure 7.6: Contribution tg[t] of two samples white noise

Continu with a zero-mean unit-variance white inputTo understand how each white noise
input entryu[n] affects the power of the outpyft] at any timet e Z, we select in Fig. 7.6 two
samples of white noise (red and blue) and show its effect[pjr The point we want to make
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here is this: since the white noise samples are uncorref{atétbgonal), their contribution to
yltl:
h[t — mlu[m] and h[t — nJu[n]

are uncorrelated (orthogonal) as well and so each ternbatts to the power (variance) pft]
irrespective of the other,

var(h[t — mlu[m] + h[t — nJu[n]) = h?[t — m] + h?[t — n].
This is for two samples. When we take all white noise sampits account we get the total
power ofy[t]:
var(y’[t]) = > h’[t —n] = [|h]%.
n

The power does not depend on titeSlightly more general:

Lemma 7.13.1 (£%-norm). Let u be a white noise process with zero mean and unit variance.
Suppose the impulse resporse ¢2(Z). Then the responsg = H(u) to u is a well defined
zero-mean WSS process with covariance function

ry[z] = > h[KIh[k — ].
keZ
In particular the power of the output equals
var(y[t]) = ry[0] = [I|%,;, := > Ik
keZ

Proof. Just plug itin (boring):

Ey[t]y[s] = E(Z himjult —m] > h[n]u[s — n])
= E(Z > himlh[n]u[t — m]u[s — n])

m

= > > himlh[n] Eult — mlu[s —n] = > > h[m]h[n]ry[t —s+n—m].

m n

All summations are from-oo to co. Inspection shows that the right-hand side only depends on
the differenceé — s. It shows that the procegs$t] is WSS with covariance functior, given by

ry[z]=">">" h[mlh[n]ry[z +n —m], t e (7.15)
m n

For white noisery[z + n — m] is nonzero only ifm = ¢ + n, renderingy[z] = >, h[z +

n]h[n]. L]

Example 7.13.2. Consider LTI systeny = H(u) with u a zero-mean unit variance white noise
process. Foh[n] = a"1[n] with —1 < a < 1 we get (after some manipulation)

ry[T] = 1— aza_lrl.

The variance (power) of the outpyequalg [0] = 1/(1 — a?). Clearly fora & 1 the system has
a long memory and the power of the output becomes significant. O
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7.14 Models for spectral densities

Sincet?-stable LTI systems transforms any WSS process into a WS®gs6— this is shown
in the proof of Lemma 7.13.1 — there should be a connectionéden input and output spectral
densities.

Lemma 7.14.1 (Output spectral density).  The outputy = H(u) of a stable LTI system driven
by a WSS stationary with spectral density,, is again WSS and its spectral density is

py(@) = [H () 2pu(w) (7.16)
with H (e'?) the frequency response of the system.

Proof.
1" :
rufz] = > Pu(@)€®" dw, T e’ (7.17)
T J—x
Substitution of{(7.1)7) into the right-hand side [of (7.1%lyls

ry[z] = > > himlh[n] (% /_’T bu(e) @@= da))
= % _7; (%: h[m]e‘i"’m) (Zn: h[n]e‘””) Pu(@)€" do

H () H(e ')

= i/” IH(€)%¢u(0) € dw, 17 eZ. (7.18)
2 J_,

Here we use the conjugate symmetry of the frequency resganstton H. Closer inspection
shows that the right-hand side of (7.18) is the inverse DTHT,0 L]

Example 7.14.2 (Second order system).  Let u be a zero mean, unit variance white noise pro-
cess. Consider the LTI system described by difference aquat

y[t] — asy[t — 1] —azy[t — 2] = u[t]. (7.19)
As we all know it has frequency response
H (") = !

1—aeio — gpei2e’

Fora; = 2acog2z/T) anda; = —a? the transfer functiomd (z) has poles at; » = ae*27/T,
We takeT = 12. The power spectral density becomes

1

Pz2(w) =

It has a peak near frequency 2T = 0.5236 confirming thall = 12. With the MATLAB
commandilter one can generate realizations of this process (see belayuyes 7.2(b) and
[7.3(b) respectively show[z] and a possible realization for this process. 0O

An example of Octave/Matlab code to generate WSS processes i
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N=1024,

u=randn(1,N); % N samples of zero-mean, unit-var white noise
A=[1 -.75 0.5]; % system y[n]-0.75y[n-1]+0.5y[n-2]=u[n]
y=filter(1,A,u); % find y (by stability it converges to WSS)

w=2xpi * (0:(N-1))/N;
plot(w,abs(fft(y)."2/N))

X

b estimated spectral density (known as periodogram)

T T T T T T
10f 1

¢ ()

s L L L L
0 0.5 1 15 2 25 3
w

Figure 7.7: Spectral density function of process (7.19ar&ple 7.14.2

7.15 WSS processes are responses of LTI systems driven by whi te noise

The following lemma is useful. It says that effectively ev®¥SS process can be seen as the
output of a stable LTI system driven by white noise.

Lemma 7.15.1. For any exponential decaying covariance functiothere is zero-mean, unit-
variance white noise processnd impulse responsec ¢2(Z) such thaly = hxu has covariance
functionr.

Proof. If r[z]is exponentially decaying then its spectral dengify) exists (and is continuous)
andr[0] = % J7_ ¢(w) dw < oo. Thereforey (v) := /¢(w) is square integrable and hence
its inverse Fourier transform—callli{t]—is in £2. The spectral density of := h = u according
to Lemma 7.14.1 equal$l (69)|2 = |y (0)|? = ¢ (w). n

If in addition the spectral density function s¢rictly positive then the system may in fact be
taken causal and causaly invertibl@o proof; we do an example soon). The important practical
implication of this lemma is this:

find a discrete-stable rational functidh such that H (¢'?)|2 resembles the (esti-
mated) spectral density of a stationgrithen we can think ofy as the output of
a systemy = H(u) driven by a procesa with unit spectral densityp,(w) = 1,
i.e. white noise.

The inverse filteu = H~1(y) is called awhitening filtet

Example 7.15.2 (Spectral factorization.). ~ Supposepy(w) is a continuous smooth spectral den-
sity function that is> 0 on [-z, z]. Take a Fourier series approximation of high enough order
N such that it is> 0 as well,

N
Pay(®) = Z Ckeikw, cn #O.

k=—N

4Another suffcient condition of existance of such a bicausattabley = #(u) for given procesy is that it satisfies
the Paley-Wiener condition thﬁfﬂ [log(¢y(w))] do» < oo.
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As ¢y(w) is real and even, so is its Fourier series approximation hisdneans that the, are
real an even as well. We want a real bistable bicausal sygtent (u) such that

H(E“)H (™) = puy(@).
That is,
N
HOHG) =0@) = > o
k=—N
The right-hand side is rational arelz) = CD(%) by symmetry ofp,y. Therefore its zeros come
in conjugate pair¢z, 1/z) and sincep.y > 0 it has no zeros on the unit circle,
N 1
D(2) = c]‘{(z— z2)(0-2). O<lal<Ll
1=

Take
N1
H(z) = iﬁl‘{(g -z), O<|zl<l
i
Itis a FIR system of ordelN and its inverse is stable and causal. O

The conditions in this section can probably be relaxed. &ler lot more to say about the
problems considered in this section.

7.16 Extra: Continuous-time stochastic processes — simpli stic overview

]

A,/ 50 0

-1
Figure 7.8: A realization of continuous-time stationaryseo

If we restrict the noisy signai(t) of Fig.[7.8 to

) [z(t) te[0,T]

. (7.20)
0 otherwise

for some choice oT then the Fourier transform afr depends critically on this choice af no
matter how large we take it.

If the signalz(t) is stationary—which we colloquially define to mean that ttechastic prop-
erties do not vary with time—then the power of the signal,

EZA(t)

82



does not depend on time and we can estimate this power bygigmaver time

1 T
Ezz(t)%—/ Z2(v) dv.
T Jo

Stationarity also implies that the covariance functiuit)z*(t + ) does not depend on time
The covariance function is a measure for the temporal mfetgs in the signal and typically it
decays to zero as — oo. If this decay is fast enough—a technical condition—thenRburier
transform ofzr converges in the following sense.

Theorem 7.16.1 (SISO spectral density).  For any continuous-time zero-mean stationary signal
z(t) with finite power and whose covariance function decays egpbally fasP the (power)
spectral density functidrequals

fele) = fim € Zizr(io)P (7.21)

wherezt () is defined as in (7.20) aret (iw) is its Fourier transform. The powerz2(t) can be
expressed as an integral over frequency,

1 o
20ty —

|

Because of (7.22) and the fact tifgto) > 0 we can think of the functios,(w) as the way that
the power ofz is distributed over frequency. The theorem shows us howdpegaty normalize
the Fourier transform ofy (t). The function%|zT(ia;)|2 is known as theperiodogramand it
serves as an estimate ¢f(w). Note that any information about the phasezgfiw) is lost in
the spectral density. This is in line with the assumed statiity of the signal, implying that time
shifts do not affect its stochastic properties.

It is a classic result that the outpat= H(w) of a stable LTI system driven by a stationary
inputw is again stationary and that its spectral density equals

¢$2(0) = [H (i0) ] ().
This allows us to shape the spectral density function. Thetjal implication again is:

find a stable rational functiod such thatH (iw)|? resembles the (estimated) spec-
tral density of a stationarythen we can think of as the output of a system= Hw
driven by a process with unit spectral densityp,, (w) = 1.

A stationary process whose spectral density is 1 is knowméasniensitywhite noise White
noise in continuous time is a somewhat illusive processusezaf its infinite power, but for the
importance is foremost that it allows to consider essdyptaly stationary signal as the output
of a system driven by a normalized (namely white) noise scand that we can compute the
power ofz via theL2-norm:

Theorem 7.16.2 (power and the LL2-norm). The powerE Z2(t) of the output of a stable system
z = Hw driven by unit intensity white noise input equals

EZ(t) = |[H|Z..

|

S5lEZ(t)z(t + )| < Me~717] for someM, ¢ > 0. This is a weak assumption. _
Gqﬁz is defined as the Fourier transform of the covariance funcite(w) = ffooo Ez(t)Z*(t + 7)e~'“? dr, but for our
purposes we can take (7.21) to be its definition.
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Example 7.16.3. Generating continuous-time white noisés problematic because of its infinite
power. An approximation can be obtained by takimgiecewise constant on eadtz[ (k + 1)¢]
and independent on disjoint intervals, all with variange.1If ¢ times the bandwidth of the
systemH is much smaller than 1 then the output Hw is close to what we want. The data of
Fig.[7.8 was generated with thisAvILAB code:

ep=0.01;
t=0:ep:100;
w=randn(size(t))/sqrt(ep);
A=-.1; B=1; C=1; D=0; % H(s)=1/(s+0.1), bandwidth=0.1
Xx=0*w; % initialization: x(1)=0
for j=1:(length(t)-1)
X(j+1)=x(j)+ep *(AxX({)+B  *w())); % ensure no smoothing of input
end
Z=X; % z=X in our case
plot(t,z)
%z=Isim(A,B,C,D,w,t); % should give similar results

The transfer function here id (s) = 1/(s+ 0.1) so that

IH 2 = v/5.
The power oz hence is 5 which is consistent with Fig. 7.8. O
MIMO systems and signals.  In case the signals andw have more then one component the

above theorem should be modified to:

Theorem 7.16.4 (MIMO spectral density).  For any zero-mean stationary sigrzé) with finite
power and whose covariance functiea(t)Z (t + z) € R"2*" decays exponentially fast, the
(power) spectral density

. .,
py(w) = TII—r>noo E ?ZT(W)ZT (—iw)
is a well defined matrix and
1 o
Ez()Z (1) = —/ ¢z(w) do.
2r J_o

In particular the sum of powefsziz(t) of all its components equals

o0

ZEziz(t)z %/_ tr ¢y (o) do.

|

Here tr denotes thigace of the matrix, i.e. the sum of the diagonal entries of the matr

7.17 IYWTKM
e There is a stochastic equivalent of Hilbert.

e Itis tempting to introduc&V (0, 1) as a short-hand for: white noise process of zero mean
and standard deviation 1.
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e Cross covariance, cross spectral density.

e A pleasant read ikevinson’s Algorithm, Wold’s Decomposition, and Spedastimation
by Papoulis from 1985, available on the internet.

e Missing in this chapter is connections between finite direred representions and co-
variance functions

7.18 Problems

7.1 Consider the system
y[n] — 1.97y[n — 1] 4+ 0.98y[n — 2] = u[n]

a) Matlab: Generate 1000 samples of zero-mean unit-vaiaaad use it to find 1000
samplesy. Ploty as a function of time and relate its behavior to the poles ef th
system

b) Plot the spectral density function of the procgder w € [0, )

¢) Numerically compute the power gf(based on the samples) and compare it with the
plot of the spectral density function.

d) Find in MATLAB a command to compute tH&-norm of the system and relate the
outcome to the above power.

e) Estimate the power spectral density using the periodogsae code at the end of
Sectionl 7.14). What do you notice?

7.2 a) Forwhichy € Ris
¢ (@) == 1+ ncosw)

a possible spectral density function? (l.e. that a WSS poegists having this spec-
tral density, see also the next part).

b) Find a stable systesmn= H(u) (driven by zero-mean, unit-variance white noise) that
has spectral density

¢y(w) =1+ ncodw).
(assumingy satisfies the conditions of part 1 of this exercise).
7.3 Forwhicha € R is

1 ifr=0
rizfl=qa ifr=1
0 elsewhere

a covariance function?
7.4 Fillin the missing details of Example 7.13.2.
7.5 Show that) (w) = ¢ (—w).
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8 Least squares

The remaining chapters sketches a series of applicatiahg ¢fieory presented in the preced-
ing chapters. The first application is approximation of dataimpler forms.

8.1 Approximating data pairs by straight lines

Xt

t

Figure 8.1: Approximating data by a single straight line

Figure 8.1 depicts one of the classical approximation Enmist

Application—1: Approximate many pairéy, Xx), kK= 1,2, ..., N by a single straight line.

This can be seen as an application of the projection thedf¢rite the candidate straight line
(affine variety) as

X)) =y1+yt  withy,y, e R

Then the problem is to fingl, y2 such that ideallyy = y1 + Yotk for all k or, practically, such
that the approximation erroek := Xk — (y1 + Yotx) are small in some sense. In the context
of projection this is achieved by minimizing for instance tBuclidean norm of the vecterof
approximation errors,

X1 1 t1
X2 1 t
. 1
ye=argminy || | =|. . BZ} .
XN 1 tN y
—_—  ——
X A
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Lemmd 2.8.1 says that the solutigris the solution of the normal equations
/ A/ N Ztk _ z Xk
AAy=Ax |:Ztk thy_[zthk}
[N ] Ik
= Y= |:Z tk Z tf:| |:Z Tk Xk

3 1 St2 =3 a2 x
= IENTE- e [—Zktk N HZthk} &Y

Or, in MATLAB':

N=20; % some integer>0
t=((1:N)'+rand(N,1))/N; % some vector t

x=-1+2 =t+rand(N,1)/5; % some vector X
A=[ones(N,1) t];

y=A\x

Sensitivity.  For the sake of analysis let us fi, tx andx:
k

10°
Straightforward application of the projection theoremegius that

N=10, t= Xy = €'

0.82886+ 1.77594

is the best fit, see Fig. 8.2(a). Part (b) of this figure showsth, y2) plane with the optimal
Y. indicated, but, more importantly, it shows level sets ofragpmation errorf{y | |[x — Ay| =
constany, so it shows how changes in, y. affect the error. Clearly a change ya has a more
severe effect than a changeyjin The level sets are ellipses and they can be computed aw$ollo
let A denote the vector of change=y — v,, then

leyl® = X — A(Ys + A)I? = [(x — Ay.) + AA]P = X — Ay|* + AAAA.
Thus the level sets (of constant error ndesi) are
{A e R? | A’A'AA = constant- 0} (8.2)

and these are ellipses, see Prolllem 8.7.

/[\
o Y2
Y2 %
1 o,
o t > o
0 1 Yl y1—

Figure 8.2: Least squares fit and sensitivity
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Normalized error.  For this particular problem the error noitej is not an appropriate indicator.
Better is to compute th@ot mean square (RMS)

\/%MZ = \/% Zk:(xk - x(t))2.

It has the same dimension &g (meters, seconds or whatever) and it typically converges as
N — oo (whereas typicallys| — oo if N = ©0).

8.2 Approximating data pairs by a linear combination of func tions

Similar is the following problem:

Application—2: Approximate many pairéx, xk), k = 1,2, ..., N by a single polynomial of
certain degree or by a single linear combination of knowrcfioms.

This is best explained on an example. Suppose we want to d@ppate the(tk, xx) by a
polynomialp(t) of degree at mogt,

p(t) = y1+y2t ++yn+1tn) yls y25"5yn+1 ER
To find y we again minimize the Euclidean norj| of the vector of equation errorg =
Xk — P(t):

ooy 23 0| A
X2 1 t, t2 t3 || Y2
. 2 L b 2

Y. = argmin, - o7 y3
' 1ty t2 t3 ... o '
XN N N N N [ Yns1
N A= N
X= y::

(This matrix A with its special structure is known asvandermonde matrix Thus finding a
suitable polynomial approximation of data can be seen ggging the data vector onto the
subspace spanned by the columngof

Example 8.2.1 (Matlab). Let us approximate'eon the interval [01] by a polynomial of degree

n = 4. For the moment we restrict ourselves to approximafipge's) for some uniformly
griddedt; =0, ...,tp0 = 1. The MATLAB code is:

N=21; % lets take 21 pairs
t=(0:(N-1))/(N-1); % t =10, /20 ... , 1
x=exp(t); % X_k=exp(t_k)
n=4; % degree of polynomial
A=ones(N,n+1); % first column of A
for k=1:n

A( k+1)=A(,k). *t; % other columns of A
end
ys=(A" *A\A" *X; % y_star (we may also do ys=A\x)
XS=A*YsS; % polynomial p(t) evaluated at t_k
plot(t,x-xs,’ *-'); % plot approximation error

89



The outcome of the MTLAB codeisy, = (1.0000310.9986390.510167 0.13987Q 0.069543
so the optimal approximating polynomial is

p.(t) = 1.000031+ 0.998639 + 0.5101672 + 0.13987@° + 0.069542*.

Notice the similarity with the Taylor series expansion biel 4t + %tz + --- around zero, but
whereas this Taylor series is designed to approximate waliral zero, the least squaresit(t)
is designed to be “equally good” over the entire rahge [0, 1]. According to the projection
theorem the vector of approximation errers- x — Ay, satisfies

le]? = X% — |Ay,|? = 8.322x 107°

Theroot mean squaref the error is

[1
N|g|2 =1.99x 107°.

The errore is shown in Figl. 8.3. 0

4e-05 T T T

T
line 1 —*—

3e-05

2e-05

le-05

-4e—05 L L L L
0 02 04 0.6 0.8 1

Figure 8.3: Matlab (octave) plot of errer:= x — Ay,, as a function of;

Example 8.2.1

8.3 Approximate functions by other functions

The difference between a finite number of pdiks xx) and a graplit, f (t)) is conceptually
small.

Application—3: Approximate a functionf (t), t € [a, b] by a single polynomial of certain
degree or by a single linear combination of known functions.

Example 8.3.1 (continuous function).  Let us approximateteon [0, 1] by a polynomialp(t) of
degreen = 3,

p(t) = y1 + yat + yat? + yat®.

That is, we want to project the exponential function onto shbspacés of polynomials of
degree at most 3. According to Lemma 5.11.1 given any innedymt(-, -) on L%([O, 1)) the
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optimaly, satisfies

(1,1 (Lt (L,t3) (Lt [,
Dt 1ty (1,18 (', 1)
Yo = 2, 1) (2, t) (3 t3) (13,13 (', t2)
3,1 @3,t) (3,13 (3,13 (', t3)

which if we take the standard inner produéi g) = fol g(t) f (t) dt becomes

11 1 1
1 2 3 14 e—1
11 1 1 1
y_2345
*=11 1 1 1 e—2
3 4 5 6

11 1 1 6—3e
4 5 6 7

The matrix here is known as thilbert matrix (of order 4). We also used here thalt, 1) = e—1
and the recursiore’, t€) = e — k(e', t“=1) for k > 0 (see Problem 8.1).

p.(t) = 0.99906+ 1.01830t + 0.42125t2 + 0.27863t°.

and the norm of the errof e- p,(t) can be expressed in many different ways,

1€ — pull® = 1€ 1% = I pull® = €112 = (ps, Ps) = IIE'1% — (ps, €') = (€' — pu, )

= 112 = (Py., €) = I€"]12 — (ys, P*€")
e—1
=1€1P =Y. | o5
6 — 3e
;P11 171
e—1 1 2 3 1 e—1
_€-1 |1 33 3 s 1
- e—2 11 1 1 e—2
’ 6-3e| |3 1 1 3| |6-3e
4 5 6 7
=11x 107"

Up to the last step the computation is exact. The “root meargj is now simply the norm
(since the interval has length 1),

e — p.l =3.3x 1074

|

We could also choose to weight the errors, for instance partigerelative error needs to be
small. To minimize the relative error a&f(t) — p(t) we could choose to minimize

min||1—@||.
y

X(t)

This is again a projection problem. Of course it assumestti@functionx(t) we want to
approximate is nonzero on the interval, or does it?
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8.4 Stochastic — linear estimators

Suppose now that we have some knowledge of stochastic piexpef . To begin with,
assume that the entriesof ¢ come from a zero mean white noise process. Then

var(e) = E(ee") = o °I. (8.3)

Because of the relatiod = Wé + ¢ it follows that alsoX is random, and therefore any sensible
estimatoid = S(X) as well. In the least squares problem the estim@torns out to be linear in
the observationX. To keep the problems tractable we will now limit the clasgstimators to
linear estimators, that is, we want the estimaddo be of the form

=KX,  forsome matrix<. (8.4)

Since we know that vér) = o2ly, the least squares solution thqt aims to mininjiz? is no
longer well motivated. What is well motivated is to find animsited of 9 that minimizes

EN0 —01° =D E@O; —0))>. (8.5)

J

Lemma 8.4.1 (Linear unbiased minimum variance estimator). ConsiderX = W60 + ¢ and
assume that ¢ = 0 and vafe) = o 2ln. The following holds.

1. A linear estimatof = K X of 4 is unbiased if and only ik W = 1. In particular this
shows that linear unbiased estimators exist if and oy ifias full column rank;

2. The linear unbiased estimatde= K X that minimize<e |0 — 0|2 is
6= W'w)~twTx (8.6)
in which case

var(d) = c?2(W'™W)™1 and E|6 —4|?> = 2 tr(WTW)L; (8.7)

3. For any linear unbiased estimaoof 6 there holds that

var(p) > var(d) (8.8)
whered is the estimator defined in (8.6).
O
Proof. Follows later... L]

8.5 If you want to know more

e In statistics, this form least squares is closely relatddrnear regression
e Seehttp://en.wikipedia.org/wiki/Least_squares

e Seehttp://en.wikipedia.org/wiki/Curve_fitting

92


http://en.wikipedia.org/wiki/Least_squares
http://en.wikipedia.org/wiki/Curve_fitting

o Seehttp://www.dartmouth.edu/"chemlab/info/resources/li near/linear.html
for a nice and simple linear least squares java applet.

e There are million of application of least squares fit. Fortanse, google for
image "least squares” to learn about least squares in image processing

e Seehttp://en.wikipedia.org/wiki/Linear_least_squares

e We do not bother about numerical problems (the Hilbert méagribadly conditioned mean-
ing that numerical inversion is error prone). Having a ogthioal basis reduces numerical
problems.

8.6 Problems

8.1 MATLAB: approximatef (t) = sin(t) on [—1, 1] with a polynomialp(t) of degreen = 7
using a “fine enough” grid. Plot the errdi(t) — p(t). Prove that the optimal polynomial
p.(t) is odd [that is,p,(t) = pit + pat® + pst® + pet’]

8.2 Generate 100 pais, y, z) in R3 with

N=100;

x=10 * randn(1,N);
y=10+randn(1,N);
z=x+y+randn(1,N);

and then find a least squares approximation “plane”’a; x + ayy.

8.3 Use Cauchy-Schwarz to show that the determinadit ty — (3 tk)2 > 0 (used in the least
squares problem (8.1)) and under what conditions on védsdahe determinant zero? And
what does this condition mean for the least squares probl&eaior 8.1.

8.4 MATLAB approximate on|1, 1] the function

F(t) = 1 if|t] <05
0 elsewhere

by a linear combination of cosines

10

c(t) = D ykcodxt)

k=0
Plot both f (t) andc(t). (It is okay to grid the time axis.)

8.5 MATLAB : approximate on [01] the functiont* by a polynomial of degree 3. Use as inner
product(f, g) = folg(t)f(t) dt.

8.6 Repeat the previous problem but now solve it analyticilint: use Legendre polynomi-
als up toand includingdegree 4.]

8.7 Show that (8.2) is an ellipse R? iff A’A € R? s invertible.
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9 AR-models, Linear predictive coding

Figure 9.1: What is being transmitted?

Application—4: Encode speech so that it is (a) cheap to code at one end,gajp ¢b transmit
and (c) cheap and robust to decode at the other end.

We will explain the gsm-standard, at least the main part\{tbek horse) of the gsm-standard
known adinear predictive coding (LPC)

A mobile telephone samples speech 8000 times per secondeasgtpofN = 160 samples
X1, X2, ..., XN it tries to squeeze out structure that this sequence maybefeee transmitting
the data. Quite ideal would be if the data satisfies a diffegequation for certain coefficients
anl, . .., ann:

Xk = —@n1Xk—1 — @n2Xk—2 — - - - — 8nnXk—n, k=n+1,...,N.
That way the entire sequence fsamples is determined by the coefficieags, . . ., ann and
initial conditionsxy, ..., Xn. In reality some residualk (small correction terms) remain:

Xk = —8n1Xk-1 — &n2Xk—2 — -+ — BnXkn +C | k=n+1...,N. (9.1)

Mobile telephones takbl = 160 andn = 8 and they determine eight numbes, . . ., ags so
thatca + c2, + - - - + C24 is minimal. This is a least-squares problem but one with @iape
structure, a structure that we shall exploit (and so does ymbile telephone) because it will
allow us to ensure that speech can be safely decoded on teawith of the line. In summary so
far: your mobile telephone transmits

X1,...»Xn, @nly--->8mm, Cngly...... ,CN. (9.2)

The bulky part are the residualg but since theseyx are small we can hope to that these can be
rounded off without much quality degradation of the speddtese transmitted data are enough
to recover at the other end of the line the speech by passihgiigh(9.1).

Due to rounding of numbers (intrinsic in digital communioa) the data (9.2) is never going
to be received error free at the other end of the line. In paldr it could happen that tha
perceived at the other end of the line makes system (9.1) stahie system! Below we develop
a method (part of the gsm-standard) such that

1save some details that don't concern us here
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e Thecy are “easy” to compute;

o The data that is being transmitted is such that by constmuthie system (911) received at
the other end is guaranteed to be stable.

9.1 Stable AR systems

Lemma 9.1.1 (stability). The system (9]1) with input and outpuik is (forward) stable(in any
sensible i/o-sense) iff the polynomial 72,

P@ :=1+auz '+ - +amz "
has all its zerog € C inside the unit circlejz| < 1.

Proof. Since the transfer function is rational we need not be tooipeeabout stability here (we
all know what we mean). Witforward stability we mean stability of the scheme when xhare
computed forward in time (i.e. for increasikl The transfer function fromtox is 1/P(z). =

By the fundamental theorem of alget®&z) = 1+ an1z 1 +- - - +annz " hasn zerosij € C
and we have

n

P@=]]a-uzh.

i=1

In particular this shows thaa,n| < 1 for stable systems because

ann

Il
i

9.2 Least squares for AR systems, part 1

Since we wanty te be small we want to express ttie as a function of the rest:
Ck = Xk + @n1Xk—1 + @n2Xk—2 + - - - + @nXk-n, k=n+1,...,N

so the relevant equations become

1
Xn+1 Xn s X1
an1
. Xn+2  Xn41l o X2
a, = argmin, || . ) . : 8n2
XN XN—1 ' XN=n )
dnn

This is not yet in standard form (but who cares). The dimersiof the matrices are dictated
by the order of the schenmreand the available date: stacking a row on top are at the bottom
would requirexg or xn+1 respectively, both of which are unavailable. In some (thougiikely)
cases the so determinagdmay render((9.1) an unstable system.
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9.3 Least squares for AR systems, part 2: Toeplitz

An elegant method that will guarantee stability of the sysfer optimala. is to enforce more
symmetry. For that we're going to expand the LS equationsesdmt: let us assume for the sake
of argument that the unavailabtg (so fork < 0 andk > N) arezera Then the LS equations
can be expanded to

B X1 0 cee e 0 7
X2 X1 . .
Xn Xp—1 ... X1 0
Xn+1 Xn e PN X1 1
Xn+2 Xp+1 .. ... X2 an1
a, = argmirygn || S an2 (9-3)
XN XN=1 .- XN=n ann
0 XN . .
0 XN
L 0 . - 0 XN |
w

Realize that the middle part is the bulk of the equation sosthiationa, may be expected to
be close to that of the previous section. The beauty of theentiexpansion however is that the
columns of the big matrixV are identical up to a shift in position. Each column contdires
entire data vectofxs, X2, . .., Xn) appended and/or prepended by zeros. The implication (two
lemmas) are interesting, to say the least:

Lemma9.3.1. LetW be as defined in (9.3). Then solves|(9.8) iff it satisfies the linear equation
ina, € R"andy, € R,

’n
1 0

wWW [a*} =1 . (9.4)
0

Moreover in this casg, equals the minimal norm squareg, = W[ 2 ]|%.
Proof. Problem 9.3. [

The fact is thatW’W is bothToeplitz(i.e. constant along diagonals) and symmetric,

ria riz ras

wWw = | M2 fin T2 c RM+Dx(N+1)
rig riz riz ‘-

For general Toeplitz, symmetric matrices there holds theviing:

Lemma 9.3.2 (Toeplitz-symmetric matrices). ~ SupposeR € RMDx(+1) symmetric Toeplitz
matrix. The following statements are equivalent.
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1. R=WW for someW, andR is invertible.

2. All eigenvalues oR are real and strictly positive.

3. There is a unique solutiom, € R", yp € Rof R[1] = [§ ], with y5 > 0 andP(2) :=
1+ a,1z2 1+ 4+ a.nz " has all its zeros inside the unit circlg|( < 1).

4. R has a decomposition of the form

1 a1 an ann 1 0 0 m O o 0
0 1 : an1 0 71
: a1 a2 | R|an oo :
1 ann : a1 1 0 i O
0 0 1] [am a2 a1 1] [0 0 o]
(9.5)

with yo > O andjaxk| < 1forallk =1,...,n.

Proof. We prove the for us important implication: thatz) has its zeros inside the unit circle if
the other conditions hold. The lemma is correctrior 1 (see Problem 9.4). Now léte C be
a zero ofP(z), that is

P2 =(1—iz A+ cz + -+ ez ).

This means in terms of the coefficients

1 1 0
an1 caa 1
a2 —[C2 @ [ 1 } .
ann 0 ocn
————
c

ThenC’RC[ 1 ] is of the form[ ] € R? and sinceC’RC is symmetric and Toeplitz it follows
from then = 1 case (Problem 9.4) that| < 1. Sincel was an arbitrary zero d?(z), all zeros
of P(2) are inside the unit circle. L]

An implication of Lemma 9.3]1 is that thg, in (9.5) equals the square of the norm of the
vector of residuals if we take anth order model (9/1). Obviously with more degrees of freedom
we can achieve more, so thg are non-increasing,

Yo=py1=y2>...>2y7 >0

if R = W'W. Also we have deR = [[i_o7m- The nesting of (9.4) of Lemma 9.3.1 for
different orderam into a single matrix factorization (9.5) suggests that thleis for different
orders can be solved recursively. Indeed, that is what tté_&vinson-Durbiralgorithm (in its
many different forms) is about. Along the way the algorithomputes then numbers

all; a-229 LIEY a-nrl

and the lemma guarantees that all these afe-Ih 1). It is these (so callereflection coefficien)s
that your mobile telephone transmits, and not theoefficientsank, k = 1,2,...,n. The
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reflection coefficients have the advantage of being scalethent digitizing (rounding if—1, 1))
guarantees a stable system. The reflection coefficientst{tegwith initial conditionxa, . . ., Xn
and residualsy) are enough to decode the sound at the other end of the line.

9.4 Problems

9.1 MATLAB: Generate artificial speech with

N=160;

k=1:N;
y=sin(k/10)+randn(size(k))/100;
plot(k,y);

a) Determinethe modéls 9.1 for= 1, 2, 3, 4, 5, 6, 7, 8 using the method of Sectibn 9.2
and verify stability of all models.

b) Determine the models 9.1 for= 1, 2, 3,4, 5, 6, 7, 8 using the method of Section 9.3
and verify stability of all models.

9.2 MATLAB: Write a MATLAB function that generates the matrix factorization (9.5)dor
given symmetric ToeplitR.

9.3 Prove Lemma9.3.1.
9.4 Prove Lemma9.3.2 for= 1.
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10 Finite horizon LQ control

This chapter emphasizes the application of projectionréras to finite horizon LQ control.
There is a lot more to say about LQ than covered here.

10.1 Control the state
One of the fundamental problems in control is to control tlagex of a system in state space
form
X(t) = AX(t) + Bu(t), Xx(t) e R", u(t) e R™, t e R.

We consider the following problem.

Application—-5: Given matricesA, B and zero initial stat&(0) = 0 and desired final statg
at desired tim& > 0, find an inpuu : [0, T] — R™ that achieves(T) = xi.

How to tackle this problem? The functional analysis routiraild be:

e X(T) is linear inu : [0, T] — R". Hence we can writ&(T) = G(u) for some linear
mappingg.

e The set of inputa that achievex(T) = x; is an affine variety (if a solution exists):
U € Uparticular+ ker(G).

o Equip the set of inputs with an inner product, say consider L2([0, T]) with standard
inner product.

e Equip the state space with inner product, say the dot prodygbrn := y’'x.

e Then if the adjointG* is well defined, i.e. if for som&* we have (X, Gu)rn =
(G*X, U)L2(j0,]) and if the normal equations have a solutian: = g*(gg*)—lxl then
it is the minimal norm solution of Problem 5 [Theorem 5.15.2]

e Then the minimal norm solution, satisfies||u||f2[0,T] = ((G*G)~Ix1, x1)rn [Theo-

rem5.15.2] i.e. the minimal input energy is quadratic indlesired final state.

What remains is to mak@ more explicit and hopefully in such a way that the solutinnis
well defined.

10.2 A first solution — controllability Gramian

_ Let d(t) be thestate transition matrixthat is, then x n solution of the differential equation
d(t) = AdD(t), ®(0) = I,. Then

T
X(T):/0 ®O(T — 7)Bu(zr) dr
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is the solution ok = Ax+ Bu, x(0) = 0 (which follows from differentiation of the abovgt)).
The adjoint of this mapping is

u=grx: ut) = B'@' (T —t)X
(verify this). Note that the adjoint maps froRf' to functions on [0 T]. Now

T
gg*x = (/0 ®(T —7)BB'®(T — 1) dr) X

which can also be expressed as
T
GG*X = (/ ®(r)BB'®'(7) dr) X.
0

Lemma 10.2.1. Let matricesA, B and final timeT be given. The following statements are
equivalent.

1. For anyx; € R" Problem 5 has a solutian
2. im(G) =R".

3. GG* is invertible onR", that is, then x n controllability Gramian R € R"*" defined as

T
Pr :=/ O (7)BB'®'(7) dr
0
is invertible.
4. For anyx; € R" the minimal norm solution exists and equals
U.(t) = G*(GG") " Ixq = B'O/(T — )Py ixq.
Moreover in that casgu, ||2 = X1 PT_lxl.

Proof. (1) = (2) isimmediate.(2) — (3) because ifPr would have been singular then
v’ Pr = 0forsome nonzero € R" implying0 = v'Pro = fOT lo’®(T —t)B||%dt. By continuity
of @ this means’®(T —t)B = Oforallt sox; := v ¢ im(G). The remaining implications
3) = (4 = (1) andthatju,|? = x’lPT_lxl is an application of Theorem 5.15.2. =

10.3 More explicit solution — matrix exponential

As we all know the transition matrix is the matrix exponehtia
o(t) = e

So the controllability Gramian is

:
Pr = (/ e BB eAT dr).
0

and so Problem|5 is solvable iy is invertible in which case the minimal norm solution is
-1

T
uy(t) = B'eNT-H (/ e BB T dr) X1

0
with [|u, |2 = X1 PT_lxl. Sinceu, is the minimal norm solution on [0F'] we immediately get

that the longer we allow the control to act the smaller themofu, is:
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Lemma 10.3.1. AssumeA is Hurwitz and that Problem|5 has a solution for some- 0 (i.e.
Pr > O0for someT > 0). The minimal input energy needed to ste@) = O to x; at some time
T > Ois achieved al = oo and the minimal energy required is

o0
x1P~1x; where P::/ eAMBB M dt.

2 —
||u*||L2(R+) - 0

Proof. Stability of A is sufficient to guarantee existence®f The rest is immediate from the
preceding discussion. L]

For this reason we can interpret the eigenvalueR afs a “measure” for controllability. The
“closer” an eigenvalue oP is to zero the more difficult it is to activate the correspondétate
eigenvector through. This idea lies at the basis of Balanced Truncation and spatee solution
of Hankel norm approximations.

10.4 Minimal control input — embellishments
Lemma 10.4.1. AssumeA is Hurwitz and letP be as defined in Lemma 10.3.1. The following

statements are equivalent

1. x = Ax+ Buis controllable

2.P=P >0
Proof. Do it yourself. n
Theorem 10.4.2 (Computation of Controllability Gramian). AssumeA is Hurwitz. ThenP of

Lemmad 10.3.1 is the unique solution of the linear Lyapunaegign
AP+ PA +BB =0.

Proof.

oo
AP+ PA = / AeMBBeMN + eMBB N A dt = eMBB e = —BB.
0

(That the solution of the Lyapunov equation is unique fobketah can for instance be seen by
this tricked argument: iAP + PA' + BB’ = 0 andAQ + QA + BB’ = 0 then by linearity
A = P — Q satisfiesAA + AA = 0. Now & et Ae”t = 0so étAaertis constant. Itis zero
att = oo andA att = 0. HenceA =0.) L]
Example 10.4.3. Consider the scalar differential equation

X=-—-X+uU, x(0) =0, x(T) =1.

The finite-horizon controllability Gramian is

0.5

B T _tht_e_ZT—l_l—e_ZT_
PT— 0 € - ) - 2 - 1 T—>
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In the limit T — oo the Gramian approachés = % > 0 which indeed is the solution of the

Lyapunov equatiotAP + PA+ BB = —P — P + 1 = 0. The optimal, : [0, T] — R for
variousT is

« e~ (T-1) od d
U, = = = L | I |
) Pr el —e T T=1 T=2 T=4 T=8

The limit T — oo of u, is not well defined. For better comparison of the diffenenshift the
problem from [Q T] to [T, 0]. Conclusion: the minimal norm inpuwt : [-T,0] — R that
steerx(—T) = 0tox(0) = xz is

4
u*(t)=i = //(

Pr 0

and asT — oo the optimal solution convergestn(t) = F?ch = 2é fort e (—oo0, 0. 0

Example 10.4.4 (Controllability Gramian in Matlab/Octave ). AssumeA is stable. To compute
the observability GramiaP := P, in OCTAVE you can do:

A=[-1 1; O -1];
B=[1; 2];
P=lyap(A’,B *B’)

and in MATLAB :

A=[-1 1; O -1];
B=[1; 2];
P=lyap(A,B *B’)

(Spot the difference). The outcomeRs= [ %> Z]. -

10.5 Minimal control input — state representation of adjoin t

The optimal input
u.(t) = B'®'(T — )Py ixg

can be seen as the output of a dynamical system. Indeed,
d .

acb’(T ) =-0'(T—-1t)=-AD(T —1)

so that:
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Lemma 10.5.1 (Adjoint dynamical system).  The optimalu,(t) of Problem 5 is the output
u.(t) = B’p(t) of the dynamical system

with final conditionp(T) = PT_lxl. 0

This system operates backwards in time.

10.6 Finite horizon LQ

Now it is time for the classical finite-horizon LQ problem. i&ider the system

[ X = Ax+Bu, x(0)=xp

z = Cx+ Du (10.1)

Application—6: Given real matrice®\, B, C, D and horizonT > 0 and initial statex(0) =
Xo € R" find an inputu : [0, T] — R™ that minimizes

.
1217 20,1y = /0 Z (®)z(t) dt.

This covers for instance the classic LQ problem if we chooatinesC andD such that

S u
T ly=Cyx|’

What to do? Here are some ideas:
o Givenx(0) the outputz is affineu : [0, T] — RM:

z=CeMxg+ Gu

Equip the input and output space with inner product.

Hence the projection theorem states tlats optimal iff

(CeMxo + Gu., G(LZ[0, T])) = (G*(CeMxo + Gu.), L?[0, T]) = 0.

e Thatis the case iff the normal equations are satigfisgeCe*'xo + Gu,) = 0.

G*G maps functions to functions so the optinial = —(G*G)~1G*Ce*xg may be diffi-
cult?

Express the adjoirg* in state space. That may help?

10.7 Solution of finite horizon LQ

We now will “explicitly” solve Problemi 6. The formulae may pgar messy but we believe
that they arrive naturally given our understanding of thagution theorem and adjoints, etc. It
makes sense to first try to come up with a state representadtibe adjoint systeng*.
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Lemma 10.7.1 (Adjoint). The adjointG* of the mappings : L2[0, T] — L2[0, T] defined as

[)’(: Ax+ Bu

z=G(u): x(0) =

z=Cx+Du”’
satisfies a state representation with final condition:
)= —Ap-Cz

v = G (2. I p

D = B/p-l— D'z ° p(T) =0. (10-2)

Proof. AssumeD = 0 (theD # 0 case you can do yourself, see Prolblem 10.3) higtbe the
impulse response @: h(t) = CeA'B1(t). Then

(Gu, z)

T T
/ Z/(t)[/ h(t — 7)u(r) dz] dt
0 0
T T
= / / Z(®)h(t — 7)u(r) dtde
0 0
T T
= / u/(r)[/ h(t — 7)z(t) dt]dz
0 0
T T
_ / u/(t)[/ W (c — t)2(r) de]dt
0 0

T T
/ u'(t) (/ B'eA(t-0C/z(1) dr) dt =: (u, G*z).
0 t

ThereforeG*z = ftT B’eA(t=7)C'z(¢) dr. Differentiating p(t) := fT ~At=1C'z(7) dr
shows that) = —A’p — C’zwith p(T) = 0. [

The system interconnectian= G*(Ce 'xg + Gu) (needed in the normal equation) is simply
the series interconnection 68e”'xg + Gu andG*.

Lemma 10.7.2. u, satisfies the normal equations
G*(CeMxo+Gu,) =0
if and only if there existx, p) such that

H =[ Ee “u][o] +|-col"

(10.3)
0 — [ :| +D’Du, vt € [0, T], with x(0) = xo, p(T) = 0.

Proof. Feed the output := (Ce'xo + Gu,) to the adjointy = G*(2) in (10.2) and seb to
zero. n

If D’'D > 0 thenu, in the normal equations (10.3) necessarily satisfies
u.(t) = —(D'D)"t[D'C B [)rj ., Vtel0,T] (10.4)
which when inserted into the dynamic part/of (10.3) resultthieHamiltoniansystem

X A 0 B /Ny — ’ / X
- (e S [maroe [ oo wmes

H

(10.5)
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Lemma 10.7.3 (Solution finite horizon LQ).  AssumeD’D is invertible. Then the optimal, €
L2[0, T] of Probleni 6 exists and equals (10.4) whéxep) is the solution of the state equation
with two-point boundary condition (10.5). The solutién p) of (10.5) exists and is unique:

x(t)| _ | B B
[p(t)} - Z(I)[PT(T)} Xo,  Pr(T)=—Z22(T) " Zou(T).

HereX(t) := [é;g; g;ﬁ;] := eMt and the squarZ,,(T) is guaranteed to be nonsingular.

Proof. There is only the problem of existence and uniqueness ofaiuéien (x, p) to this two-
point boundary condition problem. This is not entirely i@iMbut not too complicated either).
Consider for the moment the cagg= 0, so the normal equations reduce to

G*Gu, =0 andx(0) = p(T) =0.

Clearly G*Gu, = 0 impliesz := Gu, = 0 which in turn impliesu, = 0 because is left

invertible if D'D > 0. Nowu, = 0 implies[ §] = [ _&¢ _% ][ §] which, given thax(0) =

p(T) = 0 in turn implies bothx and p are trivial. Therefore fokg = 0 the solutiongx, p, u.)
of the normal equations are unique and are all equal to zeroz i) defined ast (t) = et the
solution of (10.5) in terms ahitial conditions is

x| _ x(0)
[p(t)} =0 [p(O)} '
Since no non-trivial solutio(x, p) exists for whichx(0) = p(T) = 0 we must have thaf,»(T)

is invertible. Now we can proceed.
Back to the general casry(# 0). SinceX2»(T) is invertible we can solvg(0) from

0= p(T) = Z21(T)Xo + Z22(T) p(0).
Its solution isp(0) = —Z22(T) "1 221(T)xo. n

In contrast to Problem|5 here the dynamic equations thatd@te the optimal solution, (t)
(backward in time) is coupled with dynamic equations fofforward in time). It is possible
decouple the equations, but we will not do it.

Example 10.7.4 (First order system).  For the system

| [u}
X =u, zZ=
X

the HamiltonianH of (10.3) becomes
0 -1
)
which is simple enough to allow explicit solution of the (gylectic) matrix exponential,

_oht [ é+et —etet
Z“>—et—§[_et+e—t et+e—t]-

The state-costate solutidn (10.3) become

X0 x(t)
[x(t)} 1 [ dret o4 e‘t} [ 1 } p()
Xo = !

p) |~ 2| +et €46t EI;Z:I t— T=2
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The optimal input

, t— T=2
u.(®) = —B'p(t) = ~p(t) = m
which we can also see as a function of sted® asu(t) = —B’Pr (t)x(t) with
1
Pa(t) Pa(t)
p(t)
t = — =
Prit) = O 5 7
The largerT is, the closePr (t) is to 1 initially. It is now tempting to think that for the infite
horizon case the optimal(t) is a static state feedback(t) = —B’x(t) = —x(t). Itis. 0
10.8 IYWTKM...

¢ The finite horizon solution can be extended to the infinitdzwor case but the derivation
is lengthy. We will solve the infinite horizon case for LTI $gms from scratch (but many
arguments will look similar to those presented in this chgpt

e The solution(x, p) provided in Lemma 10.7.3 in terms of matrix exponentialsds mu-
merically reliable. Better (numerically) is to work with ¢iati differential equations. The
idea then being to expreggt) as a static linear function of(t), that is, p(t) = P(t)x(t)
and then to derive a differential equation fB(t). See for instance the classic books by
Kwakernaak & Sivan and by Anderson & Moore (both availabldioa)

10.9 Problems

10.1 Consider the system
X =X+ 2u, y = 2X

Givenxp and horizonT > 0 find the inputu that minimizesfoT y2(t) + u?(t) dt. (That
is, derive equation similar to that of Example 10.7.4). Wivatld the infinite horizon
feedback solutiom, (t) = —Fx(t) be, i.e. what ig=?

10.2 Fill in the details of Example 10.7.4.

10.3 Lemma 10.7!1 is only proven for the case thag 0. Extend the proof to th® £ 0 case
(and the extension of the proof must be short!).

10.4 Consider Problem| 6. Show thggp’(t)x(t) = —Z(t)z(t) and use it to prove that
POX®) = 11ZI1F2, 7

10.5 Write a MATLAB script that computes the minimal noma. | _2p 1 of Problem 6 given
matricesA, B, C, D and timeT > 0.
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10.6 Make precise what is used in the proof of Lemima 104 i3:left invertible over [Q T] is
D'D > 0.

10.7 Redo (as best as possible) the results obtained ino8edi3 for Problem5 slightly al-
tered:

Application—7: Given matricesA, B and nonzero initial state(0) = xp and desired final sta
X1 at desired tim& > 0, find an inpuu : [0, T] — R™ that achieveg(T) = x;.
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11 H? optimization in frequency domain

This chapter needs a re-write.
11.1 LQ in frequency domain

The approach taken in this and the following section is remtaéard, but elegant nonetheless
(we think). It is an input-output approach to LQ, and relieswily on frequency domain argu-
ments. In doing so we naturally arrive at the familiar guéead gain and phase margins and, for
SISO systems, a simple rule to determine the closed loogs palsed on the open loop plant.

As a motivating example consider an LTI system with inpaind outputy,

y =P (11.1)

and suppose the plant was operational over the(past, 0]. The LQ-problem colloquially is to
minimizef(;’O lu(t)|? + |y(t)|? dt with respect to all future-time inputs: [0, co) — R™. As in
the finite-horizon case (Chapter 10) it is convenient to weitk system representations in which
bothy andu are seen as outputs, i.e,

)-[2)

This way the input (here) is to be optimized over and the output is to be minimized. The
LQ-problem can be formulated as follows:

Application—8: Consider a causal system= G(v) with given pasw_ : (—oo,0] — C™.
Determine they : [0, c0) — C™ that minimizesJ|z||L2[0,oo).

This formulation of the LQ-problem
e requires no notion of state,
e has a solution that depends on the given past

e is not a feedback control problem, that is, we are not demandingtiigaminimizers of
I1Zll1.2[0,00) are to be sought within some class of feedback controllérsil{ be a result
that for the usual state-space systems the optimal sotutiam be implemented as a state-
feedback controller.)

11.2 SISO LQ and return difference inequality

Definition 11.2.1 (Inner transfer matrix). A rational matrixG is said to banner if it has its
poles in the open left-half plane a@I"G = 1. O
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Example 11.2.2 (Inner matrix). Supposez = G(v) is the causal stable system with transfer
matrix

G(s) = [%1] .

s+1

The mapping is norm preserving beca@es inner (see Example 6.9.3):

s 1 i1 _52 !
~ J— _ S = =
G (s)G(s) = [—s+l —s+l] [%} 241 T2 +1 !

That is the input and output energy are the same

1ZllL2®) = lollL2(w)-

Given the pasb_, the past oz_ is determined (because it is causal) hence the minimaldutur
energy||z||]2L2(R+) is achieved by taking, = 0.

For completeness (but you may skip this part if you don’t @dreut it, this part is not essential
for what is to come), the signalfor positive time can be computed using residues (assuming
v_ € L2(—o00,0)),

o

—+
AR

=1 =1
z(s) = |:S_j| v_(S) = [éj| v_(S) + [ilj| (v=(s) —o-(-21))+ [il] v_(-1).

s+1 s+1 s+1

eH2L H2

The first two terms are ifl%* because the stable pale= —1 cancels against the zerosat —1
in v_(s) — v—(—1). The future time solution is the inverse Laplace transfofrhe last (third)
term

—egt

z(t) = [ ot j|v_(—1).

|

Effectively what this example demonstrates is that witteinmansfer matrices the orthogonal-
ity criterion (that we know shows up in the projection thenjeeduced to that of orthogonality
of L2[0, oo) andIL?(—oo0, 0], which is trivial. This simple example in fact solves estialy any
classical SISO LQ-problem, see the following example araigrg theorem.

Example 11.2.3 (Integrator). Consider the SISO integratgr—= %u. To minimizef(;>o y2(t) +
u?(t) dt given the past we rewrite the system as

= [3] [
y 1
The transfer matrixG(s) = [ { | here is not inner, it satisfies
G~ (s)G(s) = —s* + 1.
This polynomial has zeros at= 1 ands = —1 so can be spectrally factored as

G~ (s)G(S) = (—s + 1)(s + 1).
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Aha, if we now divideG(s) with the stable factos + 1 then we do get, by construction, an inner
transfer matrix,

_Jul _|s/(s+1) _
Z_|:yj|_|:1/(s+1)j|v, o= (s+1)y.

Here we recognize again the transfer magi¢s) of the previous example, so optimabis = 0.
Done. One may object about “dividing by polynomials”, busitll right which we will see by
redoing the example in state space, done next. 0O

Lemma 11.2.4 (LQ control for SISO systems, pole placement). Consider a SISO systegn=
P (u) with strictly proper minimal transfer function

N(s)

P(s) = W

and minimal realization

A B
C 0}
The solution to the LQ-problem mipy 20 ) Jo~ [U(®)[? + [y(t)|? dt can be implemented as a

static state feedbaak= —Fx whereF € R¥*" is the unique matrix for which — BF has its
eigenvalues at the stable zeros of

M(=s)M(s) + N(—S)N(s). (11.2)

Proof. In state space the system with inpuand outpuf y | become

y A|B
[ } = 0|1 Ju
y clo
Letu = —Fx + v whereF is as specified above (su€hexists by minimality of the realization,
and is unigue because the system is SISO). Then

y A—-BF | B
|: :| = —F 1 |o.
y c |o
Let y(s) := det(s| — (A — BF)). Assume without loss of generality thit(s) is monic (this
does not changé&). Clearly the transfer function from to y has not been modified by the

change of inputi = —Fx + v, so the transfer function fromto [ y | equals
[U} _ [M(S)/X(S)} ;
y N(s)/x(s)]
_—
G(s)

This render<s inner,

M(=9)M(S) + N(=9N(S) _

G (s)G(s) = 1
x(=9)x(9)
hence renderingy = 0 optimal. The conditiom, = 0 is equivalent tay = —Fx + » being
—Fx for positive time. L]
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]
c

(b)
Figure 11.1: State feedback and loop gaia —Lu

Example 11.2.5 (Integrator). The integratoty = %u has minimal state-space realization=
u, y = x and transfer functio ((Ss)) = 1. We haveM(=s)M(s) + N(=s)N(s) = —s? +
1 = (-s+ 1)(s+ 1) so we need to place the poke— BF at —1. This requiress = 1 so
U.(t) = —Fx(t) = —x(t) = —y(t) is the solution of the LQ-problem. O

The core of the proof s that the transfer function of the niagfromo to [ y |,

|:Gu:| . A—-BF | B
ol = —-F 1
y C 0

is inner, that is (besides stability) that
G Gu+GyGy=1 ontheimaginary axis
An immediate consequence of this equality is that
GyGu=1-G,Gy <1 ontheimaginary axis
or, equivalently,
IG;t(iw)| >1 Vo eR.
This is known as theeturn difference inequalitgnd in terms of the realization says
1+ F(iwl —A)™B|>1 VweR.

The classic interpretation is that LQ is robust in the sehag¢the loop gairL (iw) = F(sl —
A)~1B in the feedback loop of Fi§. 11.1 stays outside the complétxaincle with center at the
critical point—1:

114 L(iw)] > 1 Vo eR.

11.3 MIMO systems — spectral factorization

Algorithmically, the bottle-neck in the LQ-problem spectral factorizationthat is, split-
ting the polynomiaM (—s)M(s) + N(—s)N(s) into a producty (—s) y (s) with y(s) Hurwitz.
Nowadays the problem of computation of zeros of polynomidle. computation of eigenvalues
of matrices—is considered solved for modest sized prohlehimsis the SISO LQ-problem is
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essentially a solved problem. The beauty of LQ is that it wdd¢ MIMO systems as well and
still the bottle-neck is a form of eigenvalue computatiom jsessentially a solved problem as
well. Theoretically the bottle-neck is to show that spddaetorization works (save some minor
details) for MIMO systems. That is the topic of this sectitirinvolves quite a bit of algebra. We
will do spectral factorization not for polynomials but forgper rational functions because then
the powerful machinery of state-space is at our disposal.

Application—9: Given a stable rationd@b find necessary and sufficient conditions for the exis-
tence of a bistabl&gq such that

€ E = G (11.3)

and determine the inn&3 Ggl.

A rational matrixGg is said to bebistableif it is invertible and bothGg and Gal are stable.
A bistable solutionGg of (11.3) known as apectral factorof G™G. Our quest begins with a
realization ofG

G:PQH?} (11.4)

with A Hurwitz. Since bothG andGg are stable it is to be expected tliag can be taken to have
the same A-matrix’ asG. We propose a realization of the form

w-[t}2]

with L andE yet to be determined. It is readily verified that

A 0 B
G"G=| -CC —-A|-CD (11.5)
D'C B | D'D
and similarly
A 0 B
GyGo=| -L'L -A"|-L'E

EL B | EE

Obviously equatings™G with G; G does not imply equating the realizations. There is, for
one, the non-uniqueness due to state transformations.dbr tw preserve the structure of the
realization we propose a state transformation

In 0 nxn
|:X |nj|’ X e R™".

Under this transformation the realization@f Go transforms into

i A 0 B
s = | P[oon |18 1] e e
[ET B[R] | EE
[ A 0 B
— | AX+XA-LL —A|-L'E+XB (11.7)
|~ EL-BX B | FEE
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Whenevell, E, X are such that (11.7) equals (11.5) entry by entry, that is, if

EE = DD (11.8)

LE-XB = C'D (11.9)
EL-BX = DC (11.10)
AX+XA-LL = -CC (11.11)

thenG™G = G;Go. Remember thaGy is supposed to be bistable. In particular this means
thatGo(oo) = E is supposed to be invertible. Now IEtbe any square nonsingular solution of
E’E = D’D (suchE exists iff D has full column rank). Then from (11.9) we can expresas

L’ = (C'D 4+ XB)E™1, and then plug this expression into (11.11) to obtain

A'X 4+ XA—(C'D+ XB)ET'E™(D'C+B'X)+C'C =0. (11.12)
Equation 11.10 follows from (11.9) X = X'.

Lemma 11.3.1 (Sufficient conditions — Riccati). ConsiderG with realization [(11.4) and as-
sumeD’D > 0. Let E be any nonsingular solutiof’E = D’D. If X = X’ € R"™" solves the
Algebraic Riccati Equation (ARE)

A'X + XA—(C'D+ XB)(D'D)"{(D'C + B'X) +C'C =0 (11.13)

thenG™G = G, Go for

Go = [%’%} with L := E~/(D'C + B'X).

The matrixX is said to be thatabilizing solutiorof the Riccati equation if
A—BE™lL:= A— B(D'D)"}(D'C + B'X)

is Hurwitz. In that casésgl is stable. If in additionA is Hurwitz thenGg is a spectral factor of
G™G.

Proof. Follows essentially from the previous analysis. Note tBatE~ equals(D’D)~1
so (11.18)is[(11.12). The realization @gl is

1 A—BE™IL | «
5t -]

]

henceGa1 is stable ifA — BE~1L is Hurwitz, and bistable if in additio is Hurwitz. ]

Realize that we have not yet proved existence of any solitiofithe ARE, let alone existence
of a stabilizing solution. This we will do at the end of thisgen.
This is nice:G andGg have a joint realization

A|B
[Ge‘}z clD
0 L|E
Therefore
X A B
[Z}z[g}w=> 2l=| c b [X]
v 0 v L E |L¥
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Now what is the transfer matrix fromto z? On the one hand this can be computed ugiegGw
andw = Ggo:

z=GGyh

and this transfer matrix is precisely the inner matB'IGal that we are after. On the other hand
in terms of realizations we have

v=Lx+Ew = w=E"10v-Lx)
so that

,_[ A-BEL[BE T
~ | Cc-DE7!L|DE™!

(11.14)

Therefore this must be a realization of the inner @JGThe ‘A-matrix’ here is the same as the
* A-matrix’ of the Gal. Surprising? Well at least it is good to see that the stateedsion of

GGal does not increase beyond that@f(which would normally happen i6 andGg are not
‘related’). Now we can state and prove the famous theorem:

Lemma 11.3.2 (Spectral factorization). LetG(s) = [A, B, C, D] be a realization of5(s) with
A Hurwitz and suppose the realization has no imaginary zéroiding at infinity:

A—iwl B
[ C D} and D
have full column rank for allo € R. Then the following holds.

1. The Hamiltonian matrix

_ A 0 B r =1 ,
H = [—c’c _A,:|—[_C,D:|(D D)'[D'C B]

has no imaginary eigenvalues.
2. The Riccati equation
XA+ A'X —(XB+C'D)(D'D)"}(D'C+B'X)+C'C=0

has a unique solutioX for which A — B(D’D)~1(D’C + B’X) is Hurwitz. ThisX is
referred to as thstabilizingsolution and it is symmetriX = X’.

3. Go is bistable and such th@™ G = G; G iff

Go— [ f E } L=E(D'C+BX), EE=DD (11.15)

with E square an the stabilizing solution of the above ARE.

Proof (extensive sketch).  Prior to this proof we already established tifaX is a stabilizing
solution of the ARE then angg in the last item is a solution. Remains to show existence
and uniqueness of stabilizing and that[(11.15) represeraf spectral factors. (The following
proof of existence oiX is essentially the same as thas,(T) is nonsingular in the proof of
Lemma 10.7.3.) Let us collect realizations 8t G and its inverse,

A 0 B B / -1
G*G=| -cc -A|-CD |, (G G)l= H H—C’D] (DY |
DC B |DD —(D'D)~1[pc 8] (D'D)7?
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(The A-matrix of (G~G) ™1 is the HamiltonianH defined in Item 1.) By stability ofA the re-
alizations have no unobservable or uncontrollable modéb@imaginary axis. By assumption
G has no imaginary zeros, hen(8™~G)~1 has no imaginary poles and thits has no imag-
inary eigenvalues. Being thA-matrix of a self-conjugat¢G~G)~! the Hamiltonian matrix
H exhibits some symmetry as well. IndeBids) := (sl — H)[_OI 5] is readily seen to be self-

conjugate:H ~(s) = H(s) soH has as many stable eigenvalues as anti-stable eigenvaines.
H is 2n x 2n and has no imaginary eigenvalues, the stable eigenspadei®h-dimensional.
Write the stable eigenspace as

im([iﬂ), X1, X1 € C™",

If X1 is nonsingular it is easy to verify that := szl_l is a stabilizing solution to the ARE
and that it is unique and symmetric (THm. 11.8.2). So wh}tishonsingular? Suppose, to the
contrary, thatXs is singular. We will show that then statee ]wa (R) exists and orthogonal

externall.2-signalsu andv = G*Gu exist of the form

—NN— [ |~

g*g

That is, withu(t) zero for negative time anad zero for positive time. Such, » can not exist
becausd/Gu|? = (G~Gu, u) = (v, u) = 0 which contradictgu # 0. If Xy is singular there
exist nonzereg of the form[ )2)] in the stable eigenspace Bf. Given this “initial” state setting
u(t) = 0 for negative time gives us:= G*Gu for negative time:

t<0,ut)y=0 = o(t) =B'R(t), D =—-A'%, R(0) = L.

By antistability of — A’ this v is in L?(—o0, 0]. Fort > 0 we setv(t) = 0 and equatel =
(G*6)~

t>0,0)=0 = ut)=—(D'D)"[D'C B]x(t), x = Hx, x(0) = Xo.

Sincex(0) is in the stable eigenspace Mfthisu is in L2[0, co). So bothu andv are inL2(R),
andov (henceu) is not identical to zero because if it would have been zeem flort < 0 we
would have had&k = Hx, x(0) = xp which implies lim_, _« |X(t)| = co while we just showed
thatx(t) - O ast - —oo.

If Go andG; are two bistable solutions thé&dy; Go = G Gy so thatGoGl_1 = GaNGg. The
left-hand side of this equation is bistable, the right-haiuk is bi-antistable. Hence both sides
are constant, i.eG1 = W Gg for some constaritV. The constanW is orthogonalW'W = |I.
This constantV can be absorbed intB. In other words, lettinge range over all solutions of
E’'E = D’D gives us all solution&. n

Dually one gets:

Lemma 11.3.3 (Spectral co-factorization). Let G(s) = [A, B, C, D] be a realization of5(s)
with A Hurwitz and suppose the realization has full row rank on thaginary axis, including at
infinity:

|:A— iwl B

C D} and D

have full row rank for alkw € R. Then the following holds.
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1. There exist bistabl&o such thalGG™ = GoGy
2. The Riccati equation
AY+YA - (YC +B'D)(D'D)"}(CY+DB)+BB=0

has a unique solutiol for which A — (YC + BD')(DD’)~1C is Hurwitz, called the
stabilizing solutionY, and it satisfiey = Y’.

3. Go is a spectral cofactor iff

Goz[é‘ E} L=(BD +YCE~, EE =DD

with Y the unique stabilizing solution of the above ARE aBdhe non-unique square
solution of EE’ = DD’.

4. Gp andG have a joint realization

andM = GalG is co-inner(meaning stable anl M~ = |) and has realization

A—LE"'C|B-LE'D 0
E-'IC | ED |

At the end of this chapter we comment upon the computatioriafd® equations.
Example 11.3.4 (Matlab — mu-tools).

H=[-1 -1; -1 1]; % some Hamiltonian
[X1,X2]=ric_schr(H); % ric_schr is part of mu-tools
X=X2/X1; % stabilizing solution

11.4 MIMO LQ and the return difference inequality

The solution for the LQ-problem (Application 8) for MIMO dgsns can now be stated.

Theorem 11.4.1. Consider a system = P(u) with stabilizable realization

o-[ 2]

and assuméA, C) has no unobservable modes on the imaginary axis. The@dhnérol Alge-
braic Riccati Equation (CARE)

A'X + XA+ C'C—(C'D+ XB)(1 + D'D)"X(D'C+B'X)=0 (11.16)
has a unique stabilizing solutiot and the optimal inputl is a state feedback

u=—Fx, F=(l+D'D)"YD'C+ B'X).
Moreover the minimal;° |y(t)|? + |u(t)|? dt equalsx(0)’ X x(0).
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Proof. The realization of the transfer matrix fromto [ y | is

A|lB
0] I
C|D

Since(A, C) has no unobservable modes the above realization has naiamggieros. Also the
direct feedthrough terrﬂ)] has full column rank. Hendé A were stabld.emma 11.3.2 applies

and says that the CARE has a stabilizing solution and thet &tadbacki = —F x + E~1p with
F = (I + D'D)~}(D’'C + B’X) renders the system fromto [ y | inner,

A—BF | BE™!

H |7 =F T ET |0 (11.17)
y C - DF | DE!
The matrixE does not concern us. Since the system is inner the optimal 0 so thau = —Fx

for positive time.

If Ais not stable then first apply a preliminary stabilizing stigedbacki = —Fgtapx + Q.
It can verified (boring) that this preliminary state feedbaancels in the inner system (11.17).
That||z||? = XoXXo is easily verified by showing thagix’Xx = —Z(t)z(t) for the optimalu.
This result appears not to come naturally in our “projectpproach” and | do not know how to
fix it. [

Example 11.4.2 (Integrator). Consider once again the integrajoe= %u. A state realization is
X=u, y =X.

The Riccati equation (11.16) becomes
1-X%=0.

The two solutions arX = +1. Only X = +1 is stabilizing, giving usu.(t) = —B’'Xx(t) =
—X(t) as the unique optimal solution. 0O

As in the SISO case, also in the MIMO case the crux is that

A—BE"'L | BE™!

E)-eler [T E
y C-DE-IL | DE™!

is inner. If the plantP(s) is strictly proper then we havi@ = 0 andE = I. In this case the inner
matrix is

Gu|._

Gy| ™
Being inner we have thds; Gy = | — GGy < | on the imaginary axis. This brings us once

again at the return difference inequality, but now for MIM@tEms:

Lemma 11.4.3 (Return difference inequality). ~ For strictly proper plants we have
[I + L™ ()]l + L(iw)] > 1 Vo € R
where nowlL is the loop gain_(s) = F(s| — A)~1B.
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Proof. Gy = (1+ L)L "

11.5 SISO Filtering

G11

Go1

Figure 11.2: Filtering configuration

Filtering is the problem of learning about a signain the basis of related signal A systems
approach to filtering is depicted in Fig. 11.2 where botindy are seen as the output a system
driven by a common sourae. For the sake of argument, say thas the noise a passenger hears
sitting in an airplane and thatis the noise picked up by a microphone at some other poingein th
airplane. Clearly andy are related meaning thgt1 andG»; share certain dynamic features.
Continuing with our little airplane-example, the aim ofigetnoise canceling is to find a system
KC (calledfilter) such that := Ky ideally imitates» perfectly so that if its output is transmitted
“in antiphase” in the passengers headphone we ideally lhimgz = v — u = O (or at least
nothing in some desired frequency band). The game, in shititfiltering is to choose the filter
K so that the error signa = » — u as small as possible. Small in what sense?esttemely
popular approach — the reason is explained in Chapter 7 —risinanize thelL2-norm of the
impulse response of the error system,

mkin 911 — K * Ga1llp2(w)-

This assumes all systendsi, Go1, K to be LTI, with respective impulse responsgs, g1, k.
Because of Plancherel we can fof-stable systems also express this in frequency domain as

np(in 1G11 — KG2illp2(ir)-

We pose and solve this problem for various assumptions iepos the filter. We mostly work
with transfer function representatio@s ;, Go1, K of the systems.

Application—10: Consider rational SISO syster®y 1, G21 € L*°. Find K e IL*° that mini-
mizes||G11 — KGa1llp2(ig)-

This particular application is so easy that projectionsexeneeded. Simply taking

_Gn
G21

will do the job and render the error system identical to zero,

G11— KiG21 =0,

K

or, at least, in many cases:
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Example 11.5.1 (Four examples).

o If G11, G21 € H* with G21 bistable, say,
G11(s) =1/(s+1) and Ga1=(s+2)/(s+3)

we have the happy situation thit, = g—i = ﬁéﬂ) is stable and causal. Nothing
scary here.

o If G11 = 1/(s+ 1) andGo1 = (s — 2)/(s+ 3) — both inH*® — we have thaK, =
ﬁ(g—zy This K, has a pole as = 2 and is thus not ifI* i.e. it is not both stable
and causal. Pity. We insist th&t is stable (i.e. inL*>) but then ourK, is not causal.
Mathematically there is nothing wrong with this choice. Bgstable we have to assume

that the region of convergence contains the imaginary &xan partial fraction expansion

s+3 513  2/3

Ke(s) = S+1(G5-2) s—-2 s+1

—1<Re(s) <2

we can derive the impulse response

ke(t) = geztll(—t) - ée‘t]l(t) = J

Indeed it is not causal, but it Is?(R)-stable.

e If G11 =1 andGy1 = 1/(s + 3) — both inH* — we have the problem th#, = s+ 3
which is non-proper implying thak is not stable (i.e. not if.°°, it has differentiating
action). This type of problems can occur since we dividetoigtly properGa;.

In this example in fact n&k e IL°° exists that render$G11 — K G4 finite. This is due
to the fact thats,; is strictly proper ands11 is not strictly proper.

e If G21 has imaginary zeros then essentially the same problem @acdeor instance if

Gi1 = 1/(s+ 1) andGyy = (2?1%2 we haveK, = 5%11 which has poles ati. Causal

or not, it is not a stable system. It can be approximatedraridit well by a stable system
though, in fact stable and causal,

rendering the error systefd;; — K, Gpj arbitrarily close to zero (in norm) far > 0 but
small.

|

The last two examples are more-or-less the reason that iicappns we prefer to rule out
the situation thaG,1 has imaginary zeros or zeros at infinity. After all, what isogtimization
problem whose “optimal” solutiof is (close to) unstable? For other problems we can easily
summarize:

Lemma 11.5.2. If K, := G11/G>1isinL® then it is a solution of Application 10. If thiK has
its poles in the open LHP it is also causal. In all other catsissniot causal. 0O

Next bring in causality constraints.
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Application-11: Consider rational, SISO systen®; € H? and G2; € H™. Minimize
G11 — K G212 with respect tak e H™.

Its solution is an example of projection, be it with one ditdubtlety. The set of filted8> is
a vector space so minimizing thi-norm of G11 — K G»1 is that of finding the minimal norm
solution an affine variety, and it looks like that Theorem&Llapplies. Not so, becauBE® is
not an inner product space. The common way out of this parsdoxassume that

G21 has no imaginary zeros and no zerosat

Then||G11— KGa1ll 2 < oo impliesK e L?(iR). So we may without loss of generality restrict
our search over the smaller set

K e H® NL2 C H2
Now we can proceed with tHe?-inner product:

K, e H® NL?%is optimal & Gi11— K,G21 1 H?Gy;
— (G11— K.G21, KG21) =0, VK e H?
= (G11G3; — K.G21G5, H?) =0

& G11Gy; — K.G21G5; € H?.

If we can solve the last inclusion for sorie € H>® N 12 thenK, is optimal.
Example 11.5.3. Suppose

s—1

Gi11(s) = st1

- G _
513 21(s)

(We are lucky becaudB,; is inner.) The inclusion to solve for is

—-s-—1

T2 K, eH,
5+3)(—s+1) €

Partial fraction expansion (PFE) of the first term gives theiealent inclusion

1/2 1/2
L_FL_K*EHZL_
s+3 s-1

The PFE splits the first term into a stable partl{ifi in fact) and an anti-stable part (i#i%! in
fact). Simply settingK .. equal to the stable term solves the problem

1/2
K. (s) = ﬁ

rendering the the error syste@y; — K. Gz equal to the unstable part divided By,

G1a(S) — K. (5)Ga1(S) 1/2 s—1 1/2
j— * = X = .
1 21 s—1 s+1 s+1

OurK, is in H*™ as required, and it is ih? as guaranteed. O
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Lemma 11.5.4 (SISO Inner-outer cofactorization).  Consider rational, SISO systerg; € H2
and Gy € H* and assum&y; has no zeros onRi U {oco}. ThenGz1 has a(co)inner-outer
factorization

Go1 = GoGi, Gi, Go, Gy € H® andGiG;” = 1
and the solutiorK,. of Application 11 exists and is unique,
K. = 74(G11G") Gyt

|

Herer is the orthogonal projection operator frd to HZ, or more concretely, (G) is the
sum of strictly proper stable terms in a PFE®f

11.6 MIMO filtering

Now we have enough to solve the (almost) most general Fitjggiroblem:

Application—12: Consider rationalG11 € H? andG,; € H*™ (both possibly MIMO). Mini-
mize||G11 — KGoqllp2 overK e H*®.

Theorem 11.6.1 (Filtering). Consider rational systemS11 and G21 with Go1 strictly proper
and having joint realization

A|B

Gu| _
G =] C,| 0
= c|D

with (A, C) detectable and assume the realizatio@gef has full row rank on the imaginary axis,
including at infinity:

A—iwl B
oS

Then theFiltering ARE (FARE)
AY+YA - (YC +B'D)YD'D)"}CY+DB)+B'B=0 (11.18)

has a unique stabilizing solution and the optimal filteiK, solving Application 12 exists and
has realization
K. — A-LC|B-LD
T C: | 0 ’

L=(B'D+YCE™, EE =DD

and the optimal error systems is

A—-LC B—-LD
Gu— K*G21=[ v | Y }

C. | o©

Proof. Later. [
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This theorem actually does not requi®g; andG»; to be stable. All it does is mak&11 —
K.G21 € H N H?2 and minimize its norm ovek, e H>® N H2.

11.7 Extra: Standard H? problem

A combination of LQ and Filtering. No time to talk about it ietil only brief summary:

Figure 11.3: The standafii problem

Application-13: ThestandardH? optimization problem is the problem of choosing the don-
troller K in the block diagram of Fig. 11.3 such that it

1. stabilizes the closed-loop system, and
2. minimizes thél2-norm of the closed-loop system (withas input and as output)

We represent the generalized pl&@bf Fig.[11.3 in state space form as

X(t) = AX(t)+ Biw(t) + Bou(t), (11.19)
z(t) = Cux(t) 4+ Duaw(t) + Diau(t), (11.20)
yt) = Cox(t) + Da1w(t) + D2au(t). (11.21)

TheH? problem may be solved by seeing at as nested LQ and Filterotgem.

Lemma 11.7.1 (Solution of the H? problem). Consider the standaiil? optimization problem
for the generalized plant

X(t) = Ax(t) + Biw(t) + Bou(t), (11.22)

z(t) = Cix(t) + D1ou(t), (11.23)

y(t) = Cax(t) + Daiw(t) + Daou(t). (11.24)
Assumptions:

e The systenx(t) = Ax(t) + Bau(t), y(t) = Cox(t) is stabilizable and detectable.

e The matrix[ Agf' [?211] has full row rank for everg = iw, andD>1 has full row rank.
e The matrix[AEf' Dsz] has full column rank for everg = iw, and D1, has full column
rank.
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Under these assumptions the optimal output feedback dtamtvo= Ky is

X(t) = AR(t)+ Bau(t) + L[y(t) — Cax(t) — Doou(t)] (11.25)
ut)y = —FX(). (11.26)

The observer and state feedback gain matrices are
F= (D’12D12)_1(B§X + D3,C1), L=(YC + BlD’Zl)(D21D’21)‘1. (11.27)

The symmetric matriceX andY are the unique positive-definite solutions of the algehiRaie
cati equations

A'X + XA+ C{C1 — (XBy + C; D12)(D},D12) ~1(B)X + D/,C1)

(11.28)
AY + AY’ 4 B1B] — (Y G, + B1Dj;)(D21D%;) " H(CoY + D21B})

|

The condition thaD1> has full column rank means that there is “direct feedthrdfigim the
inputu to the error signat. Dually, the condition thaD,; has full row rank means that the some
noisew is directly fed through to the observed outpgut

11.8 Extra: Riccati equation

An algebraic Riccati equatio(ARE for short) is a quadratic equation of the form
PA+ AP+ PRP+Q=0. (11.29)

Here the matriced, Q, R e R"™" are assumed given, wifR andQ symmetric, and the equation
has to be solved foP € R"*". Riccati equations, being quadratic, usually have more tree
solutionP. There is however at most os&bilizingsolution.

Definition 11.8.1 (stabilizing solution of an ARE). LetA, R,Qe R™"withR=R,Q=Q.
A matrix P € R™" is said to be atabilizingsolution of (11.29) ifA + RP is Hurwitz. O

Theorem 11.8.2 (Existence of the stabilizing solution of AR E). If the Riccati equation (11.29)
has a stabilizing solution, then tha Z 2n Hamiltonian matrix

%o %]

has no imaginary eigenvalues, and there is a full rank matrix R2"" and a Hurwitz matrix
A € R™" such that

A R
[_Q _A,}vzv/\.

Further, given any sucYi decompos& asV = w;] with Vi, Vo € RN, Then a stabilizing
solution P of (11.29) exists iffVy is nonsingular. In this casP is determined uniquely as
P = Vzvl_1 and it is symmetric. Moreover the eigenvaluesfof- R P coincide with those of
A. O
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Proof. If P is a stabilizing solution of the ARE, then

I Of| A RT[1 O A+ RP R
[—P 'M—Q —A’HP J:[ 0 —(A+Rp)/:|- (11.30)

Interestingly[ 5 9][ 5 ¢] = 12 so the above equation is a similarity transformation ansl thi

tells us that the eigenvalues of the Hamilton[a_% _FX] are those oA+ RPand—(A+ RP)'.
If P is stabilizing then none of these eigenvalues lie on the inzag axis. Furthermore it shows
that there aren stable eigenvalues (those #f+ RP) andn antistable eigenvalues (those of
—(A+ RP)'). In addition is shows that |{q'3] is the stable eigenspace of the Hamiltonian and
hence that stabilizing is unique.

Now for simplicity assume that all eigenvalues are distiretd letlq, ..., 1y denote the
n stable eigenvalues. To each eigenvalyehere corresponds an eigenvectpr That is,
[_AQ _F,i/]ui = Ajvj, Or in matrix form

J1 0 0 0
A R 0 1o 0 O
[—Q —A/}[vl RIA) bl ) | IR 0
v v 0 0 0 /n

A

As (11.30) is a similarity transformation, the eigenvestgmay also be written ag = [ 1, 9 |w;
wherew; is an eigenvector o[fA+ORP _(A+RR P)/] with eigenvaluel;. Now all 4; are stable, and

they are the eigenvalues 8 R P andnotof —(A+ RP)’, sow; must be of the formw; = [5].
Hence

Vz[llD ﬂ [Vgl}, where [Vgl}z[wl wp -+ wn.

Written out this becomeg = [ ,;’{’,},l]. Now W; is nonsingular because the matrix of eigenvectors
[V‘él] has full column rank. Thereforgs = Wj is nonsingular and® follows uniquely as
V2V1_1 = (P\/\/l)Wl_1 = P. Conversely ifV; is nonsingular then it is easy to verify that
P .= V2V1_l satisfies the ARE and that is stabilizing wittt- RP = levl—l.

To verify symmetry ofP, defineT = P’ — P. We have

[ 2

The last term is symmetric hence sdli$A + R P) which combined with skew symmetily =
—T of T givesT(A+ RP) + (A+ RP)T = 0. This is a Lyapunov equation and its solution
is unique becaus@& + RP is Hurwitz (see the proof Theorem 10.4.2.) ThatTs= 0, i.e,
P=F. [

This theorem is the vantage point for numerical algorithorsifiding P. Indeed, the above
proof of the theorem is practically an algorithm. Solving BRis essentially an eigenvalue
problem.

11.9 IYWTKM..
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o Another approach to infinite horizon LQ is to consider € 1.2[0, co) and then to solve
the normal equationg*(Ce”'xg + G(u,)) = 0. Here we need the adjoint with respect to
IL2[0, oo) and this is not so easy to work with.

¢ In LQ we optimize ovesignalswhereas in Filtering we optimize oveystems

e Many formulas about these problems can be found in Zhou €1296).

11.10 Problems

11.1 Consider the double integratpe= s—lzu .....
11.2 Prove ... gain-phase margin
11.3 integral control.
11.4 Extend Lemmla 11.2.4 to the case tRés) is proper but not necessarily strictly proper.
11.5 Solve the LQ problem for the first-order system
X =ax+u, y=X.

Comment on the dependenceugfand minimal norm orm.
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12 Wiener filtering and the matched filter

At the end of this chapter we review the matched filter, butrttan topic of this chapter
is discrete filtering in the’>-norm from a stochastic perspective, a problem knowk\Vaner
filtering. The emphasis is more on signals and less on systems andia¢ssare assumed to be
stochastic processes. A motivating noise-canceling el@wgs briefly mention in Section 11.5
and another example more in the Wiener spirit is:

Example 12.0.1 (Constant desired signal).  If a desired signab is known to be constant and
n is known to be zero mean white noise then averaging v + # should recovep well, see
Fig./12.1. In the class of causal FIR systeins- K(y) one could for instance use a moving
average[n] := ﬁ ZiMzal y[n —i]with M large. O

e=v—10

(estimation error g ﬁ ) v (desired)
0 = y f
(estimate (measurements) 5 (noise)

Figure 12.1: Recover desiredrom noise corrupted¢t = v + 7

The message of this little example is: exploit known or eatéd structure (memory) in, #
(and hencey = v + ) to findo := K(y) so as to make := » — o small in some sense. In
Wiener filteringthe assumptions are that

1. Signal needs to be estimated,;

2. Signalv and (additive) noisg are WSS stochastic processes with known spectral charac-
teristics or known covariances and cross-covariances.

3. The performance criterium is the minimum mean-squaimation error:E(v[n] — 5[n])?
which by assumed wide-sense stationarity does not depend on

In this chapter it will be convenient to use the following talwort hands for covariance matrices
and vectors of given WSS processeando:

ry[0] ryl] -+ ry[p—1] ry»[0]
RPP o r).,Fl] rYFO] ry[p:—zl Rp ryv:[l]
Wp—1 rylp=2 - 1ol "wlp=1]

where, as alwaysy[7] = cow(y[t + 7], y[t]) andry,[7] = cow(y[t + 7], o[t]).

12.1 Constant filter
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Application—14: Given zero mean WSS processeandy find linear static filteu = K(y)
that minimizese(v[n] — u[n])2. One may assume to know all possible second qrder
moments of the processes.

Lemma 12.1.1 (Constant filter).  The solution to Application 14 is

_ _ E(v[n]y[n])
u[n] = k.y[n], ki = 52D
Thek, by WSS is independent of € Z. The estimation error equals
2
E[n] —uln])? = E@?[n]-u?[n]) = E@In)—K'. E(yInlo[n]) = E<v2[n]>——(E(Z£ry]]%r[$)) '

Proof. Express the filter ag[n] = k y[n] with k e R and lety = (..., y[-1], ¥[O], y[1],...)
considered as a infinite column vector.
k.isoptimal < (v —k.y) L koy VkoeR
— EY@-ky) =0

= D Eyln@h] - kyln) =0.
nez

The expressioEy' (v — k,y) is potentially scary becausey’y = oo. However fork, =
E(y[n]o[n])/ E(y?[n]) the termsE y[n](»[n] — k.y[n]) are zero for every. By orthogonal-
ity of » andu we havee(v[n] — u[n])2 = E(v?[n] — u?[n]) which can be expressed in many
different ways. (]

The lemma says that constant filtering achiesemething-that is, achieveg(v — u)? <
E(v?)—iff v[n] andy[n] are correlated.

12.2 FIR filter — matrix form of Wiener-Hopf equations

Application—15: Given zero mean WSS processasndy find a FIR filteru = K(y) of given
orderp,

yIn]

unl =[ko -+ kp-1] : , nez
—_——
K yin—p+1]

that minimizese(v[n] — u[n])2. One may assume to know all possible second qrder
moments of the processes.

Again this problem is well defined are(v[n] — u[n])? is independent of by the fact that
all signals are WSS. The normal equations in this respeandsvk as the matrix form of the
Wiener-Hopfequations (there is another form as well).

Lemma 12.2.1 (FIR filter). A k, € RP is a solution to Application 15 iff

X x1
Ry*Pk. = R,
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or, more explicitly (withry[m] = Ey[n 4+ m]y[n] andry,[m] = E y[n + m]o[n])

ry[0] ry(1] e ry[p—1] ko I'y»[O]
ry[1] ryo] ry[p.— 2] k.l _ ryu.[ll (12.1)
ry[p _ 1] rylp _ 1] - N rytO] kp.—l ryu[b —1]

Ky

and the MMSE equals
E(o[n]—u[n])? = E@Z[n]—u?[n]) = EQ2[n])—K, RY* Pk, = @) —[RET[RYPI1R)

Proof. See Lemma7.8.1. [

12.3 Classic Wiener Filtering

Figure 12.2: Recover desiredrom noise corrupted¢ = o + 7

A special case of Application 15 and probably the best knovierié filtering problem is what
we considered at the beginning of this chapter,

y=v+79 for some zero-mean “noisef’'uncorrelated with.

That is, the available measurements the desired additively corrupted by zero-meanthat
is uncorrelated withy, see Fig. 12.2. The Wiener-Hopf equations

pxp px1
Ryx k* - RyUX
for this case specialize to
(RPXP 4+ RP*P)k, = Ry = RPXL, (12.2)

The covariance matrth)’,’Xp can be estimated singeis assumed available (see Section 12.7).
The signab obviously is not measured — otherwise there would be no jiinying to estimate

it — but the solution[(12.2) does assume we have some knowleruignelyR,ﬁfl) ofv. A

practical situation where we do have access to (estimaﬂd&f’ﬁf1 is noise cancellation covered
in the next section.
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| k

Figure 12.3: Realizations of, n, y, u whereu = K(y) a FIR filter of order
p = 100. Bottom right: the optimal FIR

Example 12.3.1. Figure 12.3 shows realizations of WSS processasdy. The fluctuations in
n are much stronger than thatwofo we expect that the filtér:= u := K(y) based ory = v + 17
(shown as well in Fig. 1213) is some form of moving averagidging known covariances (not
spelled out here) of and» and assumed orthogonality ofand s the optimal FIR system of
order p = 100 determined from (12.2) results in a impulse responseshmthe bottom-right
part of Fig/ 12.3 and the estimaie= u is (visually at least) close to. 0O

12.4 Noise cancellation

v+7 v

>

@ K
u y @ (b) u y

Figure 12.4: Try to remove noisefrom v + 5 using relatedi = K(y)

Application—16: See Figl 12.4(a). Lat, , y be zero mean WSS processes and assume that
(desired)o is uncorrelated (othogonal) to (noisgland (measurementy) Recoven
from v + n by cancellingy optimally through minimization with respect FIR filters |of

orderp,

: 2
RN E(n[n] — u[n])*.

One may assume to know all possible second order momentecdsses +  andy.
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The idea here is that we measure our desir@gunoise,» + # but that the noise is related to
a secondary signal that we measure as well. Using the relation betweandy we can hope
to remove the noisg to some extend from our measuremants » rendering the final outpuit
close to our desired.
This problem is a standard Wiener filtering problem in disguireorder the configuration of
part (a) of Figl 12.4 to that of part (b) so that
16 — vl =lel?>,  e=n-u.

So we once again apply can Lemma 12.2.1 which says that th#epnchas an explicit FIR
solution once we know the covariances

pxp px1
Ry and Ry, .

Here there is a catch in that we do not meagyte;) so we can not readily estimate the covari-
ances that we need. We measure dwly» + 7). However by the assumption thats a process
is uncorrelated (orthogonal) gpandy we have

px1l _ 5px1
RWI - Ry(n-i—n)'
Hence:
Lemma 12.4.1 (FIR filter for noise cancellation). A k. € RP is a solution to Applicatioh 16 iff

pxp, _ pPxl
Ry k*_Ry(v+n)'

12.5 Linear prediction

D

K zm

Figure 12.5m-step ahead predictor for

An important and interesting applicationpsedictionor forecasting The problem is to pre-
dict the future behavior of the phenomenon that is obserseataurately as possible given the
observations up to the present time. See/Fig. 12.5 (here @z08' to denote then-step delay
operator).

Application—17: Given zero mean WSS procegdind a causal FIRm-step ahead predictor
u = K(y) of given orderp,
y[n]
ulnl =[ko -+ kp-1] : , neZz
e e’
K yln—p+1]

that minimizes then-step ahead prediction erre¢y[n + m] — u[n])2.
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This is Application 15 fow[n] = y[n + m]. So we can specialize Lemma 12.2.1:

Theorem 12.5.1 (Linear prediction). Thek, € RP is solves Application 17 iff

ry[0) ry[ll o rylp =11 1 K ry[m]
ry[1] ry[o] : k1 _ ry[m+ 1]
ry[lo.— 11 rylp - 2] .. rytO] kp.—l ry[p +m- 1]

Example 12.5.2 (Second order FIR filter).  Suppose
ry[T] = alrl

wherelal] < 1 (otherwise it is not a covariance function) an try a secomi#ioFIR filter. The
Wiener-Hopf normal equations become

B |

so that

ko 1 1 —al[ am 1 [am—a™?2 am
e e | P T R A S

Perhaps surprisingly the best linear predictiorsteps ahead is simply the last availal[¢]
scaled by a factoa™. Note that fora = 1 the covariance matrix is singular but st =
a™, ki1 = 0 isasolution of the Wiener-Hopf equations (Lemma (12.2.1)).

The number determines the temporal relatedness in the processa Eof) the covariance
function is that of white noise — i.e. there is no temporahtetiness — and it is not surprising
to find that the linear predictor then is zegft + m] := u[t] = 0. In contrast ifa = 0.99 then
the covariance function decreases very slowly so we expatprediction is good, that is, that
the prediction error is small

eft] := y[t + m] — u[t] = y[t + m] —a"y[t].
The power (variance) of the prediction error is
E(EP[t]) = E(y[t + m] — a™y[t])? = E(y[t + m]? — 2aMy[t + m]y[t] + a’My[t])?
=r[0] — 2a™r[m] + a2™r[0] = 1 — 2a%™ + a2™
=1-a’m

Fora = 1 the prediction error is in fact zero. This is the somewhatsd case that[z] = r[0]
which according to Cauchy-Schwarz is the casg/iff] = y[0] “with probabilty 1" i.e. that all
realizations are constant. 0

An alternative, more systems approach to linear prediéiaione next.

Example 12.5.3. Consider again then-step ahead prediction problem pfand thaty is zero-
mean WSS with covariance functiogz] = ry[7] = a~l*l. This implies thab can be seen as
the output of a system

1-—a2

V= —"——FW
1—az?!
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impulse response

v =2"y ...hhrm.....
g
i
0_11)
......hhhnu e
y 277G

Figure 12.6: Equivalent filtering configuration

in which w is zero-mean unit variance white noise (see Example 7.13&¢cording to
Lemma 7.13.1 the power efthat we aim to minimize equals tiié-norm squared of the mapping
fromw to e,

var(e[n]) = (1 - Kz™G|1%.
If we are to minimize with respect to caugathen the firsm entries of the “closed loop” impulse
response can not affected By The best we can do is kill the tail. From Fig. 12.6 it will beat
that to kill the tail we need

K(z) =a™.
That is, the optimak.. is

u=K(y: uft] = a™yft].
This is the same filter as what we found in Examiple 12.5.2. Tifferdnce is that here we
optimized ovemanycausal while in Examplé 12.5.2 we considered FIR systems. Owinbéo t

specific structure of the covariance functigrthe two results however are the same. Usually the
answers differ. 0

12.6 IIR Wiener filter — causal linear prediction

In Signal Processing FIR systems are often set apart fron{ififfhite impulse response)
systems. In this section we cover Wiener filtering for califakystems, in other words causal
LTI systems. We only deal with prediction in this section amel assume to have a bicausal,
bistable whitening filter fop, that is, that we can write as

v = H(w)
for some zero-mean unit variance white noise process amables bicausal. According to
Lemmd 7.15.1 (and the comment immediately following thairtea) effectively every WSS

has such a representation. Given such a representatiofaitlisstraightforward to derive an
explicit representation for the optimum-step ahead predictor.
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Application—18: Lety = z™» = H(w) with w a zero-mean unit-variance white noise pro-
cess and{ a bicausal, bistable LTI with impulse respors@ ¢?(N). Determine the
m-step ahead predictor= K(y) of y by minimizing

; 2
min E(v[n] —u|n))~.
u=K(y),causal (D[ ] [ ])

Figurel 12.6 illustrates that the impulse response of mapfiom w to the prediction error
e = v — K(y) can not be affected by filté€ atn = 0,1, ..., M — 1. That is, whatever causal
predictor (optimal or not) we take the mean square errorr{amae=power) must equal or exceed

h[0]2 + h2[1] + --- + h2[M —1].

Lemma 12.6.1. Let H(2) be a bistable, biproper transfer function with impulse ceseh €
£2(N). Then filterK, solves Applicatioh 18 iff

h[M] +h[M + 1]z + h[M +2]z272 + - ..
H(2)
It is stable system and renders the MMSE equal to
ee’[n] = h[0]% + h?[1] + - --h’[M —1].

K«(2) =

If H(z) is rational,H (z) = B(z)/A(z) with B(2), A(z) polynomials inz™1, then the optimal
filter IC,. has rational transfer function

MRu(2)
Ki(2) = —— 12.3
@="55 (12.3)

whereRn(2) is theMth order remainder in the expansion

B(z) -1 -2 1-m , Rm(@)

Q) h[O] + h[1]z"* + h[2]z7*+---h[M = 1]z + AQ) (12.4)
with remainderRy of the formRy (z) = z~M (r[0] + r[1]z7 1+ - - ).
Proof. Do it yourself. L]

Lemma 12.6.2 (prediction error is white). ~ ForM = 1 the prediction errog[t] := y[t+1]—ult]
is a zero mean white noise process.

Proof. See Problem 12.6. [
Expansion 12.4 is an example of “division with remainderd ameasily obtained using long

division.

Example 12.6.3. By way of example consider

1

V= —FW
l1—az1!

(12.5)

We derive theM-step predictor formally. We hava(z) = 1 — az ! andB(z) = 1, then long
division gives us that

B(z) 1

A(zg 1-az?l

Y (12.6)
—1tazrlia?z2y...4aVM-1A-M

l1—azl
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For the sake of stability we need to assume flat< 1. Apparently we havél[i] = a',
i =0,1,...andRy(2) = z~MaM. This yields asn-step predictor (1213)

9[t + M] := u[t] = aMy[t]. (12.7)

|

More general IR wiener filtering can be solved using spééacorization (see Section 11.5).

12.7 Standard biased estimate of covariances — least square s

This course is not about estimation of covariances but we t@mnention at leastnemethod.
It is the standard biased estimate and it is the vantage fmimbany variations. Given a finite
sequence oN samples (extended with zeros on both sides)

w = ( ,0,0,0,U)[l],w[z],...,U)[N],0,0,0,...)
assumed to come from a zero-mean WSS processténelard biased estimatg

ro[z] = cov(w[n + 7], w[n])

1

Fule] = > w[n+ c]wn].
nez

Of course the summation is a finite one because only a finitderuof samples[n] are nonzero.

The estimate of th@ x p covariancenatrix

rw[o] rw[l] e rw[ p - 1]
RPXP = rwl1] rv[0] e Telp=2]
rw[ p _ 1] rw[z _ p] : rzx)to]

can now elegantly be formulated as

(w[l] 0 ... ... 0
wl[2] w[1] . :
: w2 - 0 :
: w[1] 0
. 1 w[2]  w[l]
REszﬁw/W, Wi=| : D w[2] | e RNFP=Dxp,
w[N] : :
0 w[N]
: 0 :
: w[N] :
0 0 w[N] |

Here we recognize the least squares normal equations theheaintered in Chapter 9. An
important reason to use the standard biased estimate isdtiatated covariance matrices are by
construction nonnegative definite (which actual covaramatrices are as well).
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Give two two finite realizations,

w=(--,0,00,w[l], w[2],...,w[N],0,0,0,...),
x=(---,0,0,0,x[1], x[2],...,X[N],0,0,0,...)

thecrosscovariance
rox[z] = cov(w[n + 7], X[n])

is similarly estimated as

Furle] = £ > wln + 7ol
nez

12.8 Matched filter and the signal-to-noise ratio

This section show that the inequality of Cauchy-Schwarzritasesting practical implications.

Definition 12.8.1 (signal-to-noise-ratio (SNR)).  Lety = v + » with » a desired signal and
n noise. Thesignal-to-noise ratio (SNR}¥ informally defined as the ratio of the power of the
desired signal and noise

_oli?
112

with ||x]|2 := E|x|2. O

The SNR seems to come in different forms. Some use ins%léﬁ and (Mallat, 1998,
p. 426) defines it as

l[o]|?

llo — 5112

whereo is any estimator of thus making the SNR a property of an estimator (together thigh
proces®). In Mallat’s version of the SNR the wiener filtering problesin equivalently be seen
as the problem of maximizing the SNR. Back to the SNR of Dé€inif.2.8.1.

MNM 4

Figure 12.7: Matched filter for templaie—= I_/\

Somewhat informally we define:

Application—19: Find a discrete filtey = H(u) that in real time can detect the presence pf a
known finite templatex : {0, 1,..., M} —» R in a discrete signal : Z — R.
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Thematched filtettries to solve this problem as indicated in Fig. 12.7. Theltsp response
h of the system is taken to be the templateeversed, modulo scaling and translation,

h[t] = X[M —1]
with M e Z such thah is causal. The result is thgfM] is the dot producti and templatex:
yIM] = (h = w)[M] = D h[M — KJu[k] = > x[KJu[k] = x - u.
k k

Then by time-invariancg[n + M] is the dot product ofi[- + n] andx. Cauchy-Schwarz tells
us that the dot product (or any inner product for that mattérgn normalized is at most 1 in
absolute value. This would suggest a nonlinear versioneofrthtched filter.

Lemma 12.8.2 (Normalized matched filter). Letx : {0,1, M} — R be a finite template and

define
X[M —1]
h[t] = ———
[t] X

then the outpuy of the nonlinear finite dimensional system

h[MJu[n — M] + - - - h[1]Ju[n — 1] + h[0]u[n]
N Ju[n = M] +--- 4+ u2[n — 1] + u2[n]
at anyn € Z satisfies—1 < y[n] < 1 and equality is achieved iff

y="H(): y[n]

[un—=M] -+ uln—1] un]]=A4[x[0] --- x[M—1] x[M]]
for some nonzera € R.
Proof. Do it yourself. L]

This assumes that the signais noise free and that the template& u do not overlap.

x=[-1 -1 -1 -1:6]; % whatever

h=fliplr(x);

u=[0 0 0 x 0 0 OF; % well...

y=filter(h,1,u); % should peak at size(h)+3

12.9 Matched filters for noisy signals

A beautiful and useful extension is if the desired signatiéseof known templates) is addi-
tively corrupted by noise. Still we want to pinpoint where templates occur. Again somewhat
informally we define:

Application—20: Supposel = v + 5 with # zero mean white noise amdh signal that contain
a series of finite templates Find an LTI systeny = H(u) that maximizes the signal
to-noise ratio

- HX)I?
H E[H()I?

[
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The problem is stylized a bit to allow an elegant solution.atélrer the optimal system is, the
answer is not unique for i, is a solution then so is any scalar multiple. The centralltésu
this static version.

Lemma 12.9.1. Letx : {0,1,..., M} — R be given and supposgO], #[1], ..., #[M] is a
zero-mean white noise (finite) process. Then

|dox[0] + dax[1] + - - - + dmX[M]|?
E(don[0] + d17[1] + - - - 4+ dm#n[M])?

is minimal iff d is a nonzero multiple of,

(do, ds, ..., dw) = A(x[0], X[1], ..., X[M]), 2 #0.
Proof. Sincey is white noise we have(doz[0] + diz[1] + - - -+ dmy[M])? = E(5?)(d3 +d2 +
---d2) = E(5?)|d|2. Now by Cauchy-Schwarz

E(don[0] + cuy[1] +--- + dmn[M])2 ~ E(A)IdIZ  E(4?)
with equality holding iffd andx are aligned (see Theorem 5.6.1). L]

|dox[0] + chX[1] + -+ dux[MI® _ 1diPx® _ Ix?

In an LTI systemy = H(x) the indices of the weights]i] for x are reversed compared to the
weightsd; in the above lemma,

y[t] = h[O]X[t] + h[L]X[t — 1] + - - - + h[M]x[t — M].

So optimal is to take as impulse respohghke flippedd of Lemma 12.9.1i.e. the flipped template
X, modulo scaling and translation. Typically one takes

h[t] =x[M —t], t=0,1,...,M

as this makes the LTI system causal (needed for real timesimgrhtations). The presence of a
templatex in a signalu then is captured only after the last sample of the templadeadable.
That makes sense.

The following text and example is taken from Wikipedia. Mead filters are commonly used in
radar, in which a signal is sent out, and we measure the reflesignals, looking for something
similar to what was sent out. Pulse compression is an exaofpteatched filtering. Two-
dimensional matched filters are commonly used in image geieg, e.g., to improve SNR for
X-ray pictures.

Example 12.9.2 (digital communications).  In the context of a communication system which
sends binary messages from the transmitter to the recaivessaa noisy channel, a matched
filter can be used to detect the transmitted pulses withirceived signal. Imagine we want to

101 0 1 1 101 0 1 1
Sampllng*‘

" | A Mo & \ M i - -
AWGN Channel — Matched |_" /% J oy =4 Threshold | W N 0 f—"11011
| Filter v \ Detisor 1LY
Ll | y 3

send the sequence “11011000100” coded in polar Returesm{RZ) through a certain channel.
Mathematically, a sequence in RZ code can be described aguarsse of pulses, each pulse
being weighted by +1 if the bit to send is “1” and by “-1” if thé ko send is “0”. When going

140


http://en.wikipedia.org/wiki/Matched_filter

through the noisy channel additive white Gaussian noise@\)/is added to the signal. Before
sampling, the received signal is filtered with a matchedrfilta this case, the filter should be
matched to a RZ (Return-to-zero) pulse (equivalent to a tddexdl in RZ code). Precisely, the
impulse response of the ideal matched filter should be orsepul

h[t] = .

In this example from WKIPEDIA the noise is assumed Gaussian. Since we are looking for LTI
filters the assumed Gaussianity is not needed. That theisaidgte is sufficient. Generalizations
to non-white noise exist as well (see Exer€ise 12.4).

|

12.10 Problems

12.1 Consider the system (also considered in Problem 7.1):
y[n] — 1.97y[n — 1] 4+ 0.98y[n — 2] = w[n]
with w zero-mean unit-variance white noise.

a) Compute the poles of the system.
b) Determine the 1-step ahead linear predictes C(y) of y.
c) Generate 1000 samplesyénd ploty andy[n + 1] — u[n].

d) Compute the MMSE (exactXy[n + 1] — u[n])? and compare it with the above error
signal.

e) Use the 1000 samples to estimate the necessary (crossymes (Section 12.7)
needed to compute the optimal FIR filier= /Cp(y) of orderp = 50 and compare
the so computed impulse response with the impulse respdnse-0C(y) obtained
in part 12.1b of this problem.

12.2 Does anything change in the solution (Lemma 12.1.1)pgflidation 14 if the zero-mean
assumption is removed.

12.3 Smoothing?

12.4 Nonwhite Matched filter..

12.5 Why is the covariance matrix in (12.2) equaRp+ R,?
12.6 Prove Lemma 12.6.2.

12.7 Prove Lemma 12.6.1.
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13 JPEG and 2D-Fourier

In this chapter we will explore ways of representing imadisté rectangular 2D-signals) in
different bases with the aim of lossy compression. We sunaméneJPEG 1992 standard.

13.1 Images as matrices

We consider only monochrome images in shades of grey (oétéeddblack-and-white images)
and the images are assumed to be rectangles. Such imagesidantified with a matrix of color
intensities. For example,

00 01 02 03
04 05 06 07 «—>

08 09 10 097

Here 0 corresponds to a black pixel and 1 corresponds to @ wixiel, and any value in between,
0 < fij < 1,is some form of grey. Other conventions exist, for instanbere the entrie§; are
integernumbers from0, 1, .. ., 255} with 0 being black and 255 white. For analysis it will be
convenient to alloveveryreal number, such afj = 20.34 andfj; = —z and for the most part
we need not worry about what number corresponds to what tgiley. (One could take any
fij > 1to represent white and arfy; < O to represent black, but different choices of saturation
can be dreamed up).

13.2 Introduction: bases for 2 x 2 images

What is a basis foR2%2? The natural basis is

q::[é 8}, ez:z[g é} e3:=[2 8:|, e4:=[8 (ﬂ (13.1)

We can equifR?*2 with inner product
2 2
(f,or=>_> fijg (13.2)
i—1j=1

which is just a recasting of the dot product®f. In this inner product the natural basis (13.1) is
an orthonormal basis. Other bases exist as well, of coursee id one,

IR 10 IER o o
Y1=11 1> 27011 o> T |o ol "Tlo 1|’

This basis is not orthonormal in the standard inner prod8@.11t can be turned into an or-
thonormal basis using the Gram-Schmidt procedur@ Brfactorization, but for this simple case
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we can do it manually as well,
. [0o5 05] ., [o5 -05] ., [05 05 . _[05 -05
®=lo5 o5° ®2= |05 —05|° ®T|-05 —o05|° ®=|-05 05|
(13.3)

By definition of basis, no information is lost if we move fromebasis to the other. However,
if we want to compress or otherwise modify the image by remgtiasis elements that are “not
important” then the choice of basis does matter. The nabhasik[(13.1) is probably not suitable
as they are the same modulo rotation / reflection:

ol e B "W ™

The orthonormal basis (13.3) holds more promise:

L e W

We have by orthonormality that arfy € R2*2 has Fourier series
f=(f,&)é + (f,&)& + (f, )& + (f, &)és.

Sinceé; is constant we might want to remove the corresponding efftrg1)é; if it is edge
detection we are after. To the human eye the fourth basisegitdn (when scaled down) may be
hardly visible so for compression the last entfyé,)&; might be a good candidate for removal.

13.3 Bases functions for images (2D-signals)

How do we generalize the idea of the previous section to largen images? The following
little example gives a hint.

Example 13.3.1 (Construction of basis). Lete; = [1] ande; = [$]. This is the standard
basis ofR2. The standard basis 13.1 f@f*2 can be written as

/

[60] =ee, [Go]=ee [(0]=ee€. [51]=ee
g

The example suggests (correctly) that we can construaboottmal bases fdR"*k givenany
two bases folR" andRX. We formulate and prove this result actually for the vecfmace of
“continuous imagesL?([a, b] x [a, b]). The proof for our discrete images is essentially the
same (easier). For simplicity we consider square images onl

Theorem 13.3.2. If {ey, e, ...} is an orthonormal basis @f%[a, b] then
¢ij (t,9) ==& (b)ej(s), ieN, jeN

is an orthonormal basis @2([a, b] x [a, b]) with inner product

t=b p,s=b
(X, ¥) =/ / x(t, s)y(t, s) dsdt.
t=a S=a
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Proof. First thegj; is an orthonormal set:

b /b
(¢ij , Pxn) =/a /a #ij (1, S)gkn(t, S) dsdt
b /b
= [ ate @ame b
a a

b _ b _
- [ ata@d [ e@acds
a a

which by orthogonality of thej is nonzero iffi = k or j = nin which case itis 1. This proves
orthonormality of the; .

To show completeness we use Theorem 5/17.2 (and that ow ispaelilbert space): suppose
g € L?([a, b] x [a, b]) is orthogonal to allj . Then

0=(gs¢ij>=//tsg(tss)¢ij 9 dtds=/sm/tga,s>a—a)dt ds vi.
hi (s)

Thush; L ej for all j which by completeness of the basis impliegs) = 0 (for almost alls).
Since 0= hi(s) = J; 9(t, s)& (t) dt for alli this, in turn, again by completeness of #némplies
thatg(t, s) = 0O (for almost alls, t). L]

13.4 Two-dimensional Fourier series

An immediate application of Theorém 13.3.2 and Lemma 6sHBat
¢kn(t, S) — ei27r(kt+ns) k’ newZz

is an orthonormal basis d@2([0, 1] x [0, 1]). Any f e L2([0, 1] x [0, 1]) therefore has an
expansion

f(t, S) — Z fAkneiZﬂ(kt—i-nS)
k,neZ

and by orthonormality the 2 Fourier coefficients readily follow as

1,1 ,
fin = (f, dkn) = / / f(t, s)e 27 (K19 gt
o Jo

A way to visualize the basis elementgn(t,s) = e27ki+n9 js to plot Repin(t,s) and
Im ¢xn(t, S), where white means 1 and black meatts see Fig. 13.1. Clearly fér=n = 0 we
have a constant level (a white square) and with incredsiagdn high-frequency ripples show

up.
13.5 Cosine transform

Ordinary Fourier series of one-dimensiorfale 1.2[0, 1] has difficulty modeling disconti-
nuities (Gibbs phenomenon). Discontinuities typicallypegr at the boundary of its domain
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Figure 13.1: Ren(t,s) and Imgn(t,s) for k,n e {0, e, 1}
(black=—1; white=1)

(t =0, t = 1) because Fourier assumes that the function is periodiesiended. An easy and
effective way to remove this troublesome discontinuityheg boundary is to evenly extend the
function f : [0, 1] — R to the entire real axis, as explained by this figure:

\ AN

0 1 -1 0 1

The even extension has double the period and is continuolussif so the Gibbs phenomenon
at the edges (here 0 and 1) disappears. Since the extendgifuiny construction is even, the
Fourier series becomes even and real,

A

f(t) = E fi cosmkt fo= 1f(t dt, fx=2 1f(t g kt) dt (k # 0
= co = = co .
) 2 k ) 0 /0 )dt, f /0 ) ) )

The same idea applies to images. An image can be evenly edesee Fig. 1312, rendering the
Fourier series even and real (even in both directions),

f(t,s) = Z fkn cogrkt) cogzns).

k,neN

The new basis functions ceskt) cogz ns) are shown in Fig. 13]3.

Figure 13.2: An even extension

13.6 Discrete two-dimensional cosine transform

We briefly want to mention that in applications (e1ge@ where we work with discrete signals,
often the DCT-II (discrete cosine transformation, type2lised. The one-dimensional version
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et
7 —Eﬁ%ﬁﬁﬁﬁ
Figure 13.3: cogrkt) cogzns) k,n € {0, 1, 2,..., 7} (black=1; white=1)

is explained by this figure:

hnﬂ ,hml,

0 1 0 1

Seen as samples of a continuous-time signal, the first safpjdedaken at (continuous) timgf\—I
with N the number of samples. In two dimensions the DCT-Il expankecomes

fis= > fkncosrkg2) cosznH2), t,s=1{0,1,....N —1}. (13.4)
O<k,n<N

Multi-dimensional versions of the FFT exist that can conepiiie Fourier coefficient$y,, effi-

ciently. This way we have a finite\? elements) basis c@sk#) cos(nn%l/z). They look
very similar to that of Fig. 1313.

13.7 JPEG

Application—21: Find a efficient representation (small file & easy to encoade decode) of
images, possibly lossy (=at the cost of some loss of imaghtgua

The JpeGstandard of 1992 achieves this by storing the 2D Fourierficiefts (cosine trans-
form actually) of the image, whereby removing high frequec@mponents and coefficients that
are negligible small. The following is largely based on \Widlia. A jpeg-1992 decoding algo-
rithm consists of:

1. Color space transformation and downsamplin@he three color channels (RGB=red,
green, blue) are obviously correlated. Handling each cblaindependent of the others
would therefore not be efficientiPEG1992 exploits the correlation by converting the
RGB-space to another space (also three channels). We wilew with these matters
here. We only deal with monochrome images. After color specesformation we end up
with three other channels (Y,Cb,Cr). The human eye is marsithee to Y than to (Cb,Cr)
so downsampling (Cb,Cr) is an option. Again we are not gaing details.
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2. Split each channel into a series 0k& blocks of 64 pixels. The remainder of the steps is
to be performed on all & 8 blocks. Suppose thex88 block is (in grey-scale with entries
in{0,1,...,255):

52
63
62
63
67
79
85

L 87

55
59
59
58
61
65
71
79

61
55
68
71
68
60
64
69

66
90
113
122
104
70
59
68

70
109
144
154
126

77
55

65

61
85
104
106
88
68
61
76

64
69
66
70
68
58
65
78

© 0~

3. Subtract 128 (which roughly centers the image around) zero

F:=Y-128=

—76
—65
—66
—65
—61
—49
—43
—41

—73
—69
—69
—70
—67
—-63
—-57
—49

—67

—-73
—60
—-57
—60
—68
—64
—59

—-62 —-58 —67 —64 —55]
—-38 —-19 —-43 —-59 -56
-15 16 —-24 —-62 -55
-6 26 —-22 -58 -—-59
-24 -2 —-40 —-60 -58
-58 -51 -60 —-70 -53
—69 —-73 —67 —63 —-45
—-60 —63 —-52 -50 -—34]

4. Apply discrete cosine transform type Il EFoand round to nearest integer,
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Il

[—415

—47
—49
12
-8
-1

—-30 -61
—-22 -61
7 77
12 34
-7 -13
3 2
0 0
0 -1

27 56
10 13
-25 =29
-15 -10
-4 =2
-6 -2
-2 -1
-4 -1

-20 -2
-7 -9
10 5
6 2
2 -3
1 4
-3 4
1

0
5
-6
2
3
2
-1

0 2 |

Here the matrix- is the matrix of Fourier coefficientf,, (see Eqn.(1314)) ordered cor-
responding to the matrix of basis functions (see[Fig./13.3).

. The human eye is good at seeing small differences in lirgist over a relatively large

area, but not so good at distinguishing the exact strengthlogh frequency brightness
variation. This fact allows one to get away with greatly reidg the amount of information
in the high frequency components. This is done by simplydilig each componentin the
frequency domain by a constant for that component, and tbending to the nearest
integer. This is the main lossy operation in the whole precéss a result of this, it is
typically the case that many of the higher frequency comptsare rounded to zero, and
many of the rest become small positive or negative numbédrighatake many fewer bits

to store.



Thequantization matrixo divide with is (for our example)

16 11 10 16 24 40 51 6
12 12 14 19 26 58 60 5
14 13 16 24 40 57 69 5
|14 17 22 29 51 87 80 6
Q= 18 22 37 56 68 109 103 7
24 35 55 64 81 104 113 9
49 64 78 87 103 121 120 1
|72 92 95 98 112 100 103 9

The numbers go up along the diagonal (except the last engnypyessing that we are less
sensitive to high frequencies. Determine the element-gisgient and round the result to
nearest integer:

1

C26 -3 -6 2 2 -1 0 O
0 -2 -4 1 1 0 0 0
3 1 5 -1 -1 0 0 0
L 4 1 2 -1 0 0 0 0
G:=F/Q=/1 o 0 0 0 0 00
O 0 0 0 0 0 0 0
O 0 0 0 0 0 0 0
(0 0 0 0 0 0 00

6. Reorder the matri& into a row of numbers following this pattern:

For our examples this results in
26,3,0,3,2,6,2,4,1,4,1,1,5,1,2,1,1,1,2,0,0,0,0,0,1,1,0,0, - - -
with many zeros at the end.
7. Zip the numbers (typically Run-length encoding and Huaiffrn
8. Save the zipped number to a file, &dg.jpg

Whenever we download a jpeg-1992 image our computer revpreeess (decoding) as follows:
1. Unzip the numbers, reorder them in a matix

2. Multiply G elementwise with the guantization matrix

416 —33 —60 32 48 —40 0 O
0 -24 -5 19 26 0 0

_42 13 80 -24 —40 O 0 O

. 56 17 44 -29 0 0 0 O
F=G+*Q=14 0o 0 0 0 0 o0
o 0 0 0 0 0 0
o 0 0 0 0 0 0
o 0 0 0 0 0 0
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3. Determine inverse cosine transfofof F, round the result and add 128. For our example
this would result in

Ydecoded= n

while the original is

Yoriginal = n
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14 A very brief introduction to wavelets

This chapter deals with some minor snippets of wavelet thébthese notes are ever going to
be expanded—probably not—then this chapter should be elggiin

The example of jpeg clearly demonstrates that one shouldsehan “appropriate” basis for
the problem at hand. Fourier (the basis for jpeg) successfitl may be has the serious draw
back that its basis elements are not local in time (spaceg. v@muld like to have a basis that is
both local in time and local in frequency. Indeed this is wimaisic scores do, isn’t it? Music
scores specifwhenand howonga note should be played and at whéth (frequency). Within
the Fourier Kingdom one can enforce finite time by restrigtime time/space interval over which
the Fourier transform is takenKeGworks per 8x 8 block). An alternative is to useavelets
which allows formultiresolutionanalysis. Multiresolution is often depicted as follows

frequency—
frequency—

time — time —
Fourier: fixed resolution Wavelets: multiresolution

It expresses that we want good time resolution for high«fesgy events, see Section 14.6 for a
few more details.

14.1 Multiresolution approximation and detail—Haar

We are going to consider finite discrete signfls RN and we will represent them by a series
of stems or lollipops such as

f = c R32
fa1

fo

and the first entry is denotef} (and the lastfy_1). The above signal is mostly smooth with a
very sharp transition in the middle. (Chopped Fourier sefievould not modelf well because
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of Gibbs.) We can separate local fluctuations and more leng-behavior by determining pair-
wise average and deviation:

Here the red bars are the pair-wise averages

L1
f1:=§[f0+f1 fo+ f3 ... fn—2+ fno1] e RVZ (14.1)

and these form aapproximationof f at double the scale and the blue line are defined as the
deviation from the average

~ 1
dl:= > [fo—f1 fo—fs ... fnoz— fnoa] e RVZ (14.2)
They represent fluctuations or “detail” and indeed in oumepke the blue line are mostly small,
except at the point wher€ fluctuates heavily.
Clearly the mapping from

f e RN > (f1,dY e ®RV/?, RN?)

is invertible (we assumé even). We could continue with the approximatiéh of f and
decompose itin a similar manner

fl > (f?,d?
after which could decomposi?,
2 (f3,d%

etcetera. With each decomposition we get a coarser appatim(at double the scale = at
half the number of samples) but since the mappifig> (f**1, d“*1) is invertible—assuming
length of f% is even—we can for evetlyuncoverf uniquely from

(fk,dk, d< 1, ..., db.

Example 14.1.1. A more dramatic example is shown in Fig. 14.1. The sigha R512is partly
smooth with a clear discontinuity somewhere in the middbethke first half some noise appears
and in the second half some variation in frequency (and hi@sgsible. The noise in the first half
only shows up in the finest layer of detdfl. Ind? it is already quite small and at coarser levels it
is hardly visible. The discontinuity half way shows up inlelfels of detaid¥. The fluctuations
in frequency in the second half appears on all layers of detdie figure in bottom half was
reconstructed fron f4, d3, d2, d1) after removal of 80% of the “smallest” detail coefficients.
(In the following section we explain what “smallest” meanghe reconstructed can handle
discontinuities inf and noisy terms (Fourier cannot). A draw back is that it ispigise constant
(other wavelet transforms should do better in this respect. 0O

14.2 Orthogonal Haar basis
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o ettt e |

dg \ \ | [ %16
a. P [ | AR S A A A .dl%l/ﬁ
dg ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, T TR I..,I .................................. !j.l%l,4
dg | oot I di/2
.o abdlll s, alll
"

Figure 14.1: Top: Originaf € RN with N = 29 = 512; Middle: coarse
signal f4 € RN/16 and wavelet coeficiens* ¢ RN/16 g3 ¢
RN/8 42 ¢ RN/4 g e RN/2. Bottom: reconstructiorf of f
obtained after setting 80% of the smallest wavelet coefftsie
dk to zero

The transformation fronf to [f~1 dl] described in the previous section is “almost” norm
preserving:

1 12_} 2
[ @ =3I

This follows readily from[(14./1) andl (14.2). This is not idld& f would have been constant for
instance ther! = 0 and so the approximation (which we feel is error free) hasnnd 1| =
3+/1f|. For comparison of energy of the approximatibhand detailsi, d? it is beneficial to
have a truly norm preserving transformation. This is why egefine (and we loose the tildes
now).

1
r Eﬁ[fo+ fi fot+fz oo fyo+4 fuoi]e RY2. (14.3)
and

1
dt:= Eﬁ[fo-l- di fo+fa oo fna+ fuo1] e RV (14.4)

Lemma 14.2.1 (Unitary transformation—Haar?). ~ The transformatiof 7f | : R?M — [%m]

that sendsf to (1, d1) is aunitary operator and we have by repeated application of this trans-
formation that

|fl=1(f% d5 ..., dbY.
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Viewing it from a different angle, the transformation frofrto (f1, d') can be seen as deter-
mining the expansion of in the orthonormal basis (and now we hope you are not coladpli

do,n, Wo,n:

S D (S 0 O O S 0

$0,0 $0,1 ¢0,2

! ! ! !
l l ! !

~—— ~—— ~——
¥0,0 ¥o,1 Yo,2

Each basis elemem , andyo n has two neighboring nonzero entries, all its other entregsd
zero. Since they n do no “overlap” andyg,n do not overlap it is clear that they are all mutually
orthogonal. The functioh¢o , is what one would call &caling functionand theyo  are the
waveletsand the numberg, thewavelet coefficients

14.3 Down and up-sampling
The(f1, d1) can be easily computed using convolution with first order fitBrs with respec-
tive impulse responsés—= {4, “/75} andg = {%, —“/75},
hx f, gx f
followed by a factor 2 downsampling (subsampling?) whictangeremoval of every second
entry, see Fig. 14.2. The reconstructionfofrom (f*, d') can be computed by first upsampling
the signalg f1, d*) by a factor 2,
fls[fd o ff o -], d*—>[d} 0 df 0 -],

and then passing them through filters with (in this case) #mesFIR, and adding up the two
outcomes, see Fig. 14.2.

fT h 12 fl £l 12 h f
g 12 d! 12 9

dl

Figure 14.2:f1 equalsh + f downsampledd! equalsy = f downsampled

14.4 Haar basis (continuous time)

Lcontinuous time only??
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A continuous-time version of the waveleis , introduced at the end of Sectiobn 14.2 is

w(t) =

By scaling and translating this wavelet

1 (t—ZJn)
‘//J,n-—@l// 2] )

j,neZ

we get a orthonormal sequence that in fact is a basig 6R) [no proof], see Fig. 14.3.

J Y2.n

-] L]

NN nn L
U U
LR A T T
HHHHHHHUMM

Figure 14.3: The Haar basigj n(t) := Tw(

1 ) for variousj, n € Z
2]

14.5 Generalizations

Are theremother waveletgs with the property that

o yjni= J%z//(t—zzjj”) with j, n € Z spans the entirk?(R)

e yj nare orthonormal

e yj n have finite support

(14.5)
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e have a user prescribed numbérof vanishing moments, that ig™, yj ) = 0 form =
0,1,...,M—1.

The answer to this is yes, and given the number of vanishingemésM, the one with smallest
support is attributed to Daubechies..... Br= 1 the resulting mother wavelet is in fact (14.5)
considered in the preceding section. Ind&8dy) = 0 for thaty. Fig/14.4 shows what happens
if we redo Example 14.1.1 but now for Daubechies waveletsa@éidVl = 4. The reconstructed
f is much smoother (where needed).

o sttt all]

4
.o fN/16
‘ |
4

Jo . | | | | dN/lB

3 3
dOI ...... | L T T !jN/S

2 2
O [ T I IO, d%/a

1 1
dn 1,1 N dN/Z

L N1

W"‘H”HHWHH‘m"‘wHuuuu\‘\u\\uuuuu\\u\\\m\MHHhhM\H\\HhHHHMH\\\\h\\\HHHHH\M\\\H\\HHHHHHHH\HHHHHHHH\\H\\\HHHHHHH\\\H"HHHHHHH"‘HHHHH“HH\\H\\\HHHHH\HHHHHH\H\M il . ‘\uHHHHhH\\\m\uHHHH"H"‘HHHHH“HH"H"‘H“HHHH\HHHHM “

Figure 14.4: Top: Originaf € RN with N = 2° = 512; Middle: coarse
signal f4 € RN/16 and wavelet coeficiend® € RN/16 d3 ¢
RN/8 d2 ¢ RN/4 dl ¢ RN/2. Bottom: reconstructiorf of f
obtained after setting 80% of the smallest wavelet coefftsie
d to zero

14.6 Some more shippets

There is also a continuous time wavelet where one considetincious scaling and transla-
tions(ae R,b e R)

1
Yab(t) = ﬁw%)

of a wavelet¥. In principle then we compute at aayb € R thecontinuous wavelet transform

Ca = (f, Wap) = / F(OTab(t) dt

—00
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The time scale takes over the role of frequency (frequencies are not eXglaccounted for,
only implicitly via 1)

M
£
[
©
(8]
&
\Pa,b T
© Ca,b
~
b T
alarge
Wab
' Ca,b
=
PR
a small (translation, timep —

B

®
Example 14.6.1 (Mexican hat). Consider the “Mexican hat” wavelet
2

Pun (t) = %n—i(l —t?)e 2

and some piecewise linedi(t):

PmH ()= f(t) ==

The mexican hat has zero correlation with linear functighs¥uy) = 0 so this wavelet should
be good at pinpointing where the discontinuity in the ddieeof f occurs. HereéC, p:

Some comments:
e Choiceof wavelet depends on what features to be extracted

— Mexican-hatocalized in time (and trend-insensitive)
— Morlet s localized in frequency
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— Daubechies-Nhave compact support; have zero correlation with polyntnatde-
greeN — 1; are orthogonal.N =1,2,3,4,...)
-..?

Want to have short basis functions (for discontinuity deted. Want long ones (for de-
tailed freq. analysis). This requires short high freq b&sis and long low freq ones.

Free Matlab toolbox: WvELAB. Commercial toolboxwAVELET
Can deal with discontinuities and sharps spikes

With wavelets we process the datadéferenttime scales

Large windows & large): coarse features
Small windows & small): small, local features



A Matrices and Matlab

A.1 Matrices and vectors

In this appendix we’'ll review some standard notions of linglgebra.

A real matrix is an element oR"*™ for certainn,m € N. Matrices are denoted by capital
letters and their elements are by lower case letters withswixscript indices. The first index is

the row index, the second the column index, for example

a1 12 a13 -+ Aim
A ap1 az2 a3 -+ aAm  cnxm
anl a2 an3 - anm

The(complex conjugate) transposé @& a matrix A is defined as

a1 a1 - am
a1z Az -+ am

A =|a13 a3 --- a8m3| ¢ cmMxn
Qn azx -+ amn

It is convenient to think of the transpo#é as the result of reflecting\ in its diagonal (and in
case the entries are complex you should also take its coraplgxgate). Théth column of a
matrix A is denoted byA.x and, similarly,A;. means ity th row. A column vectoiis a matrix
with only one columnih = 1) and arow vectoris a matrix with only one rowr{ = 1). Itis

common to associate elementsi¥ with columnvectors. This is a choice not a necessity.

Thezero matrixin whatever dimension x mis usually denoted simply as 0; the squanre n

identity matrixis denoted byl,, or simply byl and itskth column usually is written as,

0
1
0

We assume familiarity with the common matrix addition andniranultiplication. One partic-

ular result that will return in various forms is this:

LemmaA.1.1. Let A e R"™M, The following statements are equivalent.

1. Ax = 0 has a unique solutiorx (= 0)

2. A'Aiis a square nonsingular matrix
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|AX| > O for everyx # 0

A has full column rank

The columns ofA form a linear independent set Bff
AR™ has dimensiom

All eigenvalues ofA’ A are real and strictly positive

MATLAB: [E,V]=eig(A’ *A); all(E>0)

© © N o o W

MATLAB: det(A’ *A)>0
10. MATLAB: [n,m]=size(A); m==rank(A)
11. MaTLAB: [Q,R]=qr(A); (prod(diag(R))™=0) & (n>=m)

Proof. Consult whatever book on linear algebra. (]

A.2 Positive definite matrices

A real matrixP is symmetridf P = P’. A real or complex matri>P is Hermitianif P = P’.
In particular symmetric and Hermitian matrices are square.

Definition A.2.1 (Positive definite and semi-positive defini te). A Hermitian matrixP = P’
C"™*" is positive definitenotationP > O, if

x'Px > 0 forall nonzerax e C".
It is said to bepositive semi-definit@also known asmonnegative definijenotationP > 0, if
x'Px>0 forallxeC".

|

Itis an interesting fact that Hermitian matrices have r@ggdvalues only. Indeed, BPx = Ax
with X # 0, then

IX'x = X' (Ax) = X' (Px) = (PX)'x = (Ax)'x = IX'X
so thatl = 7 i.e. thatk is real.

Lemma A.2.2 (Positive definite matrix). Let P = P’ € C"™". The following statements are
equivalent.

1. P> 0.

2. de{Pix1x) > Oforallk e {1,2,...,n}.

3. All eigenvalues oP are> 0.

4. There is a nonsingular matrixsuch thatP = T'T.
5

. Pis nonsingular an®® = T’T for some (possibly nonsquar€)

160



6. Cholesky factorizatiarthere is a (unique) upper-triangular matiibwith diagonal entries
> OsuchthaP = T'T.

7. Thereisa = T’ > O such thaP = T2.
8. V/PV > 0if V is square nonsingular.
9. There is a full column rank matrik such thatP = T'T

10. For any split ofP,

p_ P11 P2
P, P2

with P13 square (henc®,;, square) we have that
P11>0 and Py — P]/_ZP]]_]'PlZ > 0.
(that is, bothPy; and itsSchur complementR— P[, Pl_l1 P12 are positive definite)

11. Py > 0 andPyy — P1oPy, Por > 0.

Proof. Consult any advanced book on linear algebra. L]

A.3 Trace

Before we can handle the MIMO case we need to document somdagas aboutrace

Definition A.3.1 (Trace). The trace tC) of a square matri € C"*" is defined as the sum of
its diagonal entries, t€) = >-7_; ;. 0

Lemma A.3.2 (Trace). ForanyA, B € C"™™ the productAB’ andB’A are square and we have
trAB'=trBA.
Proof. tr AB' = Z?:l(ZE]:l ajkBkj) = ZT:l(ern:l ajkEkj) =1trBA. ]
In particular for real valued matrices, B of compatible dimension we haveAB = trBA

which is interesting since the dimensions of the matrié&and B A may differ.

A.4 Matlab

Basic numbers and matrices:

z=2+i; % complex number

v=[3; 5]; % column vector with v(2)=5
w=[3 5]; % row vector with w(2)=5

A=[1 2; 4 5], % 22 matrix with A(2,1)=4
X=V'; % (complex conjugate) transpose
B=A(;,1); % first column of A

C=A(2,); % second row of A
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A+[4 5; 8 9]; % matrix sum

AxX; % matrix product

A"10; % matrix power

[A A w 3 3] % a 34 matrix

I=eye(n); % rrn identity matrix
A=zeros(3,5); % 35 zero matrix

A=ones(3,5); % 35 matrix with A(i,j)=1
[n,m]=size(A); % number of rows and columns

Matrix equations and inverses:

b=[11; 10]; % column vector

x=A\b; % Ax=b solved neatly

y=b'/A; % yA=b' solved neatly

inv(A); % inverse matrix

A(-1); % inverse matrix

det(A); % determinant

rank(A); % rank (inherently difficult numerically)
V=null(A); % then im(V)=ker(A)

Matrix norms (of which we only do the Euclidean norm, for nizgs the Euclidean norm is
known as the Frobenius norm):

norm(A,1); % 1-norm

norm(A,"inf") % max-norm

norm(A,"fro") % Euclidean / Frobenius norm
sqrt(trace(A'A)) % Euclidean / Frobenius norm (same)
norm(A,2) % largest singular value

Matrix decompositions:

[T,Lambda]=schur(A) % Schur decomposition, A=T  *Lambdax inv(T)
[T,Lambda]=eig(A) % Eigenvalue decomposition, A=T * Lambdax inv(T)
[Q,RI=ar(A) % QR-factorization, A=QR

To check whether or not a Hermitian matrix is positive deéinit

function y=ispos(A) % y=1 if A>0, else y=0
% assumes A=A' % no error checking (terrible programming)
n=max(size(A));
y=A(1,1)>0; % y=1 iff A(1,1)>0
it  (n>1) & (y==1)
C=A(2:n,2:n)-A(2:n,1)/A(1,1) *A(1,2:n);
y=ispos(C); % not very efficient programming
end
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