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Preface

Theprojection theoremin R3 is intuitive: the pointv∗ in a planeV that is closest to some exte-
rior pointx is precisely the one for whichx−v∗ perpendicular to this plane, see the above figure.
The purpose of this course is formalize an generalize the notions of “plane” and “perpendicular”
and “closest” etc. in such a way that these notions become available in many other situations
as well. The second part of this course is a collection of worked examples to demonstrate how
powerful the general projection theorem is. Most examples are drawn from Systems and Control
Theory en Signal Processing.

I assume the reader has some familiarity with MATLAB and some basic knowledge of Calculus
and Linear Algebra and here and there (but not too often I hope) I will need some Statistical
notions like expectation and variance.

I wrote a large part of these notes especially for this course(in Haifa) and though I try my best
(well) it will certainly not be ideal. One part that worries me a bit is the lack of Topology (open
and closed sets, Cauchy-sequence, complete spaces, etc.) in this course. I do this on purpose
because it would require too much math, but it comes at some cost. If you want to know more
about these matters and its beautiful applications I suggest these books:

Young (1988) A beautifully written introduction to Hilbert space. It is amath book.

Luenberger (1969) Old but great and well written book. Also covers optimization.

Saxe (2002) A first course on functional analysis.

Mallat (1998) A very good and complete book on Wavelets and other Signal processing tools. A
tough read though.

Hayes (1996) An excellent first course on statistical signal processing.

Zhou et al. (1996) A standard book on optimal control of finite dimensional systems. It takes a
linear algebra approach to control.

And of course there is wikipedia.
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1 Intro: elementary geometry

Some intuitive ideas from elementary geometry are useful for what eventually will become a
full fledged projection theorem.

1.1 Perpendicular vectors in R2

v

w
v1

v1

v2

−v2 0

Figure 1.1: Perpendicular vectors

Consider the vectorsv andw shown in Fig. 1.1, that is (with respect to the standard basis) that

v =
[

v1
v2

]

and w =
[

w1
w2

]

=
[

−v2
v1

]

.

Wouldn’t you say that these two vectors are perpendicular? You probably would. Convince
yourself of the fact that two vectorsv,w ∈ R2 are perpendicular iff

v1w1+ v2w2 = 0.

Incidentally, we identify elements ofR2 with thecolumnvector of its entries, such asv =
[ v1
v2

]

but once in while, for notational convenience, we writev = (v1, v2). Similar conventions apply
to R3 and higher dimensions. To avoid clutter in figures, vectors on axes are labeled by the
appropriate coordinate only (i.e. we label the vector(v1,0) simply by the numberv1, see Fig. 1.1).

1.2 Perpendicular vectors in R3

A way to intuitively construct vectors that are perpendicular to a given vectorv = (a,b, c) ∈
R3 is shown in Fig. 1.2. The construction goes as follows: the vectorv is an element of a plane
that contains thez-axis and the vectors := (a,b,0), i.e., the grey-colored plane in Fig. 1.2.
Nowwz := (b,−a,0) is perpendicular to thez-axis – sincewz is in the(x, y)-plane – and it is
perpendicular tos = (a,b,0) according to the previous section. Hencewz is perpendicular to
the entire grey-plane of Fig. 1.2 and therefore in particular is perpendicular tov. In summary:

wz :=





b
−a
0



 is perpendicular tov =





a
b
c



.
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x-axis

y-axis

z-axis

v =





a
b
c





wz =





b
−a
0




b

b
a

c

−a

s

Figure 1.2: Sincew is perpendicular to thez-axis and vectors it is perpen-
dicular to the entire gray plane, includingv

In terms of the coordinates: takev = (a,b, c), set its last coordinate to zero,(a,b,0), then
interchange the first two and take one of them with a minus sign, (b,−a,0). Then you end up
with a vector that is perpendicular to thev you started with. Obviously we can interchange the
order of the coordinates so all of these three vectors are perpendicular to(a,b, c):

wz =





b
−a
0



 , wy =





−c
0
a



 , wx =





0
c
−b



 . (1.1)

Combined the three vectors span the plane of vectors

{w ∈ R
3 | w = λwx + µwy + ηwz, (µ, λ, η ∈ R) }

that are perpendicular tov. (In fact two of them are enough to span this plane.) Now each of the
three vectorswz, wy, wx have the property that

v1w1+ v2w2+ v3w3 = 0. (1.2)

and it is now easy verify that a vectorw is perpendicular tov if and only if (1.2) holds.

1.3 Length in R2 and R3

The Pythagorean theorem says that in a right-angled triangle with sides of lengtha,b andc the
longest sidec satisfiesc2 = a2+b2. Figure 1.3 is aproof by pictureof the Pythagorean theorem.

Therefore inR2 the length|v| of a vectorv = (v1, v2) equals

|v| :=
√

v2
1 + v2

2.

Likewise the length of a vectorv = (v1, v2, v3) in R3 equals

|v| =
√

v2
1 + v2

2 + v3
3.
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a a
b b c

Area= a2

Area
= b2

Area= c2

Figure 1.3: Pythagoras:a2+ b2 = c2

a

v

|v|

v3

v2

v1

Figure 1.4: Pythagoras inR3

This follows from a nested application of Pythagoras: first|v|2 = a2+ v2
3 wherea is the length

of the vector(v1, v2,0) – see Fig. 1.4 – and the lengtha in turn, again by ordinary Pythagoras,
satisfiesa2 = v2

1 + v2
2.

1.4 Angle

v

w

a = λw

b

φ

Figure 1.5: Angles

The expressionv1w1+ v2w2 not only captures perpendicular vectors, but also angles:

Lemma 1.4.1 (Angle). For anyv,w ∈ R2 we have that

v1w1+ v2w2 = |v||w| cos(φ) (1.3)

whereφ is the angle between the vectorsv andw, see Fig. 1.5. �
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Proof. It trivially holds if v orw are zero. Now supposev 6= 0, w 6= 0. Write v asv = a + b
with a = λw a multiple ofw andb perpendicular tow, see Fig. 1.5. Suppose the angle is acute
or straight: 0≤ φ ≤ π/2. Thenλ ≥ 0 and

v1w1+ v2w2 = (a1+ b1)w1+ (a2+ b2)w2

= a1w1+ a2w2+ b1w1+ b2w2
︸ ︷︷ ︸

= 0 because perp.

= λ(w2
1 +w2

2) = λ|w|2 = |a||w|
= |v| cos(φ) |w|.

Here we used that|a| = |v| cos(φ) which is immediate from Fig. 1.5. For obtuse angles,φ >

π/2, the factorλ is negative and so is cos(φ) so that equality is maintained.

This cumbersome proof begs for more efficient notation.

1.5 Problems

1.1 Representation free dot product.We define thedot product x· y for x, y ∈ R
2 asx · y =

|x||y| cos(φ) whereφ is the angle between the two vectors and where it is assumed that
we know what length is. Show from scratch (that is, using nothing of the above) that then
x · y = x1y1+ x2y2.

1.2 Another intuitive derivation of perpendicular vectors.Fig. 1.6 suggests thatv andw are
perpendicular iff the two vectorsv + w andv − w have equal norm. So we could have
definedv to beperpendiculartow if |v −w| = |v +w|. Show that with this definition,v
andw are perpendicular iffv1w1+ v2w2 = 0.

v
v +w

v −w
0

w

−w

Figure 1.6:|v +w| = |v −w|
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2 The dot product on R
n

Now it is time for a more axiomatic approach to “perpendicular” (to be calledorthogonal) and
“length” (to be callednorm).

The setRn is the set of orderedn-tuples(x1, x2, . . . , xn) with xk ∈ R, k ∈ {1,2 . . . ,n}. Gloss
through Appendix A for some standard matrix notation and results because we are going to need
it.

2.1 The dot product and orthogonality

Given the previous chapter it is natural define

Definition 2.1.1 (Dot product and orthogonality in Rn). Thedot product x· y of two vectors
x, y ∈ Rn is defined as

x · y = x1y1+ x2y2+ · · · + xnyn

and we say that two vectorsx, y ∈ Rn areorthogonalor perpendicular– notationx ⊥ y – if
x · y = 0. �

For R2 andR3 the dot product being zero agrees with our intuition of orthogonality but from
now on we simply takex · y = 0 to be thedefinitionof orthogonality for anyRn.

2.2 Euclidean norm

In R3 Pythagoras suggests that thelengthof a vector(x1, x2, x3) is
√

x2
1 + x2

2 + x2
3. This is

precisely
√

x · x so our notion of dot product appears to encompass length already. It is customary
to refer to

√
x · x not as a length ofx but as the(Euclidean) normof x.

Definition 2.2.1 (Euclidean norm). TheEuclidean norm|x| of x ∈ Rn is defined as

|x| =
√

x · x =
√

x2
1 + x2

2 + · · · + x2
n.

�

2.3 Pythagoras

So forget about geometric intuition (well) and realize thatorthogonality is nowdefinedas
having zero dot product. With that out of the way the Pythagorean theorem is trivial:

Theorem 2.3.1 (Pythagoraen theorem). x ⊥ y iff |x + y|2 = |x|2+ |y|2.
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Proof.

|x + y|2 = (x + y) · (x + y) (2.1)

= x · (x + y)+ y · (x + y) (2.2)

= x · x + 2(x · y)+ y · y (2.3)

= |x|2+ 2(x · y)+ |y|2. (2.4)

(Please realize that the dot product has these properties.)

2.4 Orthogonal complement in Rn

Theorthogonal complementof some setS⊂ Rn is the set ofall vectors that are orthogonal to
all elements ofS. The orthogonal complement is denotedS⊥.

Example 2.4.1 (Orthogonal complement). Consider

x :=





1
3
10



 ∈ R
3.

Its orthogonal complement is

x⊥ :={y ∈ R
3 | x · y = 0}

={y ∈ R
3 | y1+ 3y2+ 10y3 = 0}

={y ∈ R
3 | y3 = −

1

10
y1−

3

10
y2}

={





a
b

− 1
10a− 3

10b



 | a,b ∈ R} =

x

x⊥

The orthogonal complement here is a two-dimensional plane. �

We writeV ⊥W whenever all elements ofV are perpendicular to all elements ofW.

2.5 Subspaces of Rn and im and ker

Loosely speaking a subset ofRn is asubspaceif it is “flat” if it extends in all directions and if
it contains the origin, see Fig. 2.1. It is not too hard to formalize subspace:

Definition 2.5.1 (Subspace). A subsetS of Rn is asubspaceif

1. 0∈ S,

2. u, v ∈ S impliesu+ v ∈ S, closed under addition

6



(a) (b) (c)

Figure 2.1: (a) subspace; (b) affine variety; (c) not a subspace

3. u ∈ S, α ∈ R impliesαv ∈ S. closed under scaling

�

It is customary use 0 for both theorigin (i.e. the zero vector) and the zeronumber. The first
of the three conditions seems superfluous but it is needed to guarantee that the subspace is not
empty. The first part states that the origin is part of the subset, the second roughly that it is flat
and the third that it extends to infinity and zero. IfS is a subspace thenx + S referred to as an
affine variety, see Fig. 2.1(b).

Example 2.5.2 (Image and kernel). The set

S := {v ∈ R
3 | v = (v1, v2,0), v1, v2 ∈ R}

is a subspace ofR3. It is the “(x, y)-plane”. Let us verify the three defining properties of
subspace:

1. Clearly 0= (0,0,0) ∈ S

2. If v,w ∈ S thenv = (v1, v2,0) andw = (w1, w2,0). Hencev + w = (v1, v2,0) +
(w1, w2,0) = (v1+w1, v2+w2,0) and since its last entry is zero also this vector is inS.

3. If v ∈ S thenv = (v1, v2,0) so thatλv = λ(v1, v2,0) = (λv1, λv2,0) and this clearly is
again an element ofS.

This subspace can be represented in many different ways:

• S = im(A) := AR2 := {x | x = Ay, y ∈ R2} for A =





1 0
0 1
0 0



 ∈ R3×2.

• S =W⊥ for the subspaceW = im(





0
0
1



) =





0
0
1



R.

• S = ker(W) := {x ∈ R3 | W x= 0} for W =
[

0 0 1
]

∈ R1×3.

�

We hope you appreciate the compactness of the notation im(A) = ARk. It is the imageof
A, i.e. the set of all possible linear combinations of the columns of the matrixA. Thekernel
ker(W) is the set (subspace) of vectorsx that annihilateW x. The following lemma states that
any subspace ofRn can be represented by matrices, and the use of such representations are that
it allows us to translate properties of subspaces etcetera into properties of matrices, making it
explicit, i.e. “Matlabable”.
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Lemma 2.5.3 (Matrix representation of subspace). Let S be a subset ofRn. The following
statements are equivalent:

• S is a subspace

• S = im(A) for some matrixA ∈ Rn×k and somek ∈ N

• S =W⊥ for some setW ∈ Rn

• S = ker(W) for someW ∈ Rm×n and somem ∈ N

Given any subspaceS there are many matricesA and W for which S = im(A) = ker(W).
Among these there areA,W that are minimal in the following sense: ifS = im(A) = ker(W)

then the following are equivalent:

1. If S = im(Â) = ker(Ŵ) then Â has at least as many columns asA andŴ has at least as
many rows asW,

2.
[

A W′
]

is square,

3.
[

A W′
]

is square and invertible,

4. A′A andW W′ are invertible.

�

Example 2.5.4. In Example 2.5.2 we have

S = im(A) = ker(W) with A =





1 0
0 1
0 0



 andW =
[

0 0 1
]

.

Clearly
[

A W′
]

is the 3× 3 identity matrix I3 hence by Lemma 2.5.3A and W both are

minimal in that no “smaller”Â andŴ exist that representS. Minimality can also be inferred
from invertibility of A′A = I2 andW W′ = 1. �

2.6 Projection

v∗

x

V

Figure 2.2: Projection inR3

With orthogonality, norm and subspace defined it should now be possible to mathematically
formulate our intuition that connects minimal distance (norm) with orthogonality. Here is our
first version. Have a look at the proof because it is the basis for later generalizations.
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Definition 2.6.1 (Best approximation). An elementv∗ ∈ V ⊆ Rn is abest approximationin V

of x ∈ Rn if

|x − v∗| ≤ |x − v| ∀v ∈ V.

�

Theorem 2.6.2 (A projection theorem). Let x ∈ Rn and letV be a subspace ofRn.

1. A vectorv∗ is a best approximation inV of x iff (x − v∗) ⊥ V.

2. The best approximation is unique and satisfies|x − v∗|2 = |x|2− |v∗|2.

Proof. If (x − v∗) ⊥ V then for anyv ∈ V,

|x− v|2 = |(x− v∗)− (v − v∗)
︸ ︷︷ ︸

∈V

|2 = |x− v∗|2+ |v − v∗|2 because(x − v∗) ⊥ (v − v∗).

Hence ifv 6= v∗ the normx− v exceeds that ofx− v∗ makingv∗ the unique best approximation.
Conversely, suppose(x− v∗) 6⊥ V. Then there is av ∈ V such that(x− v∗) 6⊥ v i.e. such that

(x − v∗) · v 6= 0. In particular suchv 6= 0. Then

|x − (v∗ + αv)|2 = |(x − v∗)− αv|2

= |x − v∗|2− 2(x − v∗) · (αv) + |αv|2

= |x − v∗|2− 2α[(x − v∗) · v] + α2|v|2.
This quadratic expression inα is minimized forα = (x−v∗)·v

|v |2 rendering it equal to

|x − (v∗ + αv)|2 = |x − v∗|2−
[(x − v∗) · v]2

|v|2 < |x − v∗|2

so thatv∗ is not the best approximation. The equality|x − v∗|2 = |x|2 − |v∗|2 is a restatement
of Pythagoras.

The lemma avoids the issue ofexistenceof the best approximationv∗ because we prefer no
to worry about it now. Here it does exist though. Existence can for instance be inferred by
construction one, which we will do soon, but first a restatement of the projection theorem, a
version that appears often in applications, see Fig. 2.3.

Theorem 2.6.3 (Projection theorem – minimum norm element of affine variety). Let x ∈ Rn

and letV be a subspace ofRn. A vectorv∗ is the minimal norm element of the affine variety
x + V iff v∗ ⊥ V.

Proof. Do it yourself: Problem 2.1.

2.7 Transpose

For explicit representations of the best approximation we remind you of a trivial fact: the dot
product can be also compactly be written usingtranspose:

x · y = y′x =
[

y1 y2 · · · yn
]








x1
x2
...

xn







.
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x

v∗
V

x + V

0

Figure 2.3: Minimum norm elementv∗ of affine varietyx + V

Then we get the handy rule that for anyn× k-matrix M and anyz ∈ Rk that

x · (Mz) = (Mz)′x = z′(M ′x) = (M ′x) · z.

2.8 Explicit projection: matrices and the normal equations

If we have the subspace given in the explicit form

V = AR
k.

then the best approximation ofv∗ ∈ V of x can be obtained rather explicitly:

Lemma 2.8.1 (Explicit projection – normal equations). Let x ∈ Rn andA ∈ Rn×k. Then

y∗ = argminy∈Rk |x − Ay|

iff y∗ ∈ Rk satisfies thenormal equations

A′Ay∗ = A′x. (2.5)

The best approximationv∗ ∈ ARk of x then isv∗ = Ay∗.

Proof. This is the projection theorem forV = ARk andv∗ = Ay∗. By the projection theorem
we need only establish that(x − Ay∗) ⊥ V.

(x − Ay∗) ⊥ V ⇐⇒ (x − Ay∗) · (Ay) = 0 ∀y ∈ R
k

⇐⇒ y′A′(x − Ay∗) = 0 ∀y ∈ R
k

⇐⇒ A′(x − Ay∗) = 0, see Problem 2.2.

This result clearly shows that the transpose is a convenientnotion. With it, projections can
be formulated “explicitly”, something we’ll come back to later (at which point we generalize
transpose to something calledadjoint operator). The equations (2.5) are known as thenormal
equations(plural). The lemma does not require thatA′A is invertible and indeed the solutiony∗
of the normal equation need not be unique butif A′A is invertible then (2.5) yields

y∗ = (A′A)−1A′x

and hence the best approximationv∗ = Ay∗ equals

v∗ = A(A′A)−1A′x. (2.6)
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Realize that the best approximationv∗ = Ay∗ according to Thm. 2.6.2 isalwaysunique, even if
y∗ is not unique.

Example 2.8.2 (Projection in R2). Let

V =
[

3
1

]

R and x =
[

0
1

]

.

Then

v∗ =
[

3
1

](
[

3 1
]
[

3
1

])−1
[

3 1
]
[

0
1

]

=
[

3
1

]
1

10
=
[

0.3
0.1

]

0

x

V

v∗

�

2.9 Under-determined equations

Lemma 2.5.3 assures thatanysubspaceV has a representationV = ARk with A′A invertible.
In applications we often encounter representationsV = ARk with A a strictlywidematrix which
rules out invertibility ofA′A but which may be such thatAA′ is invertible (note the difference).

Example 2.9.1. Let

A =
[

1 3
]

R
2, x = 1.

Now there are manyy ∈ R2 that satisfyx = Ay, for instancey =
[

1
0

]

. The solution set
{y ∈ R2 | x = Ay} for givenx is an affine variety

{y ∈ R
2 | x = Ay} = {

[

1− 3α
α

]

| α ∈ R} =
[

1
0

]

+ ker(A).

�

In such cases one may opt for the smallest (in norm)y that solvesx = Ay:

Lemma 2.9.2 (Minimal norm solution). If AA′ is invertible then for everyx ∈ Rn the equation
x − Ay= 0 has at least one solutiony and the unique minimal norm solutiony∗ is

y∗ = A′(AA′)−1x. (2.7)

This y∗ is also the unique solutiony∗ in im(A′).

Proof. This is Theorem 2.6.3 forV = ker(A) andv∗ = y∗. Clearly they∗ of (2.7) satisfies
Ay∗ = AA′(AA′)−1x = x andy∗ ⊥ ker(A).

2.10 Orthogonal matrices and QR-factorization

The normal equations are particularly easy ifA′A = I . The ramifications of this basic idea is
what is known asQR-factorization. This factorization at present is the numerically most reliable
method for solving least squares problems.
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Definition 2.10.1 (orthogonal matrix). A matrix Q is orthogonalif it is square andQ′Q = I .

�

Lemma 2.10.2. The following statements are equivalent.

• Q is orthogonal matrix

• Q is invertible andQ′Q = I

• Q is invertible andQQ′ = I

• Q′Q = QQ′ = I

• Q is square and all its columns have unit norm and are mutually orthogonal:|Q∗k| = 1∀k
andQ∗k ⊥ Q∗ j = 0 ∀ j 6= k.

Proof. Problem 2.5.

The termorthogonal matrixis unfortunate. Better would have beenorthonormalmatrix, since
orthonormal means orthogonalandhaving norm 1.

Lemma 2.10.3 (QR-factorization). Every A ∈ Rn×k has a factorization

A = QR

with Q ∈ Rn×n orthogonal anR ∈ Rn×k upper triangular. It is known as theQR-factorization.
SinceR is upper triangular it naturally splits into a non-zero matrix R1 and a zero matrixR2,

R=
[

R1
R2 = 0

]

with R2 of maximal dimension (possibly empty).

PartitioningQ compatibly, theQR-factorization becomes

A = QR=
[

Q1 Q2
]
[

R1
R2 = 0

]

= Q1R1.

Proof. Consult a linear algebra book.

If R2 is of maximal dimension thenR1 is of full row rank (equivalently:R′1R1 invertible). If
A′A is invertible thenR1 is square invertible, in which case the least squares solution (2.5) is
unique and can efficiently solved via

A′Ay∗ = A′x ⇐⇒ R′1Q′1Q1R1y∗ = R′1Q′1x

⇐⇒ R′1R1y∗ = R′1Q′1x

⇐⇒ R1y∗ = Q′1x.

This last equation is easily solved fory∗ becauseR1 is upper triangular: solvey∗ element-wise
beginning with the final element ofy∗ and then moving up.

Another implication of the existence ofQR-factorization is that

im(A) = im(Q1R1) = im(Q1) sinceR1 is full row rank.

That is, subspaces im(A) of Rn can always seen as generated by orthogonal unit norm vectors(the
columns ofQ1). Later we will generalize this to what is known as the Gram-Schmidt procedure.

2.11 If you want to know more...
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• The mappingP := A(A′A)−1A′ from x to its best approximationv∗ = Px is a projec-
tion. A projection(matrix) onRn is a matrixP with the property thatP2 = P. It is an
orthogonal projectionif in addition P = P′, which is the case in (2.6).

• More variations of QR-factorization: google for Moore-Penrose inverse and SVD (singular
value decomposition).

2.12 Problems

2.1 Prove Theorem 2.6.3.

2.2 Show thatx · y = 0 for all y ∈ Rn impliesx = 0.

2.3 LetW ∈ Rm×n. Is ker(W) a subspace?

2.4 Show that a setS ⊆ Rn is a subspace iff(S⊥)⊥ = S.

2.5 Prove Lemma 2.10.2.

2.6 Consider

A =





1 0
1 4
0 1





a) MATLAB : Compute the QR-factorization ofA

b) Verify that the first and second column ofQ are orthogonal

c) Sketch the columns ofA and the first two columns ofQ as vectors ofR3

d) Do these two columns ofA and two first columns ofQ span the same plane?

e) MATLAB : Compute the best approximation inV = im(A) of x = (0,0,1)

2.7 Sketch the affine variety
[

0
1

]

+ im
[

1
−2

]

and determine the minimal norm element of this
set.

2.8 Let A ∈ Rn×3 and let (as always)A∗k denote itsk column. Show that

A′A =






|A∗1|2 A∗2 · A∗1 A∗3 · A∗1
A∗1 · A∗2 |A∗2|2 A∗3 · A∗2
A∗1 · A∗3 A∗2 · A∗3 |A∗3|2




 .

2.9 Letx = (0,0,1) ∈ R
3 and

V = ker(
[

1 1 1
]

).

a) ExpressV asV = im(A) for some matrixA

b) MATLAB : Determine with MATLAB the best approximation inV of x = (0,0,1).
c) SketschV and bothx = (0,0,1) and its best approximation. (It need not be artwork.)

2.10 Show thatQ ∈ R2×2 is orthogonal iff it is of the form

Q =
[

cos(α) − sin(α)
sin(α) cos(α)

]

or

[

cos(α) sin(α)
sin(α) − cos(α)

]

.
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3 Vector space and subspace

If we are to generalize the projection theorem we should generalize the four players in the
projection theorem:

• spaceRn,

• subspaceV of Rn,

• dot product,

• Euclidean norm.

In this chapter we generalize spaceRn (to be called vector space) and subspaceV (still to be
called subspace). As alwaysR denotes the set of real numbers and the set of complex numbersis
denoted byC. The set of positive integers{1,2,3, . . .} is denoted byN (byN0 if zero is included)
and all integers{. . . ,−1,0,1, . . .} by Z.

3.1 Real vector space

The question thus is: what properties ofRn did we (implicitly) use in the projection theorem
and its proof? Have a look at Thm. 2.6.2 and its proof and you’ll probably agree that the following
eight properties ofRn are sufficient:

Definition 3.1.1 (Real vector space). A real vector spaceX is a set of elements, calledvectors,
on which vectoradditionX×X→ X and real scalarmultiplicationR×X→ X is defined with
the following eight properties for allv,w ∈ X and all scalarsα, β ∈ R:

1. u+ v = v + u commutative

2. (u+ v)+ w = u+ (v +w). associative

3. There is a uniquezero vectoror origin 0 ∈ X such thatu+ 0= u ∀u ∈ X

4. For eachv ∈ X there is a uniqueadditive inverse−v ∈ X such thatv + (−v) = 0

5. 0v = 0 and 1v = v.

6. α(βv) = (αβ)v. associative

7. (α + β)v = αv + βv distributive

8. α(u+ v) = αu+ αv distributive

�

Actually that 0v = 0 for any vectorv is implied by the other properties (see Problem 3.18).
If this is your first contact with such a formal definition thenplease realize this: we have the
freedom to define or own “addition” and “multiplication” andwe may dream up really weird
setsX; but the moment thatX with that addition and multiplication satisfies the eight axioms of
vector space then automatically all results we will derive for general vector spaces hold for our
weirdX as well. That’s the beauty of generality and abstraction.
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Example 3.1.2 ( Rn). The spaceRn is the set of ordered sequences of lengthn with entries inR,

R
n = {u | u = (u1,u2, . . . ,un), uk ∈ R }.

It is a vector space under the addition and scalar multiplication defined elementwise as

u+ v := (u1+ v1,u2+ v2, . . . ,un + vn),

αu := (αu1, αu2, . . . , αun).

The subtlety is that the plus-sign inu+v represents addition of two vectors whereas the plus-sign
in u1 + v1 represents ordinary addition of two real numbers. Likewiseαu is a product of scalar
α and vectoru while αu1 simply means product of real numbers. �

Example 3.1.3 ( `R(N)). The spacèR(N) is the set of one-sided infinite sequences

`R(N) = {u | u = (u1,u2,u3, . . .), uk ∈ R, k ∈ N }.

As in Rn it is a vector space under the addition and scalar multiplication defined elementwise as

u+ v := (u1+ v1,u2+ v2,u3+ v3, . . .),

αv := (αu1, αu2, αu3, . . .).

�

︸ ︷︷ ︸

u

+

︸ ︷︷ ︸

v

=

︸ ︷︷ ︸

u+v

Figure 3.1: Two vectorsu, v ∈ R25 and sumu+ v

Figure 3.1 depicts vector addition inR25. (In fact the reason for us to include this figure is
to convince you of the fact that also function spaces can be seen as vector spaces, see the next
example, and that conceptually the step fromRn to function space is marginal.)

Example 3.1.4 (function space). Also sets of real-valued functions defined on, say, [0,1]

F([0,1],R) := { f : [0,1]→ R}

can be seen as a vector space: under addition and scalar multiplication defined pointwise,

f + g := h in whichh(t) = f (t)+ g(t) for eacht ∈ [0,1],

α f := h in whichh(t) = α f (t) for eacht ∈ [0,1]

the spaceF([0,1],R) is a vector space, see Fig. 3.2.
It is a bit of a bore to verify the eight defining rules of vectorspace, but once we have to do it:

for our function space rules 1 and 2 are trivial; there is onlyone function “0” with the property
thatv + 0 = v ∀v: it is the zero function 0(t) = 0 ∀t ; given any functionv only one functiong
exists such thatv + g is the zero function: defineg pointwise asg(t) = −v(t), we denote thisg
as−v; rule 5 is trivial; in fact rules 6,7 and 8 are trivial as well.Done. �
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0

f

g

f + g

Figure 3.2: Two functionsf andg and their sumf + g

The notationF(T,V) will be used to denote the set of mappings fromT to V. For the particular
case thatT is countable,T ⊆ Z, we use instead the notation`V(T).

3.2 Complex vector space

A complex vector space differs from a real vector space only in that the scalars — theαs and
βs — in complex vector space are taken fromC instead ofR. For completeness: acomplex vec-
tor spaceX is a set of elements, calledvectors, on which vectoradditionX×X→ X and complex
scalarmultiplicationC × X → X is defined that satisfy the 8 properties of Definition 3.1.1 for
all v,w ∈ X and allα, β ∈ C. From the context it will be clear whether we deal with real or
complex vector spaces and we refer to the “αs andβs” simply asscalars.

Example 3.2.1 ( Cn). The spaceCn is the set of ordered sequences of complex numbers of length
n,

C
n = {u | u = (u1,u2, . . . ,un), u1, . . . ,un ∈ C }.

It is a vector space under the addition and scalar multiplication defined elementwise as

u+ v = (u1+ v1,u2+ v2, . . . ,un + vn),

αu = (αu1, αu2, . . . , αun).

�

Example 3.2.2 ( `C(Z)). The spacèC(Z) is the set of doubly infinite ordered sequences

`C(Z) = {u | u = (. . . ,u−1,u0,u1,u2, . . .), uk ∈ C, k ∈ Z }.

It is a vector space under the addition and scalar multiplication defined elementwise as

u+ v = (. . . ,u−1+ v−1,u0+ v0,u1+ v1,u2 + v2, . . .),

αu = (. . . , αu−1, αu0, αu1, αu2, . . .).

�

Example 3.2.3 (function space). Complex-valued functions defined on, say, [0,1]

F([0,1],C) = { f : [0,1]→ C}
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can be seen as a vector space with addition and scalar multiplication defined pointwise as

f + g = h in whichh(t) = f (t)+ g(t) for eacht ∈ [0,1],

α f = h in whichh(t) = α f (t) for eacht ∈ [0,1].

�

3.3 Subspace

Actually subspace hardly needs any modification.

Definition 3.3.1 (Subspace). A subsetV of a vector spaceX is asubspaceif for all u, v ∈ V

and scalarα:

1. 0∈ V,

2. u+ v ∈ V, closed under addition

3. αv ∈ V. closed under scaling

�

In a non-empty setV the third condition implies the first (takeα = 0). Therefore the first
condition in effect only says that subspaces are not allowedto be empty.

Example 3.3.2 (function space). The set

S = { f : R→ R | ∃a,b ∈ R: such thatf (t) = a cos(t)+ bsin(t) ∀t ∈ R }

is a subspace ofF(R,R). Indeed (1) the zero function is an element ofS (takea = b = 0), (2) it is
closed under addition for iffk(t) = ak cos(t)+ bk sin(t) ∈ S then so is their sum( f1+ f2)(t) =
(a1 + a2) cos(t) + (b1 + b2) sin(t) ∈ S. Finally it is closed under scalar multiplication for if
f (t) := a cos(t)+ bsin(t) ∈ S then so isα f (t) = (αa) cos(t)+ (αb) sin(t) ∈ S.

Our intuition fromR3 that says that a subspace is“something flat” fails for function spaces. It
is a subspace nonetheless. �

Example 3.3.3 ( `finite
R

(N)). The set

`finite
R

(N) = {u : N→ R | only finitely manyuk are nonzero}

is a subspace of̀R(N). See problem 3.10. �

Example 3.3.4 (Subspaces of matrices). The set of real squaren×n matrices is denotedRn×n

and it is a vector space under the usual matrix addition and scalar multiplication. The subset
S ⊂ Rn×n of upper-triangular matrices

S = {A ∈ R
n×n | Ai, j = 0 for any 0< j < i ≤ n }

is a subspace ofRn×n. See problem 3.11. �

Example 3.3.5 (Differential equation). The space

S := { f ∈ F(R,R) | f is differentiable andf ′(t)+ f (t) = 0 ∀t }
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is a subspace ofF(R,R). That is, the set of solutions of the homogeneous linear differential
equationf ′ + f = 0 is a subspace.

Proof: clearly the zero function 0(t) ≡ 0 satisfies the differential equation. Supposef, g ∈ S

so they both are differentiable and satisfy the differential equation, thenf + g is differentiable
as well and we have

( f + g)′(t)+ ( f + g)(t) = f ′(t)+ g′(t)+ f (t)+ g(t)

= [ f ′(t)+ f (t)] + [g′(t)+ g(t)] = 0+ 0= 0.

Similarly if f ∈ S then so isg := α f for any scalarα ∈ R becauseg is then differentiable and

g+ g′ = α f + [α f ]′ = α( f + f ′) = 0.

This completes the proof. �

Subspaces inherit the defining properties (Dn. 3.1.1) of thevector space they are part of and
are themselves vector spaces. For instance the(x, y)-plane of Example 2.5.2 is a subspace ofR3

but is also a vector space in its own right and it can be identified with vector spaceR2.
The real vector spaceRn is not a subspace of the complex vector spaceCn. It is a subset,

Rn ⊆ Cn, and itis closed under addition, butRn is not closed under scaling since the scalars are
allowed to be complex.

3.4 Linear combination, span, basis and dimension

Lemma 2.5.3 says that inRn subspaces can be represented asARk that is as the set oflinear
combinationsof afinitenumber of columns{A∗1, A∗2, . . . , A∗k}. With Rn in mind we similarly
define linear combination, span, finite basis and dimension on arbitrary vector spaces as follows.

Definition 3.4.1 (linear combination, linear dependence, s pan, basis and dimension). Let
X be a vector space and letv1, v2, . . . , vn be a finite set of elements inX.

• A linear combinationof v1, v2, . . . , vn is a sum of the form

α1v1 + α2v2 + · · · + αnvn

with αk scalars.

• The set{v1, v2, . . . , vn} is linearly independentif none of its elementsvk equals a linear
combination of the others. (The set{0} is defined to be dependent.)

• Thespanof v1, v2, . . . , vn is the set of all possible linear combinations

span{v1, v2, . . . , vn} := {α1v1 + α2v2 + · · · + αnvn | αk scalar}.

• The set{v1, v2, . . . , vn} is abasisof X if

– span{v1, v2, . . . , vn} = X, and

– the set{v1, v2, . . . , vn} is linear independent.

• If X has a finite basis then thedimensiondim(X) of X is defined as the number of basis
vectors. A spaceX is finite dimensionalif it has a finite basis, otherwiseX is said to be
infinite dimensional.
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�

Of course this assumes that the so defined dimension ofX does not depend on the choice of
basis. Indeed, that is the case. Linear independence can equivalently be characterized as follows.

Lemma 3.4.2 (Linear independence). A set {v1, v2, . . . , vn} is linearly independent iff
∑n

i=1 αi vi = 0 implies all scalars are zero:αi = 0 ∀i = 1,2, . . . ,n. �

You may wonder why in this section we do not considerinfinite sets of vectors,v1, v2, . . ..
The reason is that we do notyetknow how, on general vector spaces, infinite sums are defined!
This requires some form of convergence. It will be resolved when we consider inner products —
more particularly norms — in Chapter 5.

Example 3.4.3 ( R3). Let v = (1,2,3) andw = (0,1,−1) both inR3. Then(1,5,1) is a linear
combination ofv andw while (0,1,5) is not.

It is also interesting to see what the set ofall linear combinations ofv andw are:

span{v,w} = {α1v + α2w = α1





1
2
3



+ α2





0
1
−1



 =





α1
2α1+ α2
3α1− α2



 | α1, α2 ∈ R}.

Clearly a linear combinationα1v +α2w is zero only if its first entry (which isα1) is zero. Hence
α1v + α2w = 0 impliesα1 = 0 but thenα2w = 0 implying α2 = 0. The two vectorsv,w
therefore are linearly independent and hence thev,w form a basis for the subspace span{v,w}
and dim span{v,w} = 2.

(We could also have invoked Lemma 2.5.3 and deduce thatA′A is invertible for

A :=
[

v w
]

=





1 0
2 1
3 −1



 .)

�

Example 3.4.4 (Span of monomials). Consider the polynomialspk : R→ R,

pk(t) = tk, k = 0,1,2, . . .

For ease of reference we will refer to these functionspk simply astk. Then

span{1, t, t2, . . . , t10}

is the set of all polynomials of degree 10 or less. �

Any finite span is necessarily a subspace.

Example 3.4.5. R
n has dimensionn. �

Example 3.4.6 (Polynomials). The vector space of polynomials of degreen or less,

Pn := {p : R→ R | p(t) = pntn + pn−1tn−1 + · · · + p1t + p0}

has dimensionn + 1. Indeed, the dimension is at mostn + 1 because it is spanned byn + 1
elements1,

Pn = span{1, t, t2, . . . , tn}.

Convince yourself of the fact that the dimension is not less thann+ 1, see Problem 3.12. �

1Why is the dimension≤ m if the space is spanned bym elements? Problem 3.20
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Example 3.4.7 (Infinite dimensional). Consider the vector space of polynomials ofanydegree

P := {p : R→ R | ∃n ∈ N, pk ∈ R : p(t) = pntn+ pn−1tn−1+ · · · + p1t + p0 ∀t ∈ R }.

Clearly for anyn ∈ N we havePn ⊂ P so that the dimension is at leastn+1. Sincen is arbitrary
P is infinite dimensional. �

Example 3.4.8. What is the dimension ofS := span{1, et , e2t } ⊂ F(R,R)? Surely it is at
most 3. Let us verify linear independence. So consider

α1+ α2et + α3e2t = 0 ∀t ∈ R.

In particular this should hold fort = 0, t = 1, t = 2:







α1 + α2 + α3 = 0
α1 + α2e + α3e2 = 0
α1 + α2e2 + α3e4 = 0

. (3.1)

These are three equations in three unknowns and as is well known its solution is unique iff its
determinant is nonzero:

det





1 1 1
1 e e2

1 e2 e4



 = (e− 1)(e2− 1)(e2− e) 6= 0.

The determinant is nonzero, hence (3.1) has unique solutionα1 = α2 = α3 = 0. The set
{1, et , e2t } therefore is a linear independent, i.e., it is a basis ofS := span{1, et , e2t } and it has
dimension 3. �

3.5 If you want to know more...

• http://en.wikipedia.org/wiki/Vectorspace

3.6 Problems

3.1 IsZ is real vector space?

3.2 Are the three vectorswz, wy, wx of (1.1) linearly independent?

3.3 Consider the setV = { f : R → C | f (t) = ect for somec ∈ C}. On this set we define
the weird vector addition and scalar multiplication

ec1t + ec2t := e(c1+c2)t , αect := eαct.

With this addition and multiplication, isV a complex vector space?

3.4 Is{ f : R→ R | ∃M, | f (t)| < M ∀t} a subspace ofF(R,R)?

3.5 Show that{ f : R→ R |
∫ 1

0 f (t) dt = 0} is a subspace ofF(R,R).
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3.6 Show that{ f : R→ R |
∫∞
−∞ | f (t)| dt < ∞} is a vector space (under standard addition

and multiplication).

3.7 Consider the subset ofP10

S = { f ∈ P10 | f (2) = 0}.

a) Show thatS is a subspace ofP10.

b) What is the dimension ofS?

c) Determine a basis forS.

3.8 Consider the three functionsf1(t) = 1, f2(t) = et , f3(t) = e−t .

a) Check whether or not the three functions are independent (as elements ofF(R,R)).

b) Determine a basis for span{ f1, f2, f3} ⊆ F(R,R).

3.9 What is the dimension of the subspace of Example 3.3.2.

3.10 Show that thèfinite
R

(N) of Example 3.3.3 is a subspace of`R(N).

3.11 Show that theS of Example 3.3.4 is a subspace.

3.12 Consider Example 3.4.6. Show that span{1, t, . . . , tn} has dimensionn+ 1.

3.13 LetS1 andS2 be subspaces of some vector spaceX. Is S1 ∩ S2 a subspace ofX?

3.14 LetS1 andS2 be subspaces of some vector spaceX. IsS1+S2 := {s1+s2 | s1 ∈ S1, s2 ∈
S2} a subspace ofX?

3.15 what is the smallest subspace ofR3 that contains the unit circle{(x, y, z) | x2 + y2 =
1, z= 0}?

3.16 Is the set of diagonal matrices inRn×n a subspace ofRn×n?

3.17 Is the set of symmetric matrices inRn×n a subspace ofRn×n?

3.18 Show that the property 0v = 0 for any vectorv in a vector space is implied by the other
defining properties of vector space.

3.19 Is`C(N) finite dimensional?

3.20 Show that dim(V) ≤ m if V is spanned bym ∈ N elements.
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4 Linear transformation – operator

Linear transformations (aka linear operators) are everywhere. For instance the projection the-
orem (page 9) states that the best approximationv∗ of any x is unique so we can consider the
mappingF that sendsx to its best approximationv∗ = F(x). This is just one of the many map-
pingsF that turn out to be linear. The main reason we are reviewing properties of linear trans-
formations is that we want to generalize the projection theorem (next chapter) to cases where the
subspaceV is given as the image of a linear map (remember Section 2.8 fortheRn-version.)

4.1 Linear transformation

Definition 4.1.1 (Operator). Let V andW be two vector spaces (both real or both complex). A
mappingF from V to W is linear if for everyv1, v2, v ∈ V and scalarα:

1. F(v1+ v2) = F(v1)+ F(v2), additive

2. F(αv) = αF(v). homogeneous

�

If F maps fromV to W we writeF : V→ W. We can applyF to elements (vectors)v ∈ V

but also to setsS ⊆ V, and we write

FS := {F(v) | v ∈ S}.

The rangeof F : V → W is defined asFV, i.e. it is the set of all possible outcomes of the
mapping. The range is also known as theimage(of its domain) and is denoted as im(F). The set
W to whichF maps is sometimes refered to as thecodomain.

This is an attempt to explain what linearity means on function space: suppose we know two
outcomes ofF :

F
( )

= and F ( ) =

then additivity implies that

F

( )

=

and homogeneity that

F
( )

= .

4.2 Familiar linear transformations

Well, the most familiar linear transformations are the onesthat map fromRn to Rk—see the
next section—but here are some other standard ones. It is easy to verify that they are indeed
linear. Following the colloquial definition some trickier issues regarding domain and codomain
are added.
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Example 4.2.1 (Fourier transform). TheFourier transformationis a linear transformation that
sends continuous time functionsf : R → R to continuous frequency functionŝf : R → R,
defined as

f̂ = F( f ) : f̂ (ω) =
∫ ∞

−∞
f (t)e−iωt dt .

As domainV we could take the set of absolutely integrable functions{ f : R → R |
∫

R
| f (t)| dt < ∞} (with standard addition and multiplication) because thenF( f ) is well de-

fined for everyω ∈ R. See Problem 3.6. �

Example 4.2.2 (Fourier series). TheFourier seriescan be seen as a linear mapping that sends
continuous time functions on finite interval,f : [0, T ] → R to countably many frequency
coefficients f̂ : Z→ C,

f̂ = F( f ) : f̂k =
1

T

∫ T

0
f (t)e−ik 2π

T t dt, k ∈ Z.

As domainV we could take the set of continuous functions on [0, T ] (but other sensible domains
can be dreamed up). Codomain`C(Z) is natural. �

Example 4.2.3 (Laplace transform). Likewise the unilateral Laplace transformL is linear as
well,

F = L( f ) : F(s) =
∫ ∞

0
f (t)e−st dt .

Domain and codomain are tricky here: if as domain we takeVs0 = { f | ∃c > 0 : | f (t)| < ces0t }
then as codomainW it suffices to takeWs0 = { f : ((s0,∞)+ iR)→ C}. �

Example 4.2.4 (Convolution and Fredholm). Here is another familiar linear mapping: thecon-
volutionCh,

y = Ch(u) : y(t) = (h ∗ u)(t) :=
∫ ∞

−∞
h(τ )u(t − τ ) dτ

The convolution is in fact a special case of the “general” linear mapping fromF(R,R) to
F(R,R),

y = Ffredholm(u) : y(t) =
∫ b

a
K (t, s)u(s) ds.

If a andb are finite andK (t, s) is continuous andu is continuous as well, then the operator
is well defined and its outcome is continuous. The equation relating u and y is often called
Fredholm equation(and the game then is to findu for givenK andy). �

Example 4.2.5 (Differentiator). Also linear is the differentiatorD,

f = D(g) : f (t) = ∂

∂ t
g(t).

As domainV we should take a set whose elements are differentiable. Let us verify linearity. For
one it is additive,

D(g+ h)(t) = ∂

∂ t
[g(t)+ h(t)] = ∂

∂ t
g(t)+ ∂

∂ t
h(t) = (Dg)(t)+ (Dh)(t)
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v(t) uk y(t)

Figure 4.1: Original signal, sampled signal, held signal (zero order hold)

and it is homogeneous as well,

D(αg)(t) = ∂

∂ t
[αg(t)] = α ∂

∂ t
g(t) = α(Dg)(t).

�

Example 4.2.6 (Sampler). The ideal samplerSh with sampling periodh > 0 is defined as

u = Sh(v) : uk = v(kh), k ∈ Z.

It maps functions to sequences. See Fig. 4.1. It is a linear transformationSh : V → U for,
for instance, the vector spacesV = {v : R → R | v is continuous} andU = `R(Z) with their
standard addition and multiplication. Linearity in words means “the samples of the sum equals
the sum of the samples”. Indeed,

Sh( f + g)k = ( f + g)(kh) = f (kh)+ g(kh) = Sh( f )k + Sh(g)k.

It is also homogeneous: “the samples of a scaled signal is arescaled samples of the signal” (or
“scaling commutes with sampling”):

Sh(α f )k = (α f )(kh) = α( f (kh)) = αSh( f )k.

(In digital communication the samples are digitized, i.e. mapped to some finite set, which makes
it a nonlinear transformation.) �

Example 4.2.7 (Hold). The zero-order holdHh : U → Y is best understood from Fig. 4.1 and
is formally defined as

y = Hh(u) : y(kh+ τ ) = uk ∀k ∈ Z, τ ∈ [0,h).

It sends sequences to continuous-time functions. It is a linear transformation from domain

U = `Rn(Z)

to codomain, say,

Y := {y : R→ R
n | y(kh+ τ ) = y(kh) ∀k ∈ Z, τ ∈ [0,h) }.

The elements in this codomain are piecewise constant functions (butY = F(R,Rn) suffices as
codomain as well). �

4.3 Linear transformation on R
n

OnR
n linear mappings are often identified with matrices.
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0 0 v

v

FvFv

α
α/2

Figure 4.2: Rotation and reflection

Example 4.3.1 (Rotation in R2). Figure 4.2(a) illustrates therotationF : R2→ R2 operator. It
rotates its argument over an angle ofα (counter clockwise). It is a linear mapping (verify this).
In particular it maps the unit vectore1 :=

[
1
0

]

to y1 :=
[ cos(α)

sin(α)

]

and the unit vectore2 :=
[

0
1

]

to

y2 :=
[− sin(α)

cos(α)

]

. Combining the two outcomes in a matrix

Frotation :=
[

y1 y2
]

=
[

cos(α) − sin(α)
sin(α) cos(α)

]

is the standard way of representing linear mappings fromRk to Rn. Identifying linear mappings
with their matrix has to do with the fact that the linear mapping is completely specified by its
matrix. The drawback of such a matrix approach is that it assumes we all agree on what the
“standard basis” is and while this may be so (well) inR

n, for other vector spaces this may not be
so obvious. �

Example 4.3.2 (Reflection in R2). Figure 4.2(b) depicts the reflection transformationF : R2→
R2. It reflects its argument with respect to the line with angleα/2. The matrixF now becomes

Freflection=
[

cos(α) sin(α)
sin(α) − cos(α)

]

.

Note that this is an orthogonal matrix (see Lemma 2.10.1). �

Example 4.3.3 (transformation on R
3). Suppose we have a mappingT that we know to be

linear and that sends the unit cube to a stretched version, see Fig. 4.3. The figure indicates that

T e1 = e1, T e2 = 2e2, T e3 = e3.

This way the mapping (since assumed linear) is fully specified. The matrixT associated with
this mapping (with respect to the standard basis) is

T =





1 0 0
0 2 0
0 0 1



 .

Note that the volume of the transformed unit cube equals| detT | (in our case 2). This holds for
any transformationT . �

4.4 Matrices as representations of operators
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e1 =





1
0
0





e2 =





0
1
0





e3 =





0
0
1





T e1 = e1 T e2 = 2e2

T e3 = e3

Figure 4.3: Unit cube linearly transformed

A message of the previous section is: once we settle on a “standard basis” then the linear
mapping may be identified with “its matrix”. As mentioned earlier, a drawback of such an
approach is that it assumes we all agree on “the basis.” On theother hand, an advantage is that
it translates the linear mapping into a matrix of numbers which makes it explicit (matlabable).
Since the linear mapping is fully specified by its matrix, anyproperty that the linear mapping may
have can in principle be verified from its matrix. For computation in MATLAB it is often needed
to represent the linear mapping by matrices. Consistent with the previous section we define:

Definition 4.4.1 (Coordinates and matrices). Let V be a vector space with finite ordered basis
{v1, v2, . . . , vn}. For anyx ∈ V let x] ∈ Cn denote the column vector of coordinates ofx with
respect to the basis, that is,

x =
[

v1 v2 · · · vn
]

x] .

For any linear transformationF : V→ V define thematrix F]] ∈ Cn×n of F with respect to the
basis by the equality

[

F(v1) F(v2) · · · F(vn)
]

=
[

v1 v2 · · · vn
]

F]] .

�

In other words, thei j th element of the matrixF]] of F is the contribution of basis element
vi in F(v j ). The matrix clearly depends on the choice of basis. This definition is consistent
with that of the matrices of Examples 4.3.1 and 4.3.2, because of the following lemma. Rougly
speaking the lemma says that linear transformations on finite dimensional vector space can be
identified with matrices, much like what we commonly do inRn:

Lemma 4.4.2 (Matrix representation of linear transformati on). Let V be vector space with
finite ordered basis{v1, . . . , vn}. For any linear transformationF : V→ V we have

y = F(x) ⇐⇒ y] = F]]x] .

Proof. By definition ofx] we have thatx =
[

v1 · · · vn
]

x] . Using linearity we getF(x) =
F(
[

v1 · · · vk
]

x]) =
[

F(v1) · · · F(vn)
]

x] =
[

v1 · · · vn
]

F]]x]. So y = F(x) iff
[

v1 · · · vn
]

y] =
[

v1 · · · vn
]

F]]x] . As the{v1, . . . , vn} are linearly independent this last
equality holds iffy] = F]]x] .

Lemma 4.4.3 (Eigenvalue and eigenvector). Let λ ∈ C. Consider a linear mappingF : V→
V and letF]] be the matrix associated with this mapping (given some basisof V). The following
statements are equivalent.

1. There is av ∈ V, v 6= 0 such thatF(v) = λv.
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2. λ is an eigenvalue of the matrixF]] .

Proof. Apply Lemma 4.4.2 fory = λx.

The lemma implies that the eigenvalues ofF]] do not depend on the choice of basis!

Example 4.4.4 (Differentiator). Consider the differentiatorD : Pn→ Pn that sends polynomials
p ∈ Pn of degree at mostn to their derivativeD(p). A basis forPn clearly is

{1, t, t2, . . . , tn}

and they map to

{0,1,2t, . . . ,ntn−1}.

With respect to this basis the matrix that represents the differentiator onPn can be derived from

[

D(1) D(t) D(t2) · · · D(tn)
]

=
[

0 1 2t · · · ntn−1
]

=
[

1 t t2 · · · tn
]









0 1 0 · · · 0
0 0 2 . . .

...
0 0 . . .

. . . 0
...

. . .
. . .

. . . n
0 · · · · · · · · · 0









.

The matrix (the one on the far right in the above equation) is not invertible hence neither is the
differentiator. Indeed the differentiator is not invertible sinceD(1) = 0. The only eigenvalue
that the matrix has isλ = 0 hence the differentiator has no eigenvalues other thanλ = 0. Indeed,
the derivative of any polynomial is of lower degree so nontrivial eigenfunctions do not exist. The
eigenfunctions with eigenvalue 0 are the constant functions.

If we would have chosen as domainV = span{et , e2t } with obvious basis{et , e2t } then the
matrix of the differentiator would have been

[
1 0
0 2

]

because

[

D(et ) D(e2t )
]

=
[

et 2e2t
]

=
[

et e2t
]
[

1 0
0 2

]

.

Now the matrix is invertible, hence the differentiator is invertible on span{et , e2t }, indeed it is.
Also, its eigenvalues are 1 and 2 hencef ∈ span{et , e2t } exist withD( f ) = f andD( f ) = 2 f ,
indeed suchf exist. �

The connection between mappings and their matrix representation can be quite useful.

Example 4.4.5 (Eigenfunctions of polynomials). Consider the mappingF : P2→ P2 defined
as

g = F(p) : g(t) = p(1− t).

The graph(t, g(t)) hence is the graph(t, p(t)) reflected in the verticalt = 1/2-axis. With
respect to the standard basis{1, t, t2} the matrix becomes

[

F(1) F(t) F(t2)
]

=
[

1 1− t (1− t)2
]

=
[

1 t t2
]





1 1 1
0 −1 −2
0 0 1



 .
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Because of the upper-triangular structure the eigenvaluesare the diagonal elements of the matrix:
λ = 1,−1,1. It is readily verified that the eigenvectors (modulo scaling etc.) are

λ = 1 : v1 =





1
0
0



 , v1′ =





0
−1
1



 and λ = −1 : v−1 =





−1
2
0



 .

This corresponds to the eigenfunctions

p1 = 1, p1′(t) = t2 − t, and p−1(t) = 2t − 1.

See Fig. 4.4. Since the eigenvectorv−1 for λ = −1 is unique (up to scaling) the eigenfunction
p−1 with eigenvalue−1 is unique as well (up to scaling). The eigenfunctions with eigenvalue 1
are the linear combinations ofp1 and p1′. �

p1′

p−1

p1

000 1/2

1/2

1/2

Figure 4.4: Three eigenfunctions (Example 4.4.5)

4.5 If you want to know more

• Let F : V → W be a linear transformation on vector space, then im(F) and ker(F) are
subspaces and we have

dim(kerF)+ dim(FV) = dim(V).

• If V = W and if they have finite dimension, then the above says thatF is surjective iff it
is injective.

• This implies that there is a unique polynomialp(t) of degreen that interpolatesn+1 pairs
(ti , pi ), ti 6= t j .

• A sets of eigenvectors all with different eigenvalues is linearly independent. In particular
on finite dimensionalV a mappingF has at most finitely many different eigenvalues.

• http://en.wikipedia.org/wiki/Linear_transformation

4.6 Problems

4.1 Determine which of the following mappings are linear:

a) F : R→ R; F(t) = 3t + 1.
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b) A : Pn→ R; F(p) = p(1)(3).

c) B : P→ P; B(p) = p(1).

d) G : Cn→ C : G(x) = a′x (for some givena ∈ Cn).

4.2 LetB ∈ Cn×n. Show that the mappingL : Cn×n → Cn×n defined asL(A) = AB− B A
is linear.

4.3 Prove Lemma 4.4.3.

4.4 Consider the linear transformationF : P1→ P1,

F(α0 + α1t) = α0 + (8α0− α1)t .

a) Determine the matrix ofF with respect to the standard basis ofP1.

b) Determine the matrix ofF with respect to basis{t + 1, t − 1}.
c) Determine the eigenvalues of the above two matrices.

d) Determine the eigenvalues ofF without using the matrices.

4.5 Let C([a,b],R) denote the set of continuous functions inF([a,b],R). Is the integral
operatorI : C[a,b]→ C[a,b] defined as

f = I(g) : f (t) =
∫ t

a
g(τ ) dτ

linear?

4.6 Letδ ∈ `C(N). Show that1 : `C(N)→ `C(N) defined below is linear:

f = 1(g) : fk = δkgk.

4.7 LetV be a subspace ofRn. Show that the orthogonal projection fromx to its best ap-
proximationv∗ (Thm. 2.6.2) is linear and do this without using normal equations (because
without it the proof is more elegant).

4.8 AssumeF is linear. Show that for anym ∈ N:

F(a1v1 + a2v2 + · · · amvm) = a1F(v1)+ a2F(v2)+ · · · + amF(vm).

4.9 Consider the mappingF : P2→ P2 defined as1 F(p(t)) = p(−t).

a) Find a basis ofP2

b) Determine the matrixF]] of the mapping with respect to this basis

c) Find the eigenvalues and eigenvectors ofF

d) Find the eigenvaluesλ and eigenfunctionsp ∈ P2 of F .

4.10 Repeat the previous question but now for mappingF(p(t)) = p(t + 1).

4.11 Figure 4.5 shows the effect of four linear mappingsF1,F2,F3,F4. Approximately deter-
mine the four 2× 2 matricesF1, F2, F3, F4.

1SinceF acts on functions the notationF(p(t)) mayseem awkward, but it is clear anyway and avoids more cumber-
some forms likeF(p)(t)
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F1−→

F2−→

F3−→

F4−→

Figure 4.5: Four transformations onR
2
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5 Inner product, norm and orthogonal projection

Next we generalize the remaining two players in the projection theorem:

• the dot product (to be calledinner product)

• length or Euclidean norm (to be callednorm)

Then, finally, we can formulate a full fledged version of the projection theorem.

5.1 Real inner product

Let us see what we used in the proof of Theorem 2.6.2: (a)V was assumed to be asubspace
of thevector spaceRn; (b) of the dot product we used that(αx + z) · y = α(x · y)+ (z · y) and
thatx · y = y · x and of course thatx · x ≥ 0 with x · x = 0 iff x = 0. These we now simply take
as the definition of inner product on real vector space:

Definition 5.1.1 (Real inner product). LetV be a real vector space. A functional〈·, ·〉 : V×V→
R is a (real)inner productif

1. 〈x, y〉 = 〈y, x〉, reflexive

2. 〈αx + z, y〉 = α〈x, y〉 + 〈z, y〉 for everyα ∈ R, linear in first argument

3. 〈x, x〉 ≥ 0, and〈x, x〉 = 0 ⇐⇒ x = 0. positive definite

�

That’s all. Once we settle on this definition we are forced to conclude that there are many inner
products onRn other than the dot product. Indeed we could equipR2 for instance with:

Example 5.1.2. Consider as inner product onR2

〈x, y〉 := x1y1+ 3x2y2.

It is an inner product because

1. 〈x, y〉 = x1y1+ 3x2y2 = y1x1+ 3y2x2 = 〈y, x〉,

2. 〈x + αz, y〉 = (x1 + αz1)y1 + 3(x2 + αz2)y2 = (x1y1 + 3y2x2) + α(z1y1 + 3z2y2) =
〈x, y〉 + α〈z, y〉,

3. 〈x, x〉 = x2
1 + 3x2

2 ≥ 0 and it equals zero iffx1 = x2 = 0 i.e. iff x = 0.

�

5.2 Complex inner products

There is one little further generalization that is useful: extension to complex numbers (and
functions and vectors). An inner product is now a functionalthat maps to the complex numbers.
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Since we want to maintain〈x, x〉 ≥ 0 we should guarantee that〈x, x〉 is a real number. This is
automatic if we impose that〈x, y〉 = 〈y, x〉.

Definition 5.2.1 (Inner product on a complex vector space). Let V be a complex vector space.
A functional〈·, ·〉 : V× V→ C is a(complex) inner productif

1. 〈x, y〉 = 〈y, x〉, conjugate reflexive

2. 〈αx + z, y〉 = α〈x, y〉 + 〈z, y〉 for everyα ∈ C, linear in first argument

3. 〈x, x〉 ≥ 0, and〈x, x〉 = 0 ⇐⇒ x = 0. positive definite

�

5.3 Norm

Definition 5.3.1 (norm associated with inner product). Thenorm‖x‖ on a vector space with
inner product is defined as‖x‖ =

√
〈x, x〉. �

So the norm depends on the choice of inner product: first we settle on an inner product and
then the norm follows.

Lemma 5.3.2 (Three properties of norm). Let V be a real or complex vector space with inner
product. The norm‖ · ‖ associated with the inner product has the following properties

1. ‖αx‖ = |α|‖x‖ for everyx ∈ V and scalarα homogeneous

2. ‖x + y‖ ≤ ‖x‖ + ‖y‖ triangle inequality

3. ‖x‖ ≥ 0, and‖x‖ = 0 ⇐⇒ x = 0. positive definite

�

Proof. The first and third are obvious. The second (triangle inequality) follows from Cauchy-
Schwarz’ inequality, see Section 5.6.

The triangle inequality loosely speaking says that traveling from 0 tox+ y via x or y can only
mean a detour.

5.4 Orthogonal complement

ObviouslyS⊥ is used to denote the set of all vectors perpendicular to all elements inS. The
orthogonal complement is thus dependent on the choice of inner product.

Example 5.4.1. Consider again the inner product of Example 5.1.2 onR2:

〈x, y〉 := x1y1+ 3x2y2.

The boundary of the unit ball{x ∈ R2 | ‖x‖ ≤ 1} is not a circle but an ellipse

{x ∈ R
2 | ‖x‖ ≤ 1} = {x ∈ R

2 | x2
1 + 3x2

2 ≤ 1}

see Fig. 5.1(a), and the orthogonal complement of
[

1
−1

]

is now

[
1
−1

]⊥ = {x | 〈
[

1
−1

]

, x〉 = x1− 3x2 = 0} = span
[

3
1

]

,
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‖x‖ ≤ 1
[ 0√

1/3

]

[
1
0

]

x

v∗

span
[

1
−1

]

span
[

3
1

]

Figure 5.1: (a) Unit ball for inner product〈x, y〉 = x1y1 + 3x2y2; (b) two
orthogonal vectors in this inner product

see Fig. 5.1(b). Orthogonality with respect to our inner product here does not mean “having an
angle of 90 degree”.

It is instructive at this point to compute the best approximation v∗ in V = span
[

1
−1

]

of
x =

[
2
2

]

, see Fig. 5.1(b). Express candidatev∗ asα
[

1
−1

]

. Then

∂

∂α
‖x − v∗‖2 =

∂

∂α
‖
[ 2−α

2+α
]

‖2 = ∂

∂α
[(2− α)2 + 3(2+ α)2] = 2(4α + 4).

This is zero iffα = −1 makingv∗ = −1
[

1
−1

]

=
[−1

1

]

the best approximation, see Fig. 5.1(b).
Of course we should be able to computev∗ more efficiently and in greater generality with the
projection theorem. Soon. �

5.5 Pythagoras

Pythagoras’ theorem remains valid on arbitrary inner product space:

Lemma 5.5.1 (Pythagoras). x ⊥ y implies‖x + y‖2 = ‖x‖2 + ‖y‖2. �

Proof. If 〈x, y〉 = 0 then

‖x + y‖2 = 〈x + y, x + y〉
= 〈x, x + y〉 + 〈y, x + y〉
= 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉
= ‖x‖2 + 2Re(〈x, y〉)+ ‖y‖2 = ‖x‖2 + ‖y‖2.

In fact onreal vector spacesx ⊥ y is equivalentto ‖x + y‖2 = ‖x‖2+ ‖y‖2, but on complex
vector space it is not equivalent, see Problem 5.10.

5.6 Cauchy-Schwarz

In R2 the dot productx · y was shown to satisfyx · y = |x||y| cos(φ), see Lemma 1.4.1. Now
we have the following.
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Theorem 5.6.1 (Cauchy-Schwarz inequality). Any inner product satisfies

1. |〈x, y〉| ≤ ‖x‖‖y‖, Cauchy-Schwarz inequality

2. |〈x, y〉| = ‖x‖‖y‖ iff y = λx or x = λy for some scalarλ, aligned

Here (as always)‖ · ‖ is the norm associated with the inner product.

Proof. The result is trivial ify = 0. Supposey 6= 0. For any scalarλ,

0≤ ‖x − λy‖2 = 〈x − λy, x − λy〉 = ‖x‖2 − λ〈y, x〉 − λ〈y, x〉 + |λ|2‖y‖2.

In particular the right-hand side is≥ 0 for λ = 〈y, x〉/‖y‖2:

0≤ ‖x‖2− |〈x, y〉|2
‖y‖2

which proves the Cauchy-Schwarz inequality. Equality occurs if and only if‖x−λy‖ = 0 i.e. iff
x = λy.

The Cauchy-Schwarz inequality isvery important and shows up in many applications. A
consequence of Cauchy-Schwarz is for instance the triangleinequality.

Lemma 5.6.2 (Triangle inequality). For any inner product and associated norm we have

‖x + y‖ ≤ ‖x‖ + ‖y‖.

Proof.

‖x + y‖2 = 〈x + y, x + y〉
= 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉
≤ 〈x, x〉 + |〈x, y〉| + |〈y, x〉| + 〈y, y〉
≤ ‖x‖2 + 2‖x‖‖y‖ + ‖y‖2

= (‖x‖ + ‖y‖)2.

It is intriguing that in this abstract and general setting the triangle inequality remains.

5.7 Examples of inner product

Example 5.7.1 (scaled Rn). Let T ∈ Rn×n be an invertible matrix. Then

〈x, y〉T ′T := (T x) · (T y) = y′T ′T x (5.1)

is an inner product onRn. In fact onRn a functional is an inner productiff it is of the form (5.1)
for some nonsingularT , see Problem 5.5. �

There is more to this example than meets the eye: a serious drawback of the dot productx · y
is that it considers all componentsx1, x2, . . . of a vector on equal footing. But what ifx1 is in
meters andx2 is in millimeters? We would like to have the notions of norm and orthogonality at
our disposal irrespective of the scaling (choice of units) or more generally, irrespective of linear
transformation of the componentsxk, and our inner product allows exactly that (as opposed to
the, in hind side, rather limited dot product).
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Example 5.7.2 (Not `R(N) but `2
R
(N)). There is a little subtlety if we want to extend the standard

inner product ofRn (that is, the dot product) tòR(N). The natural candidate is

〈x, y〉 :=
∞
∑

k=1

ykxk

but the infinite sum is not always defined, take for instancex = y = (1,1,1, . . .). The standard
remedy is to allow this inner product only on the smaller set

`2
R
(N) := {u | u = (u1,u2, . . .), ‖u‖2 =

∞
∑

k=1

|uk|2 <∞}.

This set is a vector space which can be proved using Cauchy-Schwarz: the set̀ 2
R
(N) is closed

under addition for ifu, v ∈ `2
R
(N) then

‖u+ v‖ ≤ ‖u‖ + ‖v‖ <∞.

(That `2
R
(N) is closed under scaling and contains the zero element is easy.) It is therefore a

subspace of vector space`R(N) and hence is itself a vector space. �

5.8 Inner product on function space: L2

What is the function space equivalent of`2
R
(N)? It is the spaceL2

R
([a,b]):

Lemma 5.8.1 ( L2). Let a,b ∈ R, a < b (includinga = −∞ andb = ∞). The set

L
2
R
([a,b]) := { f : [a,b]→ R |

∫ b

a
f 2(t) dt <∞}

is a vector space and the functional

〈 f, g〉 =
∫ b

a
g(t) f (t) dt (5.2)

is an inner product on this vector space. �

We should first fix an unsettling problem: part of the definition of inner product (and its norm)
is that‖ f ‖ = 0 ⇐⇒ f = 0 but here that is not the case! For instance functions that are zero
almosteverywhere such as

f (t) = 0 if t 6= 0, and f (0) = 3

are not zero but do have zero norm. The easy way out of this problem is to simplyidentifyevery
function f with zero norm with the zero function. That is not far fetchedbecause if‖ f ‖ = 0
then

‖ f ‖2 =
∫ b

a
| f (t)|2 dt = 0

implying that “ f (t) is zero almost everywhere”. From now on we do not distinguishbetween
functions f andg when their difference has norm zero:

f = g for f, g ∈ L
2
R
([a,b]) is considered to mean that‖ f − g‖ = 0.
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We leave it to the reader (Problem 5.17) that (5.2) is indeed an inner product (given our identifi-
cation of zero-equivalent functions).

Once we have an inner product we have the notion of orthogonality and we can talk about
projections: we are now able to project functions onto subspaces of functions and apparently
there is such a thing as functions being orthogonal to one-another!

Example 5.8.2 (Orthogonal sinusoids). ConsiderL2
R
([0,2π ]). On this space sine and cosine

are orthogonal,

sin(t) ⊥ cos(t).

Why? Because

〈sin(t), cos(t)〉 =
∫ 2π

0
cos(t) sin(t) dt =

∫ 2π

0

1

2
sin(2t) dt = − cos(2t)

4

∣
∣
∣
∣

2π

0
= 0.

See Fig. 5.2 for a “proof by picture” of orthogonality of these two functions. �

2π2π

sin(t)

cos(t)

sin(t) cos(t)

Figure 5.2: sin(t) ⊥ cos(t) onL2
R
([0,2π ])

Example 5.8.3. OnL
2
R
([0,1]) the norm of et is

‖et‖ =

√
∫ 1

0
(et )2 dt =

√
∫ 1

0
e2t dt =

√

e2t

2

∣
∣
1
0 =

√

e2− 1

2
≈ 1.787.

�

Example 5.8.4. ConsiderL2
R
([0,1]) with two of its elements

p0(t) = 1, p1(t) = t .

They are not orthogonal because

〈p0, p1〉 =
∫ 1

0
p1(t)p0(t) dt =

∫ 1

0
t dt = 1

2
6= 0.

If we subtract the mean ofp1 from p1,

p1′(t) := p1(t)−
1

2
= t − 1

2

then we end up with two functionsp0, p1′ thatareorthogonal

〈p0, p1′〉 =
∫ 1

0
t − 1

2 dt = 0.

The norms ofp0 andp1′ are

‖p0‖ = 1, ‖p1′‖ = 2
√

3.

�
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5.9 Vector valued functions

To vectorize an inner product is often straightforward. Forinstance for the functions mapping
from [a,b] to Rn (mind then in Rn) we can take as inner product

〈 f, g〉 =
∫ b

a
g′(t) f (t) dt . (5.3)

Here g′ denotes the complex conjugate transpose sog′(t) f (t) for eacht is a number, hence
〈 f, g〉 ∈ R as it should (on real vector space). We denote the space in which the norm associated
with this inner product is finite also withL2:

L
2
Rn([a,b]) = { f : [a,b]→ R

n | 〈 f, f 〉 <∞ defined in (5.3)}.
Of course this is just one of the many inner products for vector valued functions.

5.10 Orthogonal projection

As before an elementv ∈ V is abest approximationin V of x if

‖x − v∗‖ ≤ ‖x − v‖ ∀v ∈ V.

Theorem 5.10.1 (A projection theorem). Let X be a vector space with inner product,V a sub-
space ofX. Then for anyx ∈ X

1. If a best approximationv∗ in V of x exists then it is unique.

2. v∗ is a best approximation inV of x iff (x − v∗) ⊥ V.

3. The norm of the best approximation error‖x − v∗‖ equals
√

‖x‖2− ‖v∗‖2.

Proof. An easy way out would be to say that the proof isexactlylike that of Thm. 2.6.2 because
that is how we designed our notion of vector space, subspace and inner product, but since the
projection theorem is so important – it arguably is the most important theorem in this course –
we should re-do the proof and verify that our generalizationindeed was successful.

If (x − v∗) ⊥ V then because of subspace properties and Pythagoras we have for anyv ∈ V,

‖x − v‖2 = ‖(x − v∗)− (v − v∗)
︸ ︷︷ ︸

∈V

‖2 = ‖x − v∗‖2+ ‖v − v∗‖2.

Hence ifv 6= v∗ the normx− v exceeds that ofx− v∗ makingv∗ the unique best approximation.
Conversely, suppose(x− v∗) 6⊥ V. Then there is av ∈ V such that(x− v∗) 6⊥ v i.e. such that
〈x − v∗, v〉 6= 0. In particular suchv 6= 0. Then for anyα,

‖x − (v∗ + αv)‖2 = ‖(x − v∗)− αv‖2

= ‖x − v∗‖2 − 〈x − v∗, αv〉 − 〈αv, x − v∗〉 + ‖αv‖2

= ‖x − v∗‖2 − 2Re [α〈x − v∗, v〉] + |α|2‖v‖2.
Forα = 〈x−v∗,v〉‖v‖2 this becomes

‖x − (v∗ + αv)‖2 = ‖x − v∗‖2−
|〈x − v∗, v〉|2
‖v‖2 < ‖x − v∗‖2

so thatv∗ is not the best approximation. The equality‖x−v∗‖ =
√

‖x‖2 − ‖v∗‖2 is a restatement
of Pythagoras:‖x − v∗‖2+ ‖v∗‖2 = ‖x‖2.
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Example 5.10.2. Consider Example 5.4.1 withx = (2,2) andv∗ = (−1,1) as indicated in
the figure. Clearlyx − v∗ ⊥ span

[
1
−1

]

hence by the projection theoremv∗ is the unique best
approximation in span

[
1
−1

]

of x. Done. �

For infinite dimensional subspaceV is mayhappen — but not necessarily — that a best ap-
proximation does not exist:

Example 5.10.3 (No solution exists). TakeX = `2
R
(N) and the subsetV = `finite

R
(N) – see

Example 3.3.3. There is no best approximation in`finite
R

(N) of

x = (1, 1
2,

1
3,

1
4,

1
5, . . .)

because it can be approximated arbitrarily well byvN := (1, 1
2,

1
3, . . . ,

1
N ,0,0, . . .) but the

approximation error cannot be zero becausex 6∈ `finite
R

(N). �

As we shall see next, forfinitedimensional subspaceV a best approximation always does exist
and for many infinite dimensional subspaces as well.

5.11 Projection onto finite dimensional space – Gram matrix

Consider projectingx onto a finite dimensional spaceV = span{v1, . . . , vn}. The candidate
best approximationv∗ in V we write asv∗ =

[

v1 · · · vn
]

y∗ with y∗ ∈ C
n. By the projection

theorem this problem is easily solved:

Lemma 5.11.1 (Projection onto finite dimensional subspace) . On any vector spaceX with
inner product, a finite set{v1, v2, . . . , vn} is linearly independent iff theGram-matrixdefined as








〈v1, v1〉 〈v1, v2〉 · · · 〈v1, vn〉
〈v2, v1〉 〈v2, v2〉 · · · 〈v2, vn〉
...

...
...

...

〈vn, v1〉 〈vn, v2〉 · · · 〈vn, vn〉







∈ C

n×n (5.4)

is invertible (in fact positive definite). In that case the best approximationv∗ in span{v1, . . . , vn}
of x ∈ X is

v∗ =
[

v1 · · · vn
]

y∗, y∗ =









〈v1, v1〉 〈v1, v2〉 · · · 〈v1, vn〉
〈v2, v1〉 〈v2, v2〉 · · · 〈v2, vn〉
...

...
...

...

〈vn, v1〉 〈vn, v2〉
... 〈vn, vn〉









−1






〈x, v1〉
〈x, v2〉
...

〈x, vn〉







.

Proof. By the projection theoremv∗ is a best approximation ofx iff:

x − v∗ ⊥ V ⇐⇒ x −
[

v1 · · · vn
]

y∗ ⊥ span{v1, . . . , vn}
⇐⇒ x −

[

v1 · · · vn
]

y∗ ⊥ vk ∀k = 1,2, . . . ,n

⇐⇒
[

〈v1, vk〉 · · · 〈vn, vk〉
]

y∗ = 〈x, vk〉 ∀k = 1,2, . . . ,n

⇐⇒






〈v1, v1〉 〈v1, v2〉 · · ·
〈v2, v1〉 〈v2, v2〉 · · ·
...

...
...











y1
y2
...




 =






〈x, v1〉
〈x, v2〉
...




 . (5.5)
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Remains to show is that the Gram-matrix is positive definite iff {v1, . . . , vn} is a linearly in-
dependent set. This follows from the fact that‖

[

v1 · · · vn
]

y‖2 = y′Ry where R is the
Gram-matrix. Hence

[

v1 · · · vn
]

y 6= 0 for any nonzeroy iff R> 0.

Equation (5.5) is again callednormal equations(for reasons that will become clear later). For
n = 1 the normal equations simply state that

v∗ = v1
〈x, v1〉
〈v1, v1〉

.

Example 5.11.2. Let us redo the projection of Example 5.4.1, that is, we want find the best
approximation in span{v1} for v1 =

[
1
−1

]

of x =
[

2
2

]

with the weird inner product. According
to the normal equations we have as best approximation

v∗ = v1
〈x, v1〉
〈v1, v1〉

=
[

1
−1

]
2× 1+ 3× 2× (−1)

1+ 3
=
[

1
−1

] −4

4
=
[

−1
1

]

.

�

Example 5.11.3. ConsiderL2
R
([−1,1]) and let us project et onto the subspace of polynomials

of degree at most 1:

min
y1,y2
‖et − (y1+ y2t)‖L2 .

With respect to the obvious basis{1, t} for P1 the normal equations become
[

〈1,1〉 〈1, t〉
〈t,1〉 〈t, t〉

] [

y1
y2

]

=
[

〈et ,1〉
〈et , t〉

]

.

Its solution is (verify this):

y1 =
1

2
(e− 1

e
), y2 =

3

e
.

The best linear approximation on [−1,1] of et by 1-degree polynomial hence isp∗(t) = 1
2(e−

1
e)+

3
et , see Fig. 5.3. �

1−1

Figure 5.3: Approximation of et by degree-1 polynomial

5.12 Orthonormal sequences and Parseval

A convenient special case is if the Gram matrix (5.4) of innerproducts is the identity matrix.
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Definition 5.12.1 (Orthonormal sequence). A sequence{e1,e2, . . . ,en} is anorthonormal se-
quenceif all elements have unit norm and are mutually orthogonal,

‖ek‖ = 1 and ek ⊥ ej ∀k 6= j .

�

A sequence is orthonormal iff the Gram matrix (5.4) is the identity matrix. Lemma 5.11.1 then
specializes to the following elegant result:

Lemma 5.12.2. If {e1,e2, . . . ,en} is an orthonormal sequence then the best approximation in
span{e1, . . . ,en} of x is

v∗ = 〈x,e1〉e1+ 〈x,e2〉e2 + · · · + 〈x,en〉en. (5.6)

Moreover then‖x − v∗‖2 = ‖x‖2 −
∑n

k=1 |〈x,ek〉|2.

Proof. Follows from Lemma 5.11.1 and Pythagoras,‖v∗‖2 =
∑n

k=1 |〈x,ek〉|2.

The numbers〈x,ek〉 in (5.6) are the coordinates ofv∗ with respect to the basis{e1,e2, . . .}. If x
happens to be an element of span{e1, . . . ,en} then the minimal approximation error is obviously
zero so then

‖x‖2 =
∑

k

|〈x,ek〉|2. (5.7)

This is known asParseval’s identity(which also holds more general, see Section 5.17) and it
should remind you of the fact that inRn the length of the vector can be expressed by its coordi-

nates with respect to the standard (orthonormal) basis as|x| = (x2
1 + x2

2 + · · · )
1
2 .

Example 5.12.3 (Legendre polynomials). Without proof we claim that the polynomials

p0(t) = 1, p1(t) = t, pk+1(t) =
(2k+ 1)tpk(t)− kpk−1(t)

k + 1
, k > 1

defines anorthogonalsequence of polynomials onL2
R
([−1,1]) with norm

‖pk‖ =
√

2

2k+ 1
.

See Fig. 5.4. So thenek :=
√

2k+1
2 pk is an orthonormal sequence. These are known asLegen-

dre polynomials.

5.13 Adjoint operator

In Rn in turned out be useful to be able to pull matricesM in the dot product from one side of
the dot product to the other:

(Mx) · z= x · M ′z.

(See Section 2.7 and the ensuing results). Given its use it makes sense to generalize this notion.
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p0 p1 p2 p3

p4 p5 p6 p7

Figure 5.4: The first eight Legendre polynomialspk : [−1,1] → R. (not
normalized:‖pk‖2 = 2

2k+1.

Definition 5.13.1 (Adjoint). Let V andW be vector spaces (both real or both complex) and both
with inner product. LetA : W→ V be a linear mapping. Then a linear mappingA∗ : V→W

is said to be theadjoint of A if

〈Av,w〉W = 〈v,A∗w〉V, ∀v ∈ V, w ∈W.

�

GivenA the adjoint (if it exists) is unique so we can talk abouttheadjoint, see Problem 5.9.

Example 5.13.2 (Shift operator). Consider the linear shift operatorS : `2
R
(N)→ `2

R
(N),

y = S(u) : (y1, y2, y3, . . .) = (0,u1,u2, . . .).

Given the standard inner product the adjoint of this mappingis

ũ = S
∗(ỹ) : (ũ1, ũ2, ũ3, . . .) = (ỹ2, ỹ2, . . .).

Indeed:

〈Su, ỹ〉 =
∑

k=1

uk ỹk+1 = 〈u,S∗ ỹ〉.

That is, the adjoint of the forward shift is the backward shift. �

Example 5.13.3 (Integral operator). We determine the adjoint ofA : L2
Rnu (R)→ L2

R
ny (R),

y = A(u) : y(t) =
∫ ∞

−∞
K (t, s)u(s) ds.

Note that for eacht, s the matrixK (t, s) is any × nu matrix. (Implicit here also is that theK is
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such that it mapsL2 signals toL2 signals1.) Then

〈Au, y〉 =
∫

t∈R
y′(t)[

∫

s∈R
K (t, s)u(s) ds]dt

=
∫

t∈R

∫

s∈R
[K ′(t, s)y(t)]′u(s) dsdt

=
∫

t∈R

∫

s∈R
[K ′(s, t)y(s)]′u(t) dsdt

=
∫

t∈R
[
∫

s∈R
K ′(s, t)y(s) ds

︸ ︷︷ ︸

A∗y:=

]′u(t)dt = 〈u,A∗y〉.

That is, taking the adjoint corresponds to transforming thekernel as

K (t, s) −→ K ′(s, t).

This is similar to the adjointM ′ of matricesM, with the added fact that the two time indices need
to be interchanged as well (which can also be understood as transpose). �

Example 5.13.4 (From finite dimensional to infinite dimensio nal). Consider the linear map-
ping

P : R
2→ L

2
R
([0,1]); P(

[ a1
a2

]

) = a1+ a2t

(with R2 andL2 equipped with standard inner product). Then

〈Pa, f 〉L2 =
∫ 1

0
(a1+ a2t) f (t) dt = a1〈 f,1〉L2 + a2〈 f, t〉L2 =: 〈a,P∗ f 〉R2

The adjoint ofP∗ : L
2
R
([0,1])→ R

2 hence maps functions to vectors as

b = P∗( f ) : b =
[

〈 f,1〉L2

〈 f, t〉L2

]

.

�

5.14 Normal equations revisited

If we have the subspaceV ⊆ X given in the form

V = AY

for some vector spaceY and linear operatorA : Y→ X then the projection ofx ∈ X onto this
subspaceV can be characterized again by the normal equations:

Lemma 5.14.1 (Normal equations). Let X andY be a vector spaces with inner product. Let
x ∈ X and assumeA : Y→ X is linear and that the adjointA∗ exists. Then

y∗ = argminy∈Y ‖x −Ay‖

iff y∗ ∈ Y satisfies

A∗Ay∗ = A∗x. (5.8)

1sufficient is that
∫

s,t∈R tr K ′(t, s)K (t, s) dtds <∞
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Proof. This is the projection theorem forV = AY andv∗ = Ay∗. By the projection theorem
we need only establish that(x −Ay∗) ⊥ V.

(x −Ay∗) ⊥ V = 〈x −Ay∗,Ay〉 = 0 ∀y ∈ Y

= 〈A∗(x −Ay∗), y〉 = 0 ∀y ∈ Y

= A∗(x −Ay∗) = 0.

Since best approximations do not necessarily exits, the normal equations need not have a
solution. Indeed:

Example 5.14.2 (No solution of normal equations exists). Consider againX = `2
R
(N) and

the subsetY = `finite
R

(N) and letA be the identity mapping fromY to X. ClearlyA∗ is identity
mapping as well and the normal equations become

y∗ = x.

HoweverY 6= X so for somex ∈ X the normal equation has no solutiony∗ ∈ Y. Indeed it does
not for x = (1, 1

2,
1
3,

1
4, . . .), see Example 5.10.3. �

A pragmatic approach to approximation is thatif the normal equations have a solution then
the problem is solved. The Gram-matrix is a special case of the general normal equations:

Example 5.14.3 (Gram-matrix). ConsiderL2
R
([−1,1]) and let us project et onto the subspace

of polynomials of degree at most 1,

min
y1,y2
‖et − (y1+ y2t)‖L2 .

This problem can be solved using Gram-matrices but for the sake of generality we will set up
the problem using adjoints. Borrowing the operatorP (and its adjoint) from Example 5.13.4, the
subspace of polynomialsP1 of degree at most 1 can be seen as the image,

P1 = P(R2)

so the normal equations are

P∗Py∗ = P∗et .

These are equations inR2 (the domain ofP) and it readily verified that these are exactly the
normal equations derived earlier in Example 5.11.3:

[

〈1,1〉 〈1, t〉
〈t,1〉 〈t, t〉

] [

y1
y2

]

=
[

〈et ,1〉
〈et , t〉

]

.

�

The normal equations discussed in this section may also apply to cases whereY is infinite
dimensional. In that sense the normal equations here generalize the Gram-matrix theorem. Ap-
plications of the normal equations are disussed in following chapters.

5.15 Under determined equations

Theorem 2.6.3 from Chapter 2 and the related Lemma 2.9.2 carry over verbatim:
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Theorem 5.15.1 (Projection theorem – minimum norm element o f affine variety). Consider a
vector spaceX with inner product and a subspaceV ⊆ X andx ∈ X. A vectorv∗ is the minimal
norm element of the affine varietyx + V iff v∗ ⊥ V.

Proof. Do it yourself.

Lemma 5.15.2 (Minimal norm solution). Let X andY be vector spaces, both with inner product.
If linear A : Y → X has adjoint, and ifAA∗ : X → X is invertible, then for everyx ∈ X the
unique minimal norm solutiony∗ of the equationx = Ay exists and equals

y∗ = A
∗(AA

∗)−1x. (5.9)

Moreover the minimal norm squared can be expressed in terms of x as

‖y∗‖2Y = 〈(AA∗)−1x, x〉X. (5.10)

Proof. This is Theorem 5.15.1 forV = ker(A) andv∗ = y∗. Clearly they∗ of (5.9) satisfies
Ay∗ = AA∗(AA∗)−1x = x andy∗ ⊥ ker(A). Equation (5.10) follows easily.

The right-hand side of the expression (5.10) is a useful one because typicallyX is of lower
dimension thanY, see Chapter 10 for an extensive example.

5.16 Gram-Schmidt and the matrix of inner products

The generalization ofQR-factorization is the Gram-Schmidt procedure, see Problem5.3.

5.17 Hilbert space

In Chapter 2 we managed to find best approximations by solvingnormal equations and the
normal equations could in principle always be formulated such that the inverses involved exist.
Hence these projection problems are essentially solvable.On general subspace best approxima-
tions need not exist (Example 5.10.3). Here is an other example.

Example 5.17.1 (No best approximation exists). ConsiderX the set of bounded functions on
[−1,1] and consider its subspace of continuous functionsV = C([−1,1],R). What is the best
approximation of the unit step function

x(t) = �
(t) :=

{

1 t ≥ 0

0 t < 0
.

No best approximation exist because the approximation error ‖x − v∗‖ can not be zero (for then
v∗ = x but x 6∈ V) but it can be made arbitrarily close to zero. For instance these functions

vn(t) =
1

π
arctan(nt)+ 1

2

are continuous and satisfy limn→∞ ‖x − vn‖L2([−1,1]) = 0. �

The problem of nonexistence can be traced back to the fact that Cauchy sequences inV such
as thevn in the above example need not have a limit inV. What to do? How to rule out such
undesirable problems? Here is the by now standard route. We mention this route here because it
is really standard and powerful, but for this course you do not have to master the details:
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• Assume we have a vector spaceX with inner product (hence norm). Then an infinite series
∑∞

k=1 αkvk is said toconvergeto somex ∈ X if lim M→∞ ‖x −
∑M

k=1 akvk‖ = 0.

• Check whether or not every Cauchy sequence inX has a limit inX, that is,

lim
N→∞

sup
n,m>N

‖xn − xm‖ = 0 H⇒ ∃x ∈ H : lim
n→∞
‖x − xn‖ = 0.

Inner product spaces with this property are known asHilbert spaces.

• Check whether or not the subspaceV is a Hilbert space. (IfX is a Hilbert space then
V is Hilbert iff it is a closedsubspace, meaning that the complement{x ∈ X|x 6∈ V} is
openmeaning that for anyx in this complement a small enough neighborhood does not
contain any element ofV. A sufficient test for closedness of a subspace is that it havefinite
dimension.)

• Theorem: IfV andX are Hilbert then for anyx ∈ X there is a unique best approximation
v∗ ∈ V. The theorem doesnot provide a means to construct best approximations (via
normal equations or whatever) it only guarantees its existence.

This is all rather involved but for each inner product space the Hilbert space property needs only
to verified once (and we will not do it). The following inner product spaces are Hilbert spaces:

• Rn, Cn in factanyfinite dimensional inner product space is a Hilbert space;

• `2
Cn(Z) andL

2
Cn([a,b]) including if a = −∞,b = ∞

The Hilbert-space property ofL2
Cn([a,b]) did not come about easily. In fact given the stan-

dard Riemann-sum definition of integral, the space of squareintegrable functions isnota Hilbert
space! This prompted mathematicians to actually wanting toredefine the notion of integral (dif-
ferent from Riemann sums). In the beginning of the 20th century issue was settled by the mathe-
matician Henri Lebesgue. He came up with complicated notionof integral that did not suffer the
annoying convergence problems that Riemann’s definition suffered from. TheLebesgue measure
was born and with respect to this measure the spaceL

2 was shown to be a Hilbert space. The “L”
in the notationL2 is in honor of its inventor Lebesgue. We, however, do not needto bother about
the difference between Riemann and Lebesgue and we certainly are not going to treat measure
theory here.

Another advantage of having a Hilbert space is that some morefamiliar results fromRn carry
over. For instance this central result:

Theorem 5.17.2 (Complete orthonormal basis). Let H be a Hilbert space and let{e1,e2, . . .}
be an orthonormal sequence (possibly infinite) inH. The following conditions are equivalent:

1. x ⊥ ek for all ek iff x = 0 sequence iscomplete

2. x =
∑

k〈x,ek〉ek for everyx ∈ H function equals itsFourier series

3. ‖x‖2 =
∑

k |〈x,ek〉|2 for everyx ∈ H. Parseval’s identity

�

Proof. (1) H⇒ (2): any finite sumxN =
∑N

k=1〈x,ek〉ek is the best approximation ofx
in span{e1, . . . ,eN} hence by Thm. 5.10.1 the norm of the approximationxN does not exceed
that of x, so‖

∑N
k=1〈x,ek〉ek‖ ≤ ‖x‖ < ∞. By Pythagoras this implies that

∑N
k |〈x,ek〉|2 ≤

‖x‖2 < ∞ (for N = ∞ this inequality is known asBessel’s inequality). ConsequentlyxN is
a Cauchy sequence because‖xN − xM‖2 =

∑

N<k≤M |〈x,ek〉|2 → 0 as min{N,M} → ∞.
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By the Hilbert property thenx∞ :=
∑∞

k=1〈x,ek〉ek exists inH. This x∞ equalsx because we
assume{e1, . . .} to be complete and

〈x − x∞,en〉 = 〈x,en〉 −
∞
∑

k=1

〈x,ek〉〈ek,en〉 = 〈x,en〉 − 〈x,en〉 = 0 ∀n.

That(2) H⇒ (3) is immediate from Pythagoras and orthonormality of{e1,e2, . . .}. We prove
(3) H⇒ (1) by contradiction: suppose{e1,e2, . . .} is not complete, i.e. a nonzerox exists with
x ⊥ ek ∀k. Then‖x‖ > 0 while

∑

k |〈x,ek〉|2 = 0. This contradicts (3).

For finite dimensional space such asR
n the theorem is intuitive and says that the{e1,e2, . . .}

span the entire space iff the orthogonal complement of span{e1,e2, . . .} is zero.

5.18 If you want to know more...

Some other snippets of results:

• kerA = [im A∗]⊥ and kerA∗ = [im A]⊥.

• If v∗ is best approximation inV thenx − v∗ is a best approximation inV⊥. This can be
useful ifV⊥ is easier to work with (for instance ifV⊥ is finite dimensional).

• For linear operators continuity is equivalent to being bounded (in operator norm).

• If ei is an orthonormal set then
∑

αi ei is well defined (if Hilbert) iff
∑

|ai |2 <∞

• Riesz-Fréchet: IfX is Hilbert then a functionalF : X→ R is bounded (continuous) iff it
is of the formF(x) = 〈x, y〉 for somey ∈ X.

• Any bounded linear operator from Hilbert space to Hilbert space has a unique adjoint and
the adjoint is bounded as well.

• The notion ofnormalso exists outside the context of inner product: any real functional on
some vector spaceX is defined to be anorm if it satisfies the three enumerated properties
of Lemma 5.3.2.

And finally we should warn the reader about the unfortunate habit in the systems and control com-
munity to define inner products as the complex conjugate of the inner products used elsewhere.
So in systems and control literature one may read〈 f, g〉 =

∫

f (t)g(t) dt which on complex
vector space isnot linear in its first argumentf , but linear in its second argumentg.

5.19 Problems

5.1 Prove theparallelogram law: ‖u+ v‖2 + ‖u− v‖2 = 2‖u‖2+ 2‖v‖2.

5.2 Verify that onL
2
R
([0,1]) with its standard inner product we have that〈tk, et 〉 = e−

k〈tk−1, et 〉 for anyk ∈ N, k > 0. Use this and MATLAB to find the optimal degree 10
polynomialp(t) approximation of et and plot the error et − p(t).
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5.3 Let{v1, v2, . . .} be a linearly independent set. Prove that theGram-Schmidtprocedure:

e1 =
v1

‖v1‖
, gn = vn −

n−1
∑

k=1

〈vk,ek〉ek en =
gn

‖gn‖
,

produces an orthonormal set{e1,e2, . . .} and that span{v1, . . . , vk} = span{e1, . . . ,ek}
for eachk.

5.4 Apply the Gram-Schmidt procedure (Problem 5.3) on{1, t, t2} ∈ L
2
R
([0,1]) and sketch

the graphs of the so obtainede1,e2,e3.

5.5 Show that onRn:

〈x, y〉 is an inner product⇐⇒ 〈x, y〉 = y′Px for someP = T ′T with T nonsingular.

5.6 Suppose〈x, y〉 = 0 for all x ∈ X. Show thaty = 0.

5.7 Is〈A, B〉 := tr B′A an inner product onRn×k?

5.8 Is itS⊥⊥ ⊆ S or S ⊆ S
⊥⊥?

5.9 Show that the adjointA∗ (if it exists) of a mappingA is unique (Lemma 5.9).

5.10 Show that on real vector space‖x + y‖2 = ‖x‖2 + ‖y‖2 iff x ⊥ y and find a counter
example to this equality for the complex vector spaceC.

5.11 Show that ac > 0 exists such that

|
∫ π

0
f (t) cos(t) dt| ≤ c

√
∫ π

0
| f (t)|2 dt ∀ f

and determine the smallestc∗ possible and a functionf (t) that achieves equality for this
smallestc∗.

5.12 Consider the vector space of continuous functions defined on the unit circle,

f, g : {z ∈ C | |z| = 1} → C.

Show that

〈 f, g〉 = 1

2π i

∫

|z|=1
g(z) f (z)

1

z
dz (wherez encircles counter clockwise)

is an inner product.

5.13 Consider a set of continuously differentiable functions [0,1]→ R. Is

〈 f, g〉 :=
∫ 1

0
g(t) f (t)+ g(1)(t) f (1)(t) dt

an inner product?

5.14 Prove Lemma 5.11.1.

5.15 ConsiderF([0,1],R). Does a best approximation of et in the space of polynomials of any
degreeP exist?
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5.16 Does 2|〈x, y〉| ≤ ‖x‖2+ ‖y‖2 hold for any inner product?

5.17 Prove that (5.2) is indeed an inner product onL
2
R
([a,b]).

5.18 Consider the convolution mappingCh : L
2
R
(R)→ L

2
R
(R),

y = Ch(u) : y(t) =
∫ ∞

−∞
h(τ )u(t − τ ) dτ

Determine the adjoint in integral form, that is, determinek:

u = C
∗
h(y) : u(t) =

∫ ∞

−∞
k(t)y(t − τ ) dτ.

5.19 Write a MATLAB function that returns the solutiony ∈ Rn of the optimization problem

min
y

y′Qy, subject to theAy= x

for given positive definiteQ, matrix A and vectorx. (You may assume thatAA′ is invert-
ible.)

5.20 An extension of Parseval’s equality is that for a complete orthonormal sequence on Hilbert
spaceH we have for anyx, y ∈ H that

〈x, y〉 =
∑

k

〈x,ek〉〈ek, y〉.

Prove it.
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6 Fourier

There are four classic fourier transformations (three, if you count differently) and they all have
intriguing orthogonality properties. They can be categorized by their domain and range:

• From discrete to discrete (DFT, FFT),

• From continuous to discrete (Fourier series),

• From continuous to continuous (Fourier transform),

• From discrete to continuous (DTFT).

In this chapter we cover the first two in detail and the remaining two only briefly.

6.1 DFT — discrete to discrete Fourier transform

The n-point discrete Fourier transform (DFT)is the linear transformationFdd : Cn → Cn

defined as

x̂ = Fx :












x̂0

x̂1

x̂2

...

x̂n−1












︸ ︷︷ ︸

x̂

=













1 1 1 · · · 1

1 b1 b2 · · · bn−1

1 b2 b4 · · · b2(n−1)

...
...

...
...

...

1 bn−1 b2n−2 · · · b(n−1)2













︸ ︷︷ ︸

F













x0

x1

x2

...

xn−1













︸ ︷︷ ︸

x

(6.1)

HereF is then×n matrix whose(k,n)th entry is equal tob(k−1)(n−1) with b the complex number

b = e−i2π/n. (6.2)

Note that the first index ofx and x̂ is chosen to be 0 instead of 1, and also note that for each
n ∈ N we have a different DFT. Then×n matrix F is completely determined byb which in turn
is completely determined byn. If we distributen complex numbers uniformly on the unit circle
with 1 being one of the numbers, thenb is the first number below 1 andb2 is the next in line and
thenb3, see Fig. 6.1. Repeating this process we eventually end up ina := bn−1 and then, finally,
back in 1= bn. The numbera := bn−1 is

a = e+i2π/n. (6.3)

The numbersa andb are each-others inverse,ab= 1, and each-others complex conjugate:a = b
andb = a.
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C

b

b2

b3

a := bn−1

1= bn

Figure 6.1: The unit circle equidistantly divided inton = 16 parts

The DFT has the property that it is invertible for anyn and that its inverse is similar to the
DFT. This follows from the fact thatF is orthogonal (modulo a factorn):

F∗F =








1 1 1 · · ·
1 a1 a2 · · ·
1 a2 a4 · · ·
...

...
...

...















1 1 1 · · ·
1 b1 b2 · · ·
1 b2 b4 · · ·
...

...
... · · ·







=








n 0 0 · · ·
0 n 0 · · ·
0 0 n · · ·
...

...
...

. . .







.

This is readily verified: the(1,1) element ofF∗F is the product of the vectors(1,1, . . . ,1)
and(1,1, . . . ,1) hence equalsn. Likewise the(2,2)-entry is the product of(1,a,a2, . . .) and
(1,b,b2, . . .) and hence becomes 1+ ab+ a2b2 + · · · = 1+ 1+ 1+ · · · = n. All diagonal
entries similarly turn out to equaln. All non-diagonal entries ofF∗F are zero. For instance
the(1,2)-element is the product of the first row ofF∗ and the second column ofF . That gives
1 + b + b2 + · · · + bn−1. These are then numbers on the unit circle and since they circle
around zero they add up to zero, see Fig 6.1. Likewise the(1,3)-entry of the right-hand side is
1+ b2 + b4 + · · · + b2n−2. All thesen numbers circle around zero as well, be it now twice as
fast, nevertheless due to symmetry they again add up to zero.All non-diagonal entries are zero.
The conclusion is

Lemma 6.1.1 (Inverse DFT). DFT (6.1) for anyn ∈ N is invertible with inverse

x = F−1x̂ :








x0
x1
x2
...







= 1

n








1 1 1 · · ·
1 a1 a2 · · ·
1 a2 a4 · · ·
...

...
...

...















x̂0
x̂1
x̂2
...








(6.4)

wherea = 1/b = ei2π/n. �

SinceF∗F = nI we have for anyx ∈ Cn that

|x̂|2 = x̂ · x̂ = (Fx) · (Fx) = (F∗Fx) · x = n|x|2.

This equality is known as Parseval’s identity (though in preceding chapters we preserved Parse-
val’s identity for orthonormal bases).

6.2 Harmonic decomposition — the DFT as a change of basis

Instead of interpreting the DFT as a linear transformation we can also interpret it as moving
from one basis to the other. With the DFT we determine the coordinatesx̂k of the vectorx, with
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respect to the basis formed by the columns ofF−1,

x = x̂0

n








1
1
1
...







+ x̂1

n








1
a
a2

...







+ x̂2

n








1
a2

a4

...







+ · · · + x̂n−1

n








1
an−1

a2(n−1)

...








and sinceF−1 is invertible (obviously) we know that the columns ofF−1 are linearly independent
and that they span the entire spaceCn, that is, anyx ∈ Cn has such an expansion. In fact, since
F∗F is diagonal we have that the columns ofF−1 form an orthogonal basis ofCn.

Figure 6.2 shows the DFT of twon-vectors forn = 16. The DFT spreads anyxm over all
x̂k, k = 1, . . . ,n. Inversely, as can be seen from Fig. 6.3, eachx̂k is distributed over all entries
of x = F−1x̂. As the bottom two plots of Fig. 6.3 suggests, the DFT for realvaluedxk obeys the
symmetry property

Rex̂k = Rex̂n−k, Im x̂k = −Im x̂n−k ∀ 0< k < n

and thatx̂0 is real.

6.3 Extra: the FFT

For generaln× n matricesA and vectorsx ∈
Rn it requires at leastn2 operations to form the
productAx because every of then2 elementsAi j

affect the product. For the DFT the story is quite
different. The point is that the matrix in ann-point
DFT only hasn differentelements. Indeed, since
bn = 1 any termbk is one of{1,b, . . . ,bn−1}.
This gives the DFT-productFx a lot of structure,
a structure that can be exploited to significantly
reduce the numbers of operations required. The
resulting algorithm is known as thefast fourier
transformor simply asFFT; a truly famous al-
gorithm. It was invented in 1965 during the cold
war by John Tukey, and was published together
with James Cooley. It was immediately recog-
nized as a breakthrough and soon computers ap-
peared whose sole purpose was to compute FFTs.
Among them the impressive,Fourier Analyzer
5154Aof Hewlett-Packard.

It is interesting fact that the derivation of the
FFT is best seen not from a matrix representation
but from a summation representation,

x̂k =
n−1
∑

m=0

e−i 2π
n mkxm k = 1,2, . . . ,n− 1, (6.5)

and its inverse

xm =
1

n

n−1
∑

k=0

ei 2π
n mkx̂k m= 1,2, . . . ,n− 1.
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x0 = 1

x1 = 1

x̂k = 1

Rex̂k

Im x̂k

DFT−→

DFT−→

Figure 6.2: The datax0 or x1 is spread over all̂xk,
(blue = real part; red = imaginary part)

DFT−1
←−

DFT−1
←−

DFT−1
←−

DFT−→

Figure 6.3:x̂k is the coordinate of the(k+ 1)st column ofF−1,
(blue = real part; red = imaginary part)
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Lemma 6.3.1 (FFT). Supposen is an integral power of 2:n = 2M . Then the DFT can be
computed inO(n log(n)) number of operations.

Proof. The crux of the FFT is that for all evenk = 2 j we may rewrite (6.5) as

x̂2 j =
n/2−1
∑

m=0

(xm + xm+n/2)e
−i 2π

n/2mj
, j = 0,1, . . . ,n/2− 1

and for all odd indicesm= 2 j + 1,

x̂2 j+1 =
n/2−1
∑

m=0

e−i 2π
n m(xm − xm+n/2)e

−i 2π
n/2mj

, j = 0,1, . . . ,n/2− 1.

Thus then-point DFT (6.5) may be reduced to computation of twon/2-point DFTs, one of

zeven,m := xm+ xm+n/2, m= 0,1, . . . ,n/2− 1

and one of

zodd,m := e−i 2π
n m(xm− xm+n/2), m= 0,1, . . . ,n/2− 1.

Forming thezeven,m from xm takesn/2 (complex) additions. Formingzodd,m takes besides addi-
tions also multiplications. Nowadays multiplication requires about as much computing time as
addition, in any event, formingzeven,m andzodd,m together takesdn units of operation for some
constantd > 0. Now letC(n) denote the number of operations needed to compute then-point
DFT. Using the above procedure we have that

C(n) = dn+ 2C(n/2).

As C(1) = 0 we get that

C(n) = dn log2(n).

6.4 Fourier — continuous to discrete

It is time for some elegant math. We will not rely on the results of the previous section but we
prove from scratch (well) anL2 version of the famous Fourier series. The story begins with the
following easy result:

Lemma 6.4.1. OnL
2
C
([0,1]) the doubly infinite sequence{. . . ,e−1,e0,e1,e2, . . .} of harmonic

signals

ek(t) := ei2πkt

is an orthonormal set.

Proof. 〈ek,en〉 =
∫ 1

0 ei2π(k−n)t dt which is 0 if k 6= n and is 1 ifk = n.
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So immediately we get that the best approximationf∗ in span{. . . ,e−1,e0,e1, . . .} of a func-
tion f ∈ L2([0,1]) is

f∗ =
∞
∑

k=−∞
〈 f,ek〉ek,

that is,

f∗(t) =
∞
∑

k=−∞
f̂kei2πkt

where we used the short hand

f̂k = 〈 f,ek〉 =
∫ 1

0
e−i2πkt f (t) dt .

The obvious question now is: is the Fourier seriesf∗ of f equal to f ? Or, to put it differently, is
the sequence{. . . ,e−1,e0,e1, . . .} acompleteorthonormal sequence inL2

C
([0,1])? It is:

Lemma 6.4.2 (Classical Fourier series). Let T > 0. Every f ∈ L2
R
([0, T ]) equals its Fourier

series,

f (t) =
∑

k∈Z
f̂keik 2π

T t (6.6)

where f̂k are theFourier coefficientsdefined as

f̂k =
1

T
〈 f, eik 2π

T ·〉 = 1

T

∫ T

0
e−ik 2π

T t f (t) dt .

Proof. We prove theT = 1 case (otherT follow from scaling). According to Theorem 5.17.2
we need only show that the only function orthogonal to allek is the zero function. Assume for
the moment thatf is continuous. Iff is nonzero thenf is> 0 (or< 0) throughout some small
enough interval [c−1, c+1], see Fig. 6.4. Take the harmonic functionh(t) of the form

h(t) := b+ 1

2
cos(2π t + a) = b+ 1

4
(ei(2π t+a) + e−i(2π t+a))

wherea,b are such thath(c− 1) = h(c+ 1) = 1, andh(t) > 1 inside this interval, and< 1
elsewhere in [0,1], see Fig. 6.4. Clearly for large enoughn we have

〈 f,hn〉 6= 0.

Thehn is a linear combination of harmonic signals:hn ∈ span{e−n, . . . ,en} hence for at least
onek we have〈 f,ek〉 6= 0. Therefore the only continuousf that is orthogonal to allek is the
zero function,f = 0.

Now let f ∈ L2, not necessarily continuous. Iff ⊥ ek for all k then the integratedF(t) :=
∫ t

0 f (τ ) dτ — which is continuous — is orthogonal to allek as well. Indeed, sinceF(1) =
F(0)+

∫ 1
0 f (t) dt = F(0)+ 〈 f,e0〉 = F(0) = 0 we get using integration by parts

〈F,ek〉 =
∫ 1

0
e−i2πkt F(t) dt =

[
e−i2πkt

−i2πk
F(t)

]1

0
− 1

−i2πk
〈 f,ek〉 = 0 ∀k 6= 0.

So F(t) − 〈F,e0〉e0 is orthogonal to allek, includingk = 0. By continuity this implies that
F − 〈F,e0〉 is the zero function, i.e.F(t) is constant,F(t) = F(0) = 0. Its derivativef hence
is the zero function1, which is what we set out to prove.
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0 1

1

h(t) < 1

h(t) > 1

f (t) > 0 f (t)

c−1 c+1

Figure 6.4: A particular cosineh(t) = 1+ cos(2π(t−c))−cos(2π1)
2

Be aware that equality in (6.6) is to be understood inL2-sense. I.e.f (t) and its Fourier series
could differ at some values oft , as long as they are the same for “almost allt”.

Parseval’s identity for our case becomes:

Lemma 6.4.3 (Parseval and power).

1

T
‖ f ‖2

L2([0,T ]) =
∑

k∈Z
| f̂k|2

for any f ∈ L2([0, T ]) and corresponding Fourier coefficientsf̂k. �

Proof. ForT = 1 it follows immediately from Theorem 5.17.2. OtherT follow from scaling.

For f : [0, T ] → Cn, the quantity1
T ‖ f ‖2

L2[0,T ]
is often referred to as thepower. Since the

chopped Fourier series

fN(t) =
N
∑

k=−N

f̂kei 2π
T kt

is a projection of f — onto span{e−N , . . . ,eN} — its power never exceeds that off and by
Parseval we have an explicit description for the power loss

1

T
‖ f − fN‖2 =

∑

|k|>N

| f̂k|2.

We think of| f̂k|2+ | f̂−k|2 — for k 6= 0 — as the power of the signalat angular frequency2πT k.
The Fourier series can also be interpreted as a linear transformation from functions to Fourier

coefficients,Fcd : L2([0, T ])→ `2(Z), f̂ = Fcd( f ).

6.5 Fourier transform — discrete to continuous (DTFT)

1It is a theoremthat the derivative of the integralF of a Lebesgue integrable functionf equals f almost everywhere!
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Very briefly: fixing T = 2π and interchanging the role of time and frequency readily gives us
that the discrete-to-continuous Fourier transformû = Fdc(u) is

û(ω) =
∞
∑

m=−∞
ume−iωm, ω ∈ [−π, π ].

It is better known as thediscrete-time Fourier transform (DTFT). It transforms infinite (discrete-
time) sequences to continuous-frequency functions and it is invertible for anyu ∈ `2 with inverse

um =
1

2π

∫ π

−π
û(ω)eiωm dω, m ∈ Z.

Parseval’s identity becomes

‖u‖`2(Z) =
1√
2π
‖û‖L2[−π,π ]

or, in terms of inner products,

〈u, y〉`2(Z) =
1

2π
〈û, ŷ〉L2[−π,π ] .

Mapping 1√
2π

Fdc : `2(Z)→ L2[−π, π ] is unitary (inner product preserving, linear, invertible).

6.6 Fourier transform — continuous to continuous

For T →∞ the Fourier series thickens to an integral.

Theorem 6.6.1. For anyu ∈ L2
Cn(R) the Fourier transform̂u = Fcc(u) defined as

û(iω) =
∫ ∞

−∞
u(t)e−iωt dt, ω ∈ R (6.7)

is invertible, with

u(t) = 1

2π

∫ ∞

−∞
û(iω)eiωt dω, t ∈ R. (6.8)

where equality is understood inL2 sense. The Fourier transform mapsL
2
Cn(R) to L

2
Cn(iR).

Proof (sketch). Consider the restrictionuT of u to the time interval [−T
2 ,

T
2 ]. The restriction

uT is in L2([−T
2 ,

T
2 ]) and so equals its Fourier series,

u(t) = uT (t) =
∑

k∈Z
ûkei 2π

T k ∀t ∈ [−T
2 ,

T
2 ]

whereûk are the Fourier coefficients ofuT : ûk = 1
T

∫ T/2
−T/2 u(t)e−i 2π

T kt dt . Given that the Fourier

transform ofuT is ûT (iω) =
∫ T/2
−T/2 u(t)e−iωt dt we getûk = 1

T ûT (i 2π
T k), so

u(t) = 1

2π

∑

k∈Z

2π

T
ûT (i

2π

T
k)ei 2π

T k ∀t ∈ [−T
2 ,

T
2 ].
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With the substitution1 := 2π
T we recognize this as a Riemann-sum approximation of integral,

u(t) = 1

2π

∑

k∈Z
1ûT (ik1)ei1k ∀t ∈ [−T

2 ,
T
2 ]

Let T → ∞ (hence1 → 0) and the above sum thickens to the integral (6.8). That it maps
u ∈ L2

Cn(R) to û ∈ L2
Cn(iR) follows from Plancherel’s theorem (done next).

In this context Parseval’s identity is often calledPlancherel’s theoremafter its inventor Michel
Plancherel.

Lemma 6.6.2 (Plancherel, L2-inner product in frequency domain). For anyu, y ∈ L2(R) and
their Fourier transformŝu, ŷ we have

〈u, y〉L2(R) =
1

2π
〈û, ŷ〉L2(iR)

and hence for anyu ∈ L2(R),

‖u‖L2(R) =
1√
2π
‖û‖L2(iR). (6.9)

Proof (sketch). The inverse Fourier transform says thatu(t) = 1
2π

∫∞
−∞ û(iω)eiωt dω. There-

fore

2π〈u, y〉 =
∫

y∗(t)
∫

û(iω)eiωt dωdt =
∫∫

(e−iωt y(t))∗û(iω)dtdω =
∫

ŷ(iω)∗û(iω)dω

= 〈û, ŷ〉.

(See the comment in Section 6.10 , or, on second thought, don’t see this comment!)

So, up to a scaling factor, the Fourier transform fromL
2(R) to L

2(iR) is a unitary trans-
formation (inner-product preserving invertible linear transformation) and because of this strong
connection we usually are ambiguous about which domain we are considering, time domain or
frequency domain.

Example 6.6.3. The Fourier transform ofu(t) = e−t �
[0,∞)(t) is

û(iω) = 1

1+ iω
.

In time domain the norm (squared) computes as

‖u‖2 =
∫ ∞

−∞
u2(t) dt =

∫ ∞

0
e−2t dt = 1

2

while in frequency domain we get

1

2π
‖û‖2 = 1

2π

∫ ∞

−∞

1

1+ ω2
dω = 1

2π
arctan(ω)

]∞

∞
= 1

2
.

The two results are the same, as they should. �
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6.7 Bilateral Laplace transform of L2(R)-signals

The Fourier transform naturally extends to the bilateral Laplace transform. Thebilat-
eral Laplace transformalso known as thetwo-sidedLaplace transform is the linear mapping
f : R→ V

F = L( f ) : F(s) =
∫ ∞

−∞
f (t)e−st dt

for thoses ∈ C for which the integral is well defined. It is an extension of Fourier in that it may
not only be defined on the imaginary axis,s = iω, but possibly for others ∈ C as well. The
(largest open?) set ofC for which F(s) is defined as called theregion of convergence (ROC).

Example 6.7.1 (Region of convergence).

1. The bilateral Laplace transform of the causal signalf (t) = e−t �(t) = is well
defined for Res > −1,

F(s) = 1

s+ 1
, ROC= −1

Im (s)

Re(s)

2. The bilateral Laplace transform of the anticausal signalg(t) = et �(−t) = is well
defined for Res < 1,

G(s) = 1

−s+ 1
, ROC= 1

Im (s)

Re(s)

3. The Laplace transform ofh(t) = et2
not defined for anys ∈ C. The ROC is empty.

4. The Laplace transform ofp(t) = e−t2
is well defined for everys ∈ C. The ROC isC.

�

The Fourier transformf̂ will from now on usually be seen as a special case of the bilateral
Laplace transform and we useF(iω) to denote the Fourier transform of a signalf . Another
example of Plancherel’s theorem reveals something special:

Example 6.7.2 (Orthogonal rational Fourier transform). For anya,b> 0 these two functions

f (t) = e−at �
[0,∞)(t) =

0
and g(t) = ebt �

(−∞,0](t) =
0

are orthogonal, and are inL2(R). Then Plancherel states that their Fourier transforms are orthog-
onal inL2(iR),

F(iω) = 1

a+ iω
⊥ 1

b− iω
= G(iω).

(With Complex Functions Theory this can also be verified entirely in frequency domain.) �
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The findings of the above example generalizes as follows. In what followsstabilityof a rational
complex functionF(s) is understood to mean thatF(s) has all its poles in the open left-half plane.
Antistabilitymeans its poles all have strictlypositivereal part.

Lemma 6.7.3 (Orthogonal rational Fourier transform). Let F(s) and G(s) be two strictly
proper rational functions. IfF(s) is stable andG(s) anti-stable, then they are orthogonal on
L

2(iR):

F(iω) ⊥ G(iω).

If H (s) is a stable rational function with relative degree at least 2, then

∫

ω∈R
H (iω) dω = 0.

Proof. Associate withF andG a region of convergence that contains the imaginary axis (i.e. a
right-half plane forF and a left-half plane forG). With partial fraction expansion the inverse
Laplace transform ofF andG may be shown to be causal and anticausal respectively (zero for
negative time and zero for positive time, respectively) henceF andG are orthogonal as elements
of L

2(iR). Split H (s) as H (s) = F(s)G′(−s) with F,G strictly proper andF stable andG
antistable. Then

∫

ω∈R H (iω) dω =
∫

ω∈R F(iω)G′(−iω) dω = 〈F,G〉L2(iR) = 0.

The set of all stable strictly proper rational functions

H
2
rat= {F : iR→ C | F(s) is rational, stable, strictly proper}

can on the one hand be characterized as being the rational functions that are Fourier transforms
of causal2 signals and on the other hand can obviously also be characterized as the strictly proper
rational functions that have their poles in the open left-half complex plane. The generalization of
this equivalence is due to Paley and Wiener (stated below without proof). In what followsC+ is
the open right-half complex plane andC− the open left-half complex plane,

C+ = {s ∈ C | Re(s) > 0}, C− = {s ∈ C | Re(s) < 0}.

Theorem 6.7.4 (Extra: Paley-Wiener). The set of Laplace transforms of causal signals

L

(

L
2
Cn [0,∞)

)

is well defined inC+ and equals theHardy spaceH2,

H
2 = {F : C+→ C

n | F is analytic inC+ and sup
σ>0
‖F‖L2(σ+iR) <∞}.

Moreover then supσ>0 ‖F‖L2(σ+iR) = ‖F(iω)‖L2(iR). Similarly

L

(

L
2
Cn(−∞,0]

)

= H
2⊥ := {F : C−→ C

n | F analytic inC− and sup
σ<0
‖F‖L2(σ+iR) <∞}.

�

2A signal f : R→ V is causalif f (t) = 0 for all t < 0.
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Example 6.7.5. The bilateral Laplace transform off (t) = �
[0,h](t) = 0 h

is

F(s) = 1− e−sh

s
=

Im (s)

Re(s)

|F(s)|

The candidate-poles= 0 of F(s) cancels against the zero in the numerator. ThisF(s) is defined
everywhere in the complex planeC. Over theleft-half complex plane it is unbounded (red part
of above figure). This functionF is in H2. �

6.8 Stable systems, causal or noncausal

A linear mapping (system)y = Gu from {R→ Cnu } to {R→ Cny} is said to beL2-stable—
or simply,stable— if the L2-gain of the mapping is finite, that is, if anM > 0 exists such that

‖Gu‖L2(R) ≤ M‖u‖L2(R) ∀u ∈ L
2(R).

The infimal suchM is known as theoperator normof G.
The set ofL2(R)-stable LTI systems is denoted

L
∞.

This set contains both causal an noncausal systems. The set of L2-stable LTI systems that in
addition are causal is denoted

H
∞.

Both L∞ andH∞ have clear frequency-domain characterizations but that does not concern is
now.

For systems with rational transfer matricesG(s) = L(g), to be inL∞ it is necessary and
sufficient that the region of convergence ofG(s) contains that imaginary axis and thatG(s) is
proper. In other words, with every proper rational matrix that does not have poles on iR one can
associate a (possibly noncausal) systemy = g∗u that isL2(R)-stable. For systems with rational
transfer matricesG(s) = L(g), to be inH∞ it is necessary and sufficient that the region of
convergence ofG(s) contains the entire closed right-half plane and that it is proper. Conversely
to any properG(s) with its poles in the open LHP one can associate a causal system y = g ∗ u
that isL

2(R)-stable.

6.9 LTI transformations, adjoint and conjugate

In what follows we take the adjoint with respect toL
2.
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Lemma 6.9.1 (Adjoint in frequency domain). Let G be a stable LTI mapping with frequency
responseG(iω). Then the adjointG∗ has frequency response [G(iω)]′.

Proof. 〈y,Gu〉 =
∫∞
−∞[G(iω)u(iω)]′y(iω) dω =

∫∞
−∞ u(iω)′[G(iω)′y(iω)] dω = 〈G∗y,u〉.

The adjoint frequency response [G(iω)]′ by itself is defined only on the imaginary axis. It will
be useful to extend the adjoint frequency response to transfer matrices (i.e. defined on a larger set
than just the imaginary axis). If the LTI mapping is given in time domain (i.e. as a convolution)

y = G(u) : y = h ∗ u

then according to Example 5.13.3 the adjoint is a convolution as well with the only difference
that the impulse response is time-reversed and that its complex conjugate transpose is taken,

u = G
∗(y) : u = g ∗ y, g(t) = h′(−t).

The bilateral Laplace transform ofh′(−t) is denotedH∼(s),

H∼(s) =
∫ ∞

−∞
h′(−t)e−st dt =

∫ ∞

−∞
h′(t)e+st dt = [H (−s)]′.

The commutative diagram below expresses that we can determine the, say, frequency response
of the adjoint in different ways.

h(t)
Laplace−−−−→ H (s)

s= iω−−−−→ H (iω)

adjoint



y



yconjugate



yadjoint

h′(−t)
Laplace−−−−→ H∼(s)

s= iω−−−−→ H∼(iω)

We can bypass any time-domain interpretations and directlymove from transfer matrixH (s) to
H∼(s) according to the rule

H∼(s) = [H (−s)]′.

The so definedH∼(s) in terms ofH (s) is known as theconjugateof H (s). We see that it has
the property

H∼(iω) = [H (iω)]′

which is consistent with Lemma 6.9.1. IfH (s) is defined on the closed right-half plane (closed
RHP) the conjugate is defined on the closed left-half plane (closed LHP) and vice versa. If the
domain ofH (s) includes the imaginary axis then so does that ofH∼(s). The conjugate of a
rational function is rational.

Example 6.9.2 (Conjugate of real-rational G(s)). The conjugate of the stable system with trans-
fer function

G(s) = 1

s+ 1
, (Re(s) > −1)

is

G∼(s) =
[

1

−s+ 1

]∗
= 1

−s+ 1
= G(−s), (Re(s) < 1).

Note thatG(s) = L(e−t �(t)) andG∼(s) = L(et �(−t)). �
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Likewise one readily gets that for real LTI systems (systemswith real-valued impulse response)
the conjugateG∼ may be determined as

G∼(s) = [G(−s)]T.

In particular, ifG(s) is real-rational then so isG∼(s) and the poles ofG∼(s) are minus those of
G(s).

Example 6.9.3 (Three norm preserving systems).

1. The stable LTI systemy = G(u) with transfer function

G(s) = s− a

s+ 1

is norm preserving — that is‖y‖L2 = ‖u‖L2 for all u — iff a = ±1. Indeed,

〈Gu,Gu〉L2(R) = 〈Gû,Gû〉L2(iR) = 〈G∼Gû, û〉L2(iR)

and this equals〈û, û〉L2(iR) for everyû iff G∼G = I on the imaginary axis,

G∼(s)G(s) = −s− a

−s+ 1

s− a

s+ 1
= a2− s2

1− s2
.

2. The stable LTI system with transfer matrix

G(s) =
[

1
s+1

s
s+1

]

is a norm preserving mapping fromL2
C
(iR) to L2

C2(iR) because

G∼(s)G(s) =
[

1
−s+1

−s
−s+1

]
[

1
s+1

s
s+1

]

= 1− s2

−s2+ 1
= 1.

3. The delay operatory(t − h) = u(t) is obviously norm preserving onL2(R). Its transfer
function isG(s) = e−sh and so

G∼(s)G(s) = eshe−sh = 1

which once again proves the norm preserving property.

�

6.10 Extra: some technical details...

• A proper proof of Theorem 6.6.1 and Plancherel’s theorem is surprisingly involved. The
problem with the sketch of proofs given above is that they rely on Riemann-sum approx-
imations (while we are supposed to work with Lebesgue integrable functions) and in the
proof of Plancherel we secretly assumed that the order of integration may be interchanged,
which requires Fubini’s theorem. A proper proof follows these lines: first show that the
theorems are valid foru = L1∩L2 (the setL1 is the set of absolutely integrable functions).
Foru ∈ L2 use thatL2 ∩ L1 is dense inL2 to construct a sequence ofuk ∈ L2 ∩ L1 such
thatuk → u in L2-sense. Because of Plancherelûk ∈ L2(iR) and sinceL2 is a Hilbert
space it has a limit̂u ∈ L

2. This is the extension of the Fourier transform ofu.
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• Note that the domain ofH2 does not contain the imaginary axis so we can not consider
F(iω) for F ∈ H2 (which we secretly did in Theorem 6.7.4). We should have said: if
F ∈ H2 then for almost everyω ∈ R the nontangential limit̂F(iω) := limσ↓0 F(σ + iω)
exists and the so defined functionF̂ is an element ofL2(iR).

6.11 Problems

6.1 Write a MATLAB script that approximates the Fourier transformFcc using the FFT.

6.2 Consider theFcc and subspaceVA = { f ∈ L2
R
(R) | f̂ (iω) = 0 ∀|ω| > A }. Find the best

approximation inVA (in both time domain and frequency domain) of

sinch(t) =
sin(πh t)

π
h t

=
h 2h

sinch

The answer depends onh. [Hint: what is the Fourier transform of sinch(t)?]

6.3 Show that sinch(t − kh), k ∈ Z is an orthogonal sequence inL2(R).

6.4 Construct a functionf ∈ L2
R
(R) whose Fourier transform̂f (iω) is not defined atω = 1

(but f̂ is nevertheless inL2
C
(iR) as Plancherel dictates). [You do not have to determinef̂

explicitly.]

6.5 ConsiderL2
R
([−1,1)] and suppose we apply the Gram-Schmidt procedure to the sequence

span{1, t, t2, t3, . . .} to obtain an orthonormal set{e0,e1, . . .} of polynomials. Prove
that this sequence is complete (i.e. everyf ∈ L

2
R
([−1,1)] equals its series expansion

f =
∑

k=0〈 f,ek〉ek). [Hint: do not apply Gram-Schmidt and have a look at the proof of
Thm. 6.4.2.]

6.6 Show that the sequence{ê1, ê2, . . .},

êk(iω) =
1

iω + 1

(
iω − 1

iω + 1

)k

is an orthogonal sequence onL2(iR), and determine‖êk‖. Is the sequence complete?

6.7 Show that the stable causal delay-differential system

ẏ(t)+ 1

2
y(t − π/2) = u(t)− 1

2
u̇(t − π/2)

is L2-norm preserving.

6.8 Let

H (s) = c

∏n
i=1(s− ai )

∏m
j=1(s− b j )

For whichn,m ∈ N, c,a1, . . . ,an,b1, . . . ,bm ∈ R is this the transfer function of a norm
preserving LTI system?

6.9 (H∼)∼ = H?
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7 An Introduction to stochastic processes

Also spaces of stochastic variables can be equipped with an inner product. We will denote
stochastic variables (random variables) by lower case symbols.

7.1 Expectation, variance and covariance

For a real valued stochastic variablex the probability distribution Fx(ξ) is defined as the
probability thatx ≤ ξ :

Fx(ξ) = Pr(x ≤ ξ).

Its derivative

fx(ξ) =
∂

∂ξ
Fx(ξ)

(which we assume exists) is known as theprobability density function. It is nonnegative and we
get the familiar picture (witha < b ∈ R):

Pr(a < x < b) =
∫ b

a
fx(ξ) dξ

a b ξ →

fx(ξ)

Theexpected valueE(x), also known as themean, of a stochastic variablex is defined as

E(x) =
∫ ∞

−∞
ξ fx(ξ) dξ

and one can prove that for any1 functiong : R→ R

E g(x) =
∫

−∞
g(ξ) fx(ξ) dξ.

The three for us important expectations are

mean: E(x)
second moment: E(x2)

variance: var(x) := E(x − E x)2

The mean is also known as the first moment.
For two real valued stochastic variablesx1, x2 the(joint) probability distribution Fx1,x2(ξ1, ξ2)

is defined as

Fx1,x2(ξ1, ξ2) = Pr(x1 ≤ ξ1; x2 ≤ ξ2).
1well, sufficient is thatg have bounded variation?
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Its derivative

fx1,x2(ξ1, ξ2) := ∂2

∂ξ1∂ξ2
Fx1,x2(ξ1, ξ2)

(we assume it exists and that it is continuous) is known as the(joint) probability density function.
It is nonnegative and we get the familiar picture (witha < b ∈ R, c < d ∈ R):

Pr(a < x1 < b; c< x2 < d) =
∫ ξ1=b

ξ1=a

∫ ξ2=d

ξ2=c
fx1,x2(ξ1, ξ2) dξ1dξ2

b
d

ξ1

ξ2

As before one can prove that for functionsg : R2 → R the stochastic variableg(x1, x2) has
expectation

E g(x1, x2) =
∫∫

R2
g(ξ1, ξ2) fx1,x2(ξ1, ξ2) dξ1dξ2.

The three for use important expectations are

correlation: E(xy)
covariance: cov(x, y) := E(x − E x)(y− E y)

correlation coefficient: ρ(x, y) := cov(x,y)√
var(x)var(y)

We mostly work directly with mean and (co)variance and we hardly ever have to worry about
underlying probability density functions.

7.2 Inner product and the covariance matrix

Given a finite numberm of Rn-valued stochastic variablesx1, . . . , xm all with finite first and
second moment

E xkj ∈ R, E x2
kj <∞

we form the vector space of linear combinations of thesem stochastic vectorsxk’s:

X
n := span{x1, . . . , xm} := {x | x =

m
∑

k=1

akxk, a1, . . . ,am ∈ R}. (7.1)

Any sample (observation, realization) fromXn is an element ofRn. The spaceXn satisfies the
usual vector space properties (we do not want to dwell on it).

Definition 7.2.1 (inner product). Let Xn be the above vector space (7.1). A functional〈·, ·〉 :
Xn × Xn→ R is aninner productif for every x, y, z ∈ Xn

1. 〈x, y〉 = 〈y, x〉,

2. 〈αx + z, y〉 = α〈x, y〉 + 〈z, y〉 for everyα ∈ R,

3. 〈x, x〉 ≥ 0, and〈x, x〉 = 0 H⇒ Pr(x = 0) = 1. �
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We make no distinction between zero and stochastic variables that are zero with probability 1.
The only inner product we are going to consider is

〈x, y〉 := E y′x

Lemma 7.2.2. 〈x, y〉 := E y′x is an inner product onXn:

1. E y′x = E x′y

2. E y′(x + az) = E y′x + a E y′z.

3. E x′x ≥ 0

4. E x′x = 0 iff
∑n

k=1 E x2
k = 0 iff Pr(x = 0) = 1 zero with probability1

�

Elementsx, y ∈ Xn are consideredcolumnvectors, soy′x is a 1× 1 stochastic variable and
xy′ is an× n matrix of stochastic variables.

Definition 7.2.3 (covariance matrix). Thecovariance matrixof x, y ∈ Xn is defined as

cov(x, y) = E(x−E x)(y−E y)′ = E(x̃ ỹ′) =








E(x̃1ỹ1) E(x̃1ỹ2) · · · E(x̃1ỹn)

E(x̃2ỹ1) E(x̃2ỹ2) · · · E(x̃2ỹn)
...

...
...

...

E(x̃n ỹ1) E(x̃n ỹ2) · · · E(x̃n ỹn)







∈ R

n×n.

Here we use the short handsx̃ = x − E(x), ỹ = y− E(y). �

For zero meanx, y the covariance matrix is a matrix of inner products and we have the useful
identity

tr E xy′ =
n
∑

k=1

E(xkyk) = E y′x.

7.3 Orthogonal — uncorrelated

Elementsx, y ∈ X
n are said to beorthogonalif the inner productE y′x is zero. Two stochastic

variablesx, y ∈ X1 are said to beuncorrelatedif

E(xy) = (E x)(E y).

Lemma 7.3.1. x, y ∈ X1 are uncorrelated iff(x − E x) ⊥ (y− E y).

Proof. 〈x − E x, y− E y〉 = E(x − E x)(y− E y) = E(xy)− (E x)(E y).

7.4 Norm — standard deviation

The norm is defined as

‖x‖ =
√

〈x, x〉
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Hence for our inner product

‖x‖ =
√

E x′x =
√

E(x2
1)+ E(x2

2)+ · · · + E(x2
n) =

√

E |x|2.

For zero meanx ∈ X
1 this equals thestandard deviation

std(x) := σx :=
√

E(x − E x)2.

7.5 Cauchy-Schwarz — correlation

Lemma 7.5.1 (Cauchy-Schwarz). For stochastic variablesx, y ∈ X1 there holds that

1. | E(xy)|2 ≤ E(x2) E(y2)

2. | E(xy)|2 = E(x2) E(y2) if and only if y = 0 or x = ky for somek ∈ R.

Proof. Letσ 2
x := E(x2) andσ 2

y := E(y2). The result is trivial ifx = 0 or y = 0. Considerx 6= 0
andy 6= 0. Then for anyγ ∈ R,

0≤ E
( x

σx
− γ y

σy

)2 = E
( x2

σ 2
x
− 2γ

xy

σxσy
+ γ 2 y2

σ 2
y

)

= 1− 2γ
E(xy)

σxσy
+ γ 2. (7.2)

As the above is nonnegative it follows that

2γ
E(xy)

σxσy
≤ 1+ γ 2. (7.3)

Forγ = ±1 this reads| E(xy)|
σxσy

≤ 1. This proves Condition 1.

If equality| E(xy)|2 = E(x2) E(y2) holds then forγ = sgn(E(xy)) the expression (7.2) is zero,
so necessarilyx

σx
− γ y

σy
= 0. Takek = γ σx/σy.

An immediate consequence is:

Lemma 7.5.2 (Correlation coefficient). The correlation coefficientρ(x, y) := cov(x,y)√
var(x)var(y)

sat-

isfies the bounds

−1≤ ρ(x, y) ≤ 1.

�

7.6 Pythagoras — variance of uncorrelated variables

Pythagoras become the familiar rule:

Lemma 7.6.1. Let x, y ∈ X1. If E xy = 0 thenE(x + y)2 = E(x2) + E(y2). When applied to
mean zerox andy it says: zero mean, uncorrelated implies

var(x + y) = var(x)+ var(y).
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Proof. Easy.

7.7 Projection — optimum linear estimator

Consider the finitely generatedXn of (7.1) and suppose thatx ∈ Xn is not observed but that
we want to estimatex on the basis of other (related) stochastic variables in somesetV ⊂ X

n.

Definition 7.7.1 (Optimum linear estimator). Let V be a subspace ofXn of (7.1) with norm
‖x‖ =

√

E |x|2. A stochastic variablev∗ ∈ V ⊆ Xn is anoptimum linear estimator2 in V of
x ∈ Xn if

‖x − v∗‖ ≤ E‖x − v‖ ∀v ∈ V.

�

Theorem 7.7.2 (A projection theorem). Let x ∈ Xn and letV be a subspace of theXn of (7.1).

1. A stochastic variablev∗ is an optimal linear estimator inV of x iff (x − v∗) ⊥ V.

2. The optimum linear estimator is unique and theminimum mean square error (MMSE)
E(|x − v∗|2) equalsE(|x − v∗|2) = E(|x|2)− E(|v∗|2).

Proof. Essentially the same as that of Theorem 2.6.2.

State differently,v∗ is an optimum linear estimator iffE(x − v∗)v = 0 for everyv ∈ V. For
our finitely generated space (7.1) the optimum linear estimator always exists, which follows from
the normal equations derived next.

7.8 Normal equations

For a brief moment letx, z1, . . . , zn denote real numbers. Then the problem

min
y∈Rn
‖x −

[

z1 · · · zn
]

y‖

is an underdetermined problem and typically manyy ∈ R
n exist that achieve zero norm. With

stochastic variables the story is quite different.

Lemma 7.8.1 (Normal equations). Let x, z1, . . . , zn be 1× 1 stochastic variables. Then

y∗ = argminy∈Rn ‖x −
[

z1 · · · zn
]

y‖

iff y∗ satisfies thenormal equations







E z1x
E z2x
...

E znx







−








E z1z1 E z1z2 · · · E z1zn

E z2z1 E z2z2 · · · E z2zn
...

...
...

...

E znz1 E znz2 · · · E z2
n















y∗1
y∗2
...

y∗n







= 0

2The term “linear” emphasizes that we seek a linear combination of elements ofV; in general if the entire joint proba-
bility distribution is known, thenE |x − v∗|2 is minimized for the conditional expectationE(x|V) and this need not
be a linear combination of elements ofV!
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or, more succinctly (withz the column vector ofzk’s),

E(zx′)− E(zz′)y∗ = 0.

The MMSEE(x − z′y∗)2 equals

E(x2)− E(xz′)[E(zz′)]−1 E(zx′).

Proof. According to the projection theorem we have

z′y∗ optimal ⇐⇒ x −
[

z1 · · · zn
]

y∗ ⊥ zk ∀k
⇐⇒ E(zkx)−

[

E(zkz1) · · · E(zkzn)
]

y∗ = 0 ∀k.

The MMSE isE(x − z′y∗)2 = E(x2)− E((z′y∗)2) = E(x2)− y′∗ E(zz′)y∗.

Example 7.8.2 (All that hair). Let us say there is a correlation between a persons IQ, EQ and
amount of hairxh. We assume thatziq, zeq andxh have been centered (normalized) to have mean
zero3. Of course the correlation between betweenxh andziq is negative.

We aim to estimatexh on the basis ofziq andzeq. The normal equations for our problem are

y∗ =
[

E(z2
iq) E(ziqzeq)

E(zeqziq) E(z2
eq)

]−1 [
E(ziqxh)

E(zeqxh)

]

.

Case 1: when ziq and zeq are uncorrelated.Then the covariance matrix is diagonal and the
optimum linear estimator ofxh is

x∗h =
E ziqxh

E z2
iq

ziq +
E zeqxh

E z2
eq

zeq.

Case 2: when ziq = zeq. Then the covariance matrix that we want to invert is singularand
indeed in this case anyλziq + (1− λ)zeq is the same, i.e. the optimum linear estimator is not
unique. The optimum linear estimator is as in the scalar case,

x∗h =
E(ziqxh)

E z2
iq

ziq.

Case 3: whenE z2
iq = E z2

eq= E ziqxh = E zeqxh = 1. Then

x∗h =
ziq + zeq

1+ E(ziqzeq)
.

Cauchy-Schwarz in this case says that−1 ≤ E ziqzeq≤ 1. �

7.9 Stochastic processes

A discretestochastic processis a sequence of stochastic variablesx[t ] with t ∈ Z (or some
other countable set). At each timet ∈ Z thex[t ] is a stochastic variable. Its stochastic properties
may change with time as indicated in Fig. 7.1 where we see thatthe probability density function
f (x, t) changes with time.

3so for most of us here at the Technion the amount of hair is negative and probably one out of(ziq, zeq) is positive.
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1 2

x[t ]

f(
x,

1) f(
x,

2)

t →t →

µ[t ]

Figure 7.1: The probability densityf (x; t) and meanµ[t ] etc. depend on
time

Themean

µx[t ][t ] := E x[t ]

and variance and standard deviation

σ 2
x[t ][t ] = var(x[t ]), σx[t ][t ] = std(x[t ])

may depend on time. We, though, will work exclusively with stochastic processes that are wide-
sense stationary, considered next. By the way, Figure 7.1 doesnot capture temporal relatedness
of a stochastic process, i.e. that samples at subsequent times may be related.

7.10 Wide-sense stationary stochastic processes

Definition 7.10.1 (WSS). A stochastic processx[t ], t ∈ Z if wide sense stationary (WSS)if

1. meanµx[t ] := E x[t ] is constant,µx[t ] = µx,

2. cov(x[t ], x[s]) depends on lagt − s only: cov(x[t + τ ], x[t ]) = rx[τ ].

In this case we refer torx[τ ] as thecovariance functionof the processx. It is also known as the
autocorrelation(function). �

The covariance functionr [τ ] of a WSS process describes the temporal relatedness of the pro-
cess. For example, ifrx[24] > 0 thenx[t+24] andx[t ] are positively correlated. The covariance
function is even,r [τ ] = r [−τ ], and by Cauchy-Schwarz it is maximal atτ = 0,

r [0] ≥ |r [τ ]| ∀τ ∈ Z.

This expresses thatx[t ] correlates best with itself. An example of a covariance function is

r [τ ] = σ 2a|τ | (7.4)

for some|a| < 1. The numberσ =
√

r [0] =
√

var(x[t ]) is thestandard deviationof the process.
The numbera, with |a| < 1, determines how fast the function decreases to zero, and, hence, how
fast the temporal relatedness is lost. Figure 7.2(a) shows the plot ofr for σ = 1 anda = 0.9.
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Figure 7.2: (a) Exponential covariance function
(b) Damped harmonic covariance function
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Figure 7.3: (a) Realization of a process with exponential covariance function
(b) Realization of a process with damped harmonic covariance function
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Figure 7.3(a) shows an example of a realization of the corresponding WSS process with mean
valueµ = 0. Later we will see how we can generate such realizations.

A different example of a covariance function is (without proof):

r [τ ] = σ 2a|τ |[ A cos(
2πτ

T
)+ B sin(

2π |τ |
T

)], τ ∈ Z, (7.5)

with σ , a, T , A, andB constants. Againσ ≥ 0 is the standard deviation of the process. The
numbera, with |a| < 1, again determines how fast the function decreases to zero.The number
T > 0 represents a periodic characteristic of the signal. Figure 7.2(b) displays the behavior of
the plot ofr for σ = 1, a = 0.9, T = 12, A = 1 andB = 0.18182. Figure 7.3(b) shows a
possible realization of the process with mean valuem = 0. The irregularly periodic behavior is
unmistakable.

7.11 White noise

A WSS process has minimal temporal relatedness if

r [τ ] =
{

σ 2 for τ = 0,
0 for τ 6= 0,

(7.6)

This process consists of a sequence of uncorrelated stochastic variables. Such a process is some-
times said to be “purely random.” In a physical or engineering context it is often calledwhite
noise. This name is explained later in Example 7.12.2. Usually the mean value of white noise
is assumed to be 0 and the standard deviationσ taken to be 1. Sometimes it is assumed that
the stochastic variables are not only uncorrelated but evenmutually independent. In this case
the process is completely characterized by its distribution Fx[t ](ξ) = Pr(x[t ] ≤ ξ). Often it is
assumed that this distribution is normal.

The white noise process plays an important role in the theoryof stochastic processes and signal
processing and time series. In a sense it is the most elementary stochastic process. We shall soon
see that other stochastic processes often may be thought to originate from white noise, that is,
they are generated by a “driving” white noise process.

Figure 7.4 shows an example of a realization of white noise with mean zero and standard
deviationσ = 1. Realizations of white noise may easily be generated with arandom number
generator.

20 40 60 80 100 120 140 160 180 200
-4

-2

0

2

4

t

Figure 7.4: Realization of white noise with mean 0 and standard deviation 1

x= rand(1,200); % 200 samples white, uniformly distributed over [0,1]
x=randn(1,200); % 200 samples white, normally distributed, mean 0, var 1
plot(x); % plot it
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Figure 7.5: Magnitude of DTFT of a realization of white noise(a) N = 100
samples, (b)N = 400 samples

7.12 Power spectral density, Parseval

Realizations of WSS processesx[t ] do not have aDiscrete-time-Fourier-Transform (DTFT)

∞
∑

t=−∞
x[t ]e−iωt

because the infinite sum is not well defined. Direct frequencyanalysis of stochastic processes
therefore is not immediately feasible. At first sight it may seem a good idea to take afinite
realizationx[0], . . . , x[ N−1] and compute the DTFT of this finite realization. Figure 7.5shows
the magnitude of the DTFT of a realization of unit variance zero mean white noise for two
differentN. What we notice is that the DTFT is very irregular and that themagnitude appears to
increase withN but not linearly. The following shows that it grows linearlyin

√
N and that we

should have taken the DTFT of the covariance function:

Lemma 7.12.1 (Spectral density function). If x[t ] is a zero mean WSS process with limited
memory in the sense that

∑

τ∈Z |τr [τ ]| <∞ then

lim
N→∞

1

N
E

∣
∣
∣
∣
∣

N−1
∑

t=0

x[t ]eiωt

∣
∣
∣
∣
∣

2

= φ(ω) (7.7)

whereφ(ω) is the(power) spectral densityof x[t ] defined as the DTFT of the covariance function
r [τ ] of the process,

φ(ω) =
∞
∑

τ=−∞
r [τ ]e−iωτ , ω ∈ [−π, π). (7.8)

Proof.

1

N
E

∣
∣
∣
∣
∣

N−1
∑

t=0

x[t ]e−itω

∣
∣
∣
∣
∣

2

= 1

N
E

N−1
∑

t=0

x[t ]e−itω
N−1
∑

s=0

x[s]eisω

= 1

N
E

N−1
∑

t=0

N−1
∑

s=0

x[t ]x[s]e−i(t−s)ω = 1

N

N−1
∑

t=0

N−1
∑

s=0

r [t − s]e−i(t−s)ω.
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The above double sum equals the sum of all entries in theN × N matrix

1

N







r [0]e0 r (1)eiω · · · r (N − 1)ei(N−1)ω

r [1]e−iω r (0)e0 · · · r (N − 2)ei(N−2)ω

· · · · · · · · · · · ·
r [N − 1]e−i(N−1)ω r [N − 2]e−i(N−2)ω · · · r [0]e0






. (7.9)

This matrix is constant along diagonals. If we sum the entries of the matrix per diagonal we get

N−1
∑

k=−N+1

(1− |k|N )r [k]e−iωk =
N−1
∑

k=−N+1

r [k]e−iωk − 1

N

N−1
∑

k=−N+1

|k|r [k]e−iωk. (7.10)

The right-hand side converges toφ(ω) asN→∞.

This does not explain why the DTFTs of Fig. 7.5 are so irregular. We will not go into that here.
The name “power spectral density” will soon become clear. The spectral density takes over the
role of the Fourier transform. A noticeable difference between DTFT’s of signals and spectral
density functions of processes is that spectral densities are real valued and in fact nonnegative as
we see from (7.7). A further mathematically trivial property is that

var(x[t ]) = r [0] = 1

2π

∫ π

−π
φ(ω) dω. (7.11)

This follows immediately from the inverse DTFT applied tor [τ ] for τ = 0 — See Section 6.5.
For non-stochastic signalsx[t ], the power is commonly defined as the average ofx2[t ]. In
a stochastic setting the power of a zero mean process becomesvar(x[t ]) = E x2[t ] = r [0].
Equation (7.11) shows that the power can be seen as distributed over frequency, hence the name
power spectral density and we think of the number1

2π φ(ω0) as the power at frequencyω0.
Equation (7.11) is a type of Parseval identity.

Example 7.12.2 (Why white noise is white). Because the covariance function of white noise
x[t ] with standard deviationσ is given by

r [τ ] = cov(x[t + τ ], x[t ]) =
{

σ 2 for τ = 0,
0 for τ 6= 0,

τ ∈ Z, (7.12)

the spectral density function of white noise equals

φ(ω) = σ 2, ω ∈ [−π, π). (7.13)

Therefore, all frequencies are equally represented in white noise. I.e. its power is equally dis-
tributed over all frequencies. The fact that white light supposedly also has this property explains
the name “white noise.” �

Not every functionr [τ ] is a covariance function of some WSSx[t ]. Clearly it needs to be
symmetricr [τ ] = r [−τ ] and r [0] needs to be nonnegative becauser [0] = var(x[t ]) and by
Cauchy-Schwarz’s inequality we also need that|r [τ ]| ≤ r [0]. These conditions are not sufficient.
The following theorem summarizes some elegant necessary and sufficient characterizations of
covariance functions.

Theorem 7.12.3 (Covariance functions). Supposer [τ ] is an exponentially decaying. The fol-
lowing four statements are equivalent.

1. r [τ ] is a covariance function of some WSS process.
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2. Wiener-Kinchin theorem:The DTFTφ(ω) of r is real and nonnegative for allω ∈ [−π, π ].

3. For any finiten then× n covariance matrix

Rn :=








r ([0] r [1] · · · r [n− 1]
r [1] r [0] · · · r [n− 2]
...

...
...

...

r [n− 1] r [n− 2] · · · r [0]








(7.14)

is a symmetric nonnegative definite matrix.

Proof. Equivalence of 2) and 3) follows from inverse DTFT and DTFT:

Rn =
1

2π

∫ π

−π








e0iω

e1iω

...

e(n−1)iω







φ(ω)

[

e−0iω e−1iω · · · e−(n−1)iω
]

dω

andφ(ω) = limn→∞ 1
ne′n Rnen with e′n =

[

e−0iω e−1iω · · ·
]

. The implication 1) H⇒ 2)
was shown in Lemma 7.12.1 and that 2) implies 1) follows from Lemma 7.15.1. The assumption
thatr be exponentially decaying can probably be relaxed.

7.13 LTI systems, power and the `2-norm

Consider a discrete LTI systemy = H(u) with impulse response

h[n] = an�[n] =
0

If we take as inputu a zero mean white noise process, the outputy is a WSS process (proved
below). Because of the dynamic properties (memory) the output y will exhibit memory even if
the white noise input itself does not (by definition). Indeed, the realizations of (white)u such
as in Fig. 7.4 and (nonwhite)y such as in Fig. 7.3(a) show the difference in structure of thetwo
signals.

u[n]

u[m]

u[m]h[t −m]

u[n]h[t − n]

u yH

Figure 7.6: Contribution toy[t ] of two samples white noise

Continu with a zero-mean unit-variance white inputu. To understand how each white noise
input entryu[n] affects the power of the outputy[t ] at any timet ∈ Z, we select in Fig. 7.6 two
samples of white noise (red and blue) and show its effect ony[t ]. The point we want to make
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here is this: since the white noise samples are uncorrelated(orthogonal), their contribution to
y[t ]:

h[t −m]u[m] and h[t − n]u[n]

are uncorrelated (orthogonal) as well and so each term attributes to the power (variance) ofy[t ]
irrespective of the other,

var(h[t −m]u[m] + h[t − n]u[n]) = h2[t −m] + h2[t − n].

This is for two samples. When we take all white noise samples into account we get the total
power ofy[t ]:

var(y2[t ]) =
∑

n

h2[t − n] = ‖h‖2
`2.

The power does not depend on timet . Slightly more general:

Lemma 7.13.1 ( `2-norm). Let u be a white noise process with zero mean and unit variance.
Suppose the impulse responseh ∈ `2(Z). Then the responsey = H(u) to u is a well defined
zero-mean WSS process with covariance function

r y[τ ] =
∑

k∈Z
h[k]h[k− τ ].

In particular the power of the output equals

var(y[t ]) = r y[0] = ‖h‖2
`2(Z)

:=
∑

k∈Z
|h[k]|2.

Proof. Just plug it in (boring):

E y[t ]y[s] = E

(

∑

m

h[m]u[t −m]
∑

n

h[n]u[s− n]

)

= E

(

∑

m

∑

n

h[m]h[n]u[t −m]u[s− n]

)

=
∑

m

∑

n

h[m]h[n] E u[t −m]u[s− n] =
∑

m

∑

n

h[m]h[n]ru[t − s+ n−m].

All summations are from−∞ to∞. Inspection shows that the right-hand side only depends on
the differencet − s. It shows that the processy[t ] is WSS with covariance functionr y given by

r y[τ ] =
∑

m

∑

n

h[m]h[n]ru[τ + n−m], τ ∈ Z. (7.15)

For white noise,ru[τ + n − m] is nonzero only ifm = τ + n, renderingr y[τ ] =
∑

n h[τ +
n]h[n].

Example 7.13.2. Consider LTI systemy = H(u) with u a zero-mean unit variance white noise
process. Forh[n] = an�[n] with −1< a < 1 we get (after some manipulation)

r y[τ ] = 1

1− a2
a−|τ |.

The variance (power) of the outputy equalsr [0] = 1/(1−a2). Clearly fora ≈ 1 the system has
a long memory and the power of the output becomes significant. �
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7.14 Models for spectral densities

Since`2-stable LTI systems transforms any WSS process into a WSS process — this is shown
in the proof of Lemma 7.13.1 — there should be a connection between input and output spectral
densities.

Lemma 7.14.1 (Output spectral density). The outputy = H(u) of a stable LTI system driven
by a WSS stationaryu with spectral densityφu is again WSS and its spectral density is

φy(ω) = |H (eiω)|2φu(ω) (7.16)

with H (eiω) the frequency response of the system.

Proof.

ru[τ ] = 1

2π

∫ π

−π
φu(ω)eiωτ dω, τ ∈ Z. (7.17)

Substitution of (7.17) into the right-hand side of (7.15) yields

r y[τ ] =
∑

m

∑

n

h[m]h[n]

(
1

2π

∫ π

−π
φu(ω)eiω(τ+n−m) dω

)

= 1

2π

∫ π

−π

(

∑

m

h[m]e−iωm

)

︸ ︷︷ ︸

H (eiω)

(

∑

n

h[n]eiωn

)

︸ ︷︷ ︸

H (e−iω)

φu(ω)eiωτ dω

= 1

2π

∫ π

−π
|H (eiω)|2φu(ω) eiωτ dω, τ ∈ Z. (7.18)

Here we use the conjugate symmetry of the frequency responsefunction H . Closer inspection
shows that the right-hand side of (7.18) is the inverse DTFT of r y.

Example 7.14.2 (Second order system). Let u be a zero mean, unit variance white noise pro-
cess. Consider the LTI system described by difference equation

y[t ] − a1y[t − 1]− a2y[t − 2] = u[t ]. (7.19)

As we all know it has frequency response

H (eiω) = 1

1− a1e−iω − a2e−i2ω .

Fora1 = 2a cos(2π/T) anda2 = −a2 the transfer functionH (z) has poles atz1,2 = ae±i2π/T .
We takeT = 12. The power spectral density becomes

φz(ω) =
1

|1− a1e−iω − a2e−i2ω|2 .

It has a peak near frequency 2π/T = 0.5236 confirming thatT = 12. With the MATLAB

commandfilter one can generate realizations of this process (see below). Figures 7.2(b) and
7.3(b) respectively showr [τ ] and a possible realization for this process. �

An example of Octave/Matlab code to generate WSS processes is:
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N=1024;
u=randn(1,N); % N samples of zero-mean, unit-var white noise
A=[1 -.75 0.5]; % system y[n]-0.75y[n-1]+0.5y[n-2]=u[n]
y=filter(1,A,u); % find y (by stability it converges to WSS)
w=2* pi * (0:(N-1))/N;
plot(w,abs(fft(y).ˆ2/N)) % estimated spectral density (known as periodogram)

0 0.5 1 1.5 2 2.5 3
0

2

4

6

8

10
φ(ω)

ω

Figure 7.7: Spectral density function of process (7.19), Example 7.14.2

7.15 WSS processes are responses of LTI systems driven by whi te noise

The following lemma is useful. It says that effectively every WSS process can be seen as the
output of a stable LTI system driven by white noise.

Lemma 7.15.1. For any exponential decaying covariance functionr there is zero-mean, unit-
variance white noise processu and impulse responseh ∈ `2(Z) such thaty = h∗u has covariance
functionr .

Proof. If r [τ ] is exponentially decaying then its spectral densityφ(ω) exists (and is continuous)
andr [0] = 1

2π

∫ π
−π φ(ω) dω < ∞. Thereforeψ(ω) :=

√
φ(ω) is square integrable and hence

its inverse Fourier transform—call ith[t ]—is in `2. The spectral density ofy := h ∗ u according
to Lemma 7.14.1 equals|H (eiω)|2 = |ψ(ω)|2 = φ(ω).

If in addition the spectral density function isstrictly positive then the system may in fact be
taken causal and causaly invertible4 (no proof; we do an example soon). The important practical
implication of this lemma is this:

find a discrete-stable rational functionH such that|H (eiω)|2 resembles the (esti-
mated) spectral density of a stationaryy then we can think ofy as the output of
a systemy = H(u) driven by a processu with unit spectral density,φu(ω) = 1,
i.e. white noise.

The inverse filteru = H−1(y) is called awhitening filter.

Example 7.15.2 (Spectral factorization.). Supposeφy(ω) is a continuous smooth spectral den-
sity function that is> 0 on [−π, π ]. Take a Fourier series approximation of high enough order
N such that it is> 0 as well,

φ∗y(ω) =
N
∑

k=−N

ckeikω, cN 6= 0.

4Another suffcient condition of existance of such a bicausal, bistabley = H(u) for given processy is that it satisfies
the Paley-Wiener condition that

∫ π
−π | log(φy(ω))| dω <∞.
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As φy(ω) is real and even, so is its Fourier series approximation and this means that theck are
real an even as well. We want a real bistable bicausal systemy = H(u) such that

H (eiω)H (e−iω) = φ∗y(ω).

That is,

H (z)H (1
z) = 8(z) :=

N
∑

k=−N

ckzk.

The right-hand side is rational and8(z) = 8(1
z) by symmetry ofφ∗y. Therefore its zeros come

in conjugate pairs(z,1/z) and sinceφ∗y > 0 it has no zeros on the unit circle,

8(z) = c
N
∏

i=1

(z− zi )(
1

z
− zi ), 0< |zi | < 1.

Take

H (z) = ±
√

c
N
∏

i=1

(
1

z
− zi ), 0< |zi | < 1.

It is a FIR system of orderN and its inverse is stable and causal. �

The conditions in this section can probably be relaxed. There is a lot more to say about the
problems considered in this section.

7.16 Extra: Continuous-time stochastic processes — simpli stic overview

50 100

-10

0

10

Figure 7.8: A realization of continuous-time stationary noise

If we restrict the noisy signalz(t) of Fig. 7.8 to

zT (t) =
{

z(t) t ∈ [0, T ]

0 otherwise
(7.20)

for some choice ofT then the Fourier transform ofzT depends critically on this choice ofT no
matter how large we take it.

If the signalz(t) is stationary—which we colloquially define to mean that its stochastic prop-
erties do not vary with time—then the power of the signal,

E z2(t)

82



does not depend on time and we can estimate this power by averaging over time

E z2(t) ≈ 1

T

∫ T

0
z2(v) dv.

Stationarity also implies that the covariance functionE z(t)z∗(t + τ ) does not depend on timet .
The covariance function is a measure for the temporal relatedness in the signal and typically it
decays to zero asτ →∞. If this decay is fast enough—a technical condition—then the Fourier
transform ofzT converges in the following sense.

Theorem 7.16.1 (SISO spectral density). For any continuous-time zero-mean stationary signal
z(t) with finite power and whose covariance function decays exponentially fast5 the (power)
spectral density function6 equals

φz(ω) = lim
T→∞

E
1

T
|zT (iω)|2 (7.21)

wherezT (t) is defined as in (7.20) andzT (iω) is its Fourier transform. The powerE z2(t) can be
expressed as an integral over frequency,

E z2(t) = 1

2π

∫ ∞

−∞
φz(ω) dω. (7.22)

�

Because of (7.22) and the fact thatφ(ω) ≥ 0 we can think of the functionφz(ω) as the way that
the power ofz is distributed over frequency. The theorem shows us how to properly normalize
the Fourier transform ofzT (t). The function 1

T |zT (iω)|2 is known as theperiodogramand it
serves as an estimate ofφz(ω). Note that any information about the phase ofzT (iω) is lost in
the spectral density. This is in line with the assumed stationarity of the signal, implying that time
shifts do not affect its stochastic properties.

It is a classic result that the outputz = H(w) of a stable LTI system driven by a stationary
inputw is again stationary and that its spectral density equals

φz(ω) = |H (iω)|2φw(ω).

This allows us to shape the spectral density function. The practical implication again is:

find a stable rational functionH such that|H (iω)|2 resembles the (estimated) spec-
tral density of a stationaryz then we can think ofz as the output of a systemz= Hw
driven by a processw with unit spectral density,φw(ω) = 1.

A stationary process whose spectral density is 1 is known as unit intensitywhite noise. White
noise in continuous time is a somewhat illusive process because of its infinite power, but for the
importance is foremost that it allows to consider essentially any stationary signal as the output
of a system driven by a normalized (namely white) noise process, and that we can compute the
power ofz via theL

2-norm:

Theorem 7.16.2 (power and the L2-norm). The powerE z2(t) of the output of a stable system
z= Hw driven by unit intensity white noise inputw equals

E z2(t) = ‖H‖2
L2.

�

5| E z(t)z(t + τ )| < Me−σ |τ | for someM, σ > 0. This is a weak assumption.
6φz is defined as the Fourier transform of the covariance function, φz(ω) =

∫∞
−∞ E z(t)z∗(t + τ )e−iωτ dτ , but for our

purposes we can take (7.21) to be its definition.
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Example 7.16.3. Generating continuous-time white noisew is problematic because of its infinite
power. An approximation can be obtained by takingw piecewise constant on each [kε, (k+1)ε]
and independent on disjoint intervals, all with variance 1/ε. If ε times the bandwidth of the
systemH is much smaller than 1 then the outputz= Hw is close to what we want. The data of
Fig. 7.8 was generated with this MATLAB code:

ep=0.01;
t=0:ep:100;
w=randn(size(t))/sqrt(ep);
A=-.1; B=1; C=1; D=0; % H(s)=1/(s+0.1), bandwidth=0.1
x=0 * w; % initialization: x(1)=0
for j=1:(length(t)-1)

x(j+1)=x(j)+ep * (A * x(j)+B * w(j)); % ensure no smoothing of input
end
z=x; % z=x in our case
plot(t,z)
%z=lsim(A,B,C,D,w,t); % should give similar results

The transfer function here isH (s) = 1/(s+ 0.1) so that

‖H‖L2 =
√

5.

The power ofz hence is 5 which is consistent with Fig. 7.8. �

MIMO systems and signals. In case the signalsz andw have more then one component the
above theorem should be modified to:

Theorem 7.16.4 (MIMO spectral density). For any zero-mean stationary signalz(t) with finite
power and whose covariance functionE z(t)z′(t + τ ) ∈ R

nz×nz decays exponentially fast, the
(power) spectral density

φy(ω) = lim
T→∞

E
1

T
zT (iω)z

′
T (−iω)

is a well defined matrix and

E z(t)z′(t) = 1

2π

∫ ∞

−∞
φz(ω) dω.

In particular the sum of powersE z2
i (t) of all its components equals

∑

i

E z2
i (t) =

1

2π

∫ ∞

−∞
trφz(ω) dω.

�

Here tr denotes thetraceof the matrix, i.e. the sum of the diagonal entries of the matrix.

7.17 IYWTKM

• There is a stochastic equivalent of Hilbert.

• It is tempting to introduceW(0,1) as a short-hand for: white noise process of zero mean
and standard deviation 1.
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• cross covariance, cross spectral density.

• A pleasant read isLevinson’s Algorithm, Wold’s Decomposition, and SpectralEstimation
by Papoulis from 1985, available on the internet.

• Missing in this chapter is connections between finite dimensional representions and co-
variance functions

7.18 Problems

7.1 Consider the system

y[n] − 1.97y[n− 1]+ 0.98y[n− 2] = u[n]

a) Matlab: Generate 1000 samples of zero-mean unit-varianceu and use it to find 1000
samplesy. Plot y as a function of time and relate its behavior to the poles of the
system

b) Plot the spectral density function of the processy for ω ∈ [0, π)

c) Numerically compute the power ofy (based on the samples) and compare it with the
plot of the spectral density function.

d) Find in MATLAB a command to compute thè2-norm of the system and relate the
outcome to the above power.

e) Estimate the power spectral density using the periodogram (see code at the end of
Section 7.14). What do you notice?

7.2 a) For whichη ∈ R is

φ(ω) := 1+ η cos(ω)

a possible spectral density function? (I.e. that a WSS process exists having this spec-
tral density, see also the next part).

b) Find a stable systemy = H(u) (driven by zero-mean, unit-variance white noise) that
has spectral density

φy(ω) = 1+ η cos(ω).

(assumingη satisfies the conditions of part 1 of this exercise).

7.3 For whicha ∈ R is

r [τ ] =









1 if τ = 0

a if τ = 1

0 elsewhere

a covariance function?

7.4 Fill in the missing details of Example 7.13.2.

7.5 Show thatφ(ω) = φ(−ω).
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8 Least squares

The remaining chapters sketches a series of applications ofthe theory presented in the preced-
ing chapters. The first application is approximation of databy simpler forms.

8.1 Approximating data pairs by straight lines

xt

t

Figure 8.1: Approximating data by a single straight line

Figure 8.1 depicts one of the classical approximation problems:

Application–1: Approximate many pairs(tk, xk), k = 1,2, . . . , N by a single straight line.

This can be seen as an application of the projection theorem.Write the candidate straight line
(affine variety) as

x(t) = y1+ y2t with y1, y2 ∈ R.

Then the problem is to findy1, y2 such that ideallyxk = y1 + y2tk for all k or, practically, such
that the approximation errorsεk := xk − (y1 + y2tk) are small in some sense. In the context
of projection this is achieved by minimizing for instance the Euclidean norm of the vectorε of
approximation errors,

y∗ = argminy

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣








x1
x2
...

xN








︸ ︷︷ ︸

x

−








1 t1
1 t2
...

...

1 tN








︸ ︷︷ ︸

A

[

y1
y2

]

︸︷︷︸

y

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
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Lemma 2.8.1 says that the solutiony is the solution of the normal equations

A′Ay= A′x ⇐⇒
[

N
∑

tk
∑

tk
∑

t2
k

]

y =
[ ∑

xk
∑

tkxk

]

⇐⇒ y =
[

N
∑

tk
∑

tk
∑

t2
k

]−1 [ ∑
xk

∑

tkxk

]

⇐⇒ y = 1

N
∑

t2
k − (

∑

tk)2

[ ∑

t2
k −

∑

tk
−
∑

tk N

] [ ∑

xk
∑

tkxk

]

(8.1)

Or, in MATLAB :

N=20; % some integer>0
t=((1:N)’+rand(N,1))/N; % some vector t
x=-1+2 * t+rand(N,1)/5; % some vector x
A=[ones(N,1) t];
y=A\x

Sensitivity. For the sake of analysis let us fixN, tk andxk:

N = 10, tk =
k

10
, xk = etk

Straightforward application of the projection theorem gives us that

0.82886+ 1.77594t

is the best fit, see Fig. 8.2(a). Part (b) of this figure shows the (y1, y2) plane with the optimal
y∗ indicated, but, more importantly, it shows level sets of approximation error{y | |x − Ay| =
constant}, so it shows how changes iny1, y2 affect the error. Clearly a change iny2 has a more
severe effect than a change iny1. The level sets are ellipses and they can be computed as follows:
let1 denote the vector of change1 = y− y∗, then

|εy|2 = |x − A(y∗ +1)|2 = |(x − Ay∗)+ A1|2 = |x − Ay∗|2+1A′A1.

Thus the level sets (of constant error norm|εy|) are

{1 ∈ R
2 | 1′A′A1 = constant> 0 } (8.2)

and these are ellipses, see Problem 8.7.

0
t → y∗1

y∗2

1

1 y1→

↑
y2

Figure 8.2: Least squares fit and sensitivity
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Normalized error. For this particular problem the error norm|ε| is not an appropriate indicator.
Better is to compute theroot mean square (RMS)

√

1

N
|ε|2 =

√

1

N

∑

k

(xk − x(tk))2.

It has the same dimension asxk (meters, seconds or whatever) and it typically converges as
N →∞ (whereas typically|ε| → ∞ if N →∞).

8.2 Approximating data pairs by a linear combination of func tions

Similar is the following problem:

Application–2: Approximate many pairs(tk, xk), k = 1,2, . . . , N by a single polynomial of
certain degree or by a single linear combination of known functions.

This is best explained on an example. Suppose we want to approximate the(tk, xk) by a
polynomialp(t) of degree at mostn,

p(t) = y1+ y2t + · · · + yn+1tn, y1, y2, . . . , yn+1 ∈ R.

To find y we again minimize the Euclidean norm|ε| of the vector of equation errorsεk :=
xk − p(tk):

y∗ = argminy
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∣
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∣
∣
∣
∣
∣

.

(This matrix A with its special structure is known as aVandermonde matrix.) Thus finding a
suitable polynomial approximation of data can be seen as projecting the data vectorx onto the
subspace spanned by the columns ofA.

Example 8.2.1 (Matlab). Let us approximate et on the interval [0,1] by a polynomial of degree
n = 4. For the moment we restrict ourselves to approximating(tk, etk) for some uniformly
griddedt1 = 0, . . . , t20 = 1. The MATLAB code is:

N=21; % lets take 21 pairs
t=(0:(N-1))’/(N-1); % t = 0, 1/20 ... , 1
x=exp(t); % x_k=exp(t_k)
n=4; % degree of polynomial
A=ones(N,n+1); % first column of A
for k=1:n

A(:,k+1)=A(:,k). * t; % other columns of A
end
ys=(A’ * A)\A’ * x; % y_star (we may also do ys=A\x)
xs=A * ys; % polynomial p(t) evaluated at t_k
plot(t,x-xs,’ * -’); % plot approximation error

89



The outcome of the MATLAB code isy∗ = (1.000031,0.998639,0.510167,0.139870,0.069542)
so the optimal approximating polynomial is

p∗(t) = 1.000031+ 0.998639t + 0.510167t2+ 0.139870t3+ 0.069542t4.

Notice the similarity with the Taylor series expansion of et = 1+ t+ 1
2! t

2+· · · around zero, but
whereas this Taylor series is designed to approximate well around zero, the least squares fitp∗(t)
is designed to be “equally good” over the entire ranget ∈ [0,1]. According to the projection
theorem the vector of approximation errorsε = x − Ay∗ satisfies

|ε|2 = |x|2− |Ay∗|2 = 8.322× 10−9

Theroot mean squareof the error is

√

1

N
|ε|2 = 1.99× 10−5.

The errorε is shown in Fig. 8.3. �
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Figure 8.3: Matlab (octave) plot of errorε := x − Ay∗, as a function oftk;
Example 8.2.1

8.3 Approximate functions by other functions

The difference between a finite number of pairs(tk, xk) and a graph(t, f (t)) is conceptually
small.

Application–3: Approximate a functionf (t), t ∈ [a,b] by a single polynomial of certain
degree or by a single linear combination of known functions.

Example 8.3.1 (continuous function). Let us approximate et on [0,1] by a polynomialp(t) of
degreen = 3,

p(t) = y1+ y2t + y3t2 + y4t3.

That is, we want to project the exponential function onto thesubspaceP3 of polynomials of
degree at most 3. According to Lemma 5.11.1 given any inner product〈·, ·〉 on L2

R
([0,1]) the
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optimaly∗ satisfies

y∗ =







〈1,1〉 〈1, t〉 〈1, t2〉 〈1, t3〉
〈t,1〉 〈t, t〉 〈t, t2〉 〈t, t3〉
〈t2,1〉 〈t2, t〉 〈t2, t2〉 〈t2, t3〉
〈t3,1〉 〈t3, t〉 〈t3, t2〉 〈t3, t3〉





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

〈et ,1〉
〈et , t〉
〈et , t2〉
〈et , t3〉







which if we take the standard inner product〈 f, g〉 =
∫ 1

0 g(t) f (t) dt becomes

y∗ =
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7








−1





e− 1
1

e− 2
6− 3e







The matrix here is known as theHilbert matrix(of order 4). We also used here that〈et ,1〉 = e−1
and the recursion〈et , tk〉 = e− k〈et , tk−1〉 for k > 0 (see Problem 8.1).

p∗(t) = 0.99906+ 1.01830t + 0.42125t2+ 0.27863t3.

and the norm of the error et − p∗(t) can be expressed in many different ways,

‖et − p∗‖2 = ‖et‖2 − ‖p∗‖2 = ‖et‖2 − 〈p∗, p∗〉 = ‖et‖2 − 〈p∗, et 〉 = 〈et − p∗, et 〉
= ‖et‖2 − 〈Py∗, et 〉 = ‖et‖2 − 〈y∗,P∗et 〉

= ‖et‖2 − y′∗







e− 1
1

e− 2
6− 3e


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
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= e2− 1

2
−







e− 1
1

e− 2
6− 3e


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
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
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



−1





e− 1
1

e− 2
6− 3e







= 1.1× 10−7.

Up to the last step the computation is exact. The “root mean square” is now simply the norm
(since the interval has length 1),

‖et − p∗‖ = 3.3× 10−4.

�

We could also choose to weight the errors, for instance perhaps therelativeerror needs to be
small. To minimize the relative error ofx(t)− p(t) we could choose to minimize

min
y
‖1− p(t)

x(t)
‖.

This is again a projection problem. Of course it assumes thatthe functionx(t) we want to
approximate is nonzero on the interval, or does it?
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8.4 Stochastic – linear estimators

Later...................
Suppose now that we have some knowledge of stochastic properties of ε. To begin with,

assume that the entriesεt of ε come from a zero mean white noise process. Then

var(ε) = E(εεT) = σ 2IN . (8.3)

Because of the relationX = Wθ + ε it follows that alsoX is random, and therefore any sensible
estimatorθ̂ = S(X) as well. In the least squares problem the estimatorθ̂ turns out to be linear in
the observationsX. To keep the problems tractable we will now limit the class ofestimators to
linear estimators, that is, we want the estimatorθ̂ to be of the form

θ̂ = K X, for some matrixK . (8.4)

Since we know that var(ε) = σ 2IN , the least squares solution that aims to minimize‖ε‖2 is no
longer well motivated. What is well motivated is to find an estimateθ̂ of θ that minimizes

E‖θ − θ̂‖2 =
∑

j

E(θ j − θ̂ j )
2. (8.5)

Lemma 8.4.1 (Linear unbiased minimum variance estimator). ConsiderX = Wθ + ε and
assume thatE ε = 0 and var(ε) = σ 2IN . The following holds.

1. A linear estimator̂θ = K X of θ is unbiased if and only ifK W = I . In particular this
shows that linear unbiased estimators exist if and only ifW has full column rank;

2. The linear unbiased estimatorθ̂ = K X that minimizesE‖θ − θ̂‖2 is

θ̂ = (WTW)−1WT X (8.6)

in which case

var(θ̂ ) = σ 2(WTW)−1 and E‖θ − θ̂‖2 = σ 2 tr(WTW)−1; (8.7)

3. For any linear unbiased estimatorp of θ there holds that

var(p) ≥ var(θ̂ ) (8.8)

whereθ̂ is the estimator defined in (8.6).

�

Proof. Follows later...

8.5 If you want to know more

• In statistics, this form least squares is closely related toLinear regression.

• Seehttp://en.wikipedia.org/wiki/Least_squares

• Seehttp://en.wikipedia.org/wiki/Curve_fitting
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• Seehttp://www.dartmouth.edu/˜chemlab/info/resources/li near/linear.html

for a nice and simple linear least squares java applet.

• There are million of application of least squares fit. For instance, google for
image "least squares" to learn about least squares in image processing

• Seehttp://en.wikipedia.org/wiki/Linear_least_squares

• We do not bother about numerical problems (the Hilbert matrix is badly conditioned mean-
ing that numerical inversion is error prone). Having a orthogonal basis reduces numerical
problems.

8.6 Problems

8.1 MATLAB : approximatef (t) = sin(t) on [−1,1] with a polynomialp(t) of degreen = 7
using a “fine enough” grid. Plot the errorf (t) − p(t). Prove that the optimal polynomial
p∗(t) is odd [that is,p∗(t) = p1t + p3t3+ p5t5 + p6t7]

8.2 Generate 100 pairs(x, y, z) in R3 with

N=100;
x=10 * randn(1,N);
y=10 * randn(1,N);
z=x+y+randn(1,N);

and then find a least squares approximation “plane”z= a1x + a2y.

8.3 Use Cauchy-Schwarz to show that the determinantN
∑

tk−(
∑

tk)2 ≥ 0 (used in the least
squares problem (8.1)) and under what conditions on vectort is the determinant zero? And
what does this condition mean for the least squares problem of Section 8.1.

8.4 MATLAB approximate on [−1,1] the function

f (t) =
{

1 if |t| ≤ 0.5

0 elsewhere

by a linear combination of cosines

c(t) =
10
∑

k=0

yk cos(π t)

Plot both f (t) andc(t). (It is okay to grid the time axis.)

8.5 MATLAB : approximate on [0,1] the functiont4 by a polynomial of degree 3. Use as inner
product〈 f, g〉 =

∫ 1
0 g(t) f (t) dt .

8.6 Repeat the previous problem but now solve it analytically. [Hint: use Legendre polynomi-
als up toand includingdegree 4.]

8.7 Show that (8.2) is an ellipse inR2 iff A′A ∈ R2 is invertible.
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9 AR-models, Linear predictive coding

Wiskunde

Inside

?

Wiskunde

Inside

Figure 9.1: What is being transmitted?

Application–4: Encode speech so that it is (a) cheap to code at one end, (b) cheap to transmit
and (c) cheap and robust to decode at the other end.

We will explain the gsm-standard, at least the main part (thework horse) of the gsm-standard
known aslinear predictive coding (LPC).

A mobile telephone samples speech 8000 times per second and per set ofN = 160 samples
x1, x2, . . . , xN it tries to squeeze out structure that this sequence may havebefore transmitting
the data. Quite ideal would be if the data satisfies a difference equation for certain coefficients
an1, . . . ,ann:

xk = −an1xk−1 − an2xk−2− · · · − annxk−n, k = n+ 1, . . . , N.

That way the entire sequence ofN samples is determined by the coefficientsan1, . . . ,ann and
initial conditionsx1, . . . , xn. In reality some residualsck (small correction terms) remain:

xk = −an1xk−1 − an2xk−2− · · · − annxk−n +ck k = n+ 1, . . . , N. (9.1)

Mobile telephones takeN = 160 andn = 8 and they determine eight numbersa81, . . . ,a88 so
that c2

9 + c2
10+ · · · + c2

160 is minimal. This is a least-squares problem but one with a special
structure, a structure that we shall exploit (and so does your mobile telephone) because it will
allow us to ensure that speech can be safely decoded on the other end of the line. In summary so
far: your mobile telephone transmits1

x1, . . . , xn, an1, . . . ,ann, cn+1, . . . . . . , cN . (9.2)

The bulky part are the residualsck but since theseck are small we can hope to that these can be
rounded off without much quality degradation of the speech.These transmitted data are enough
to recover at the other end of the line the speech by passing itthrough (9.1).

Due to rounding of numbers (intrinsic in digital communication) the data (9.2) is never going
to be received error free at the other end of the line. In particular it could happen that theank

perceived at the other end of the line makes system (9.1) an unstable system! Below we develop
a method (part of the gsm-standard) such that

1save some details that don’t concern us here
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• Theck are “easy” to compute;

• The data that is being transmitted is such that by construction the system (9.1) received at
the other end is guaranteed to be stable.

9.1 Stable AR systems

Lemma 9.1.1 (stability). The system (9.1) with inputc and outputx is (forward) stable(in any
sensible i/o-sense) iff the polynomial inz−1,

P(z) := 1+ an1z−1+ · · · + annz−n

has all its zerosz ∈ C inside the unit circle,|z| < 1.

Proof. Since the transfer function is rational we need not be too precise about stability here (we
all know what we mean). Withforwardstability we mean stability of the scheme when thexk are
computed forward in time (i.e. for increasingk). The transfer function fromc to x is 1/P(z).

By the fundamental theorem of algebraP(z) = 1+an1z−1+ · · ·+annz−n hasn zerosλi ∈ C

and we have

P(z) =
n
∏

i=1

(1− λi z
−1).

In particular this shows that|ann| < 1 for stable systems because

ann =
n
∏

i=1

−λi .

9.2 Least squares for AR systems, part 1

Since we wantck te be small we want to express thec’s as a function of the rest:

ck = xk + an1xk−1 + an2xk−2+ · · · + annxk−n, k = n+ 1, . . . , N

so the relevant equations become

a∗ = argmina
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
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∣
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∣
∣

This is not yet in standard form (but who cares). The dimensions of the matrices are dictated
by the order of the schemen and the available dataxk: stacking a row on top are at the bottom
would requirex0 or xN+1 respectively, both of which are unavailable. In some (though unlikely)
cases the so determineda∗ may render (9.1) an unstable system.
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9.3 Least squares for AR systems, part 2: Toeplitz

An elegant method that will guarantee stability of the system for optimala∗ is to enforce more
symmetry. For that we’re going to expand the LS equations somewhat: let us assume for the sake
of argument that the unavailablexk (so fork ≤ 0 andk > N) arezero. Then the LS equations
can be expanded to

a∗ = argmina∈Rn
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xN xN−1 · · · · · · xN−n
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(9.3)

Realize that the middle part is the bulk of the equation so thesolutiona∗ may be expected to
be close to that of the previous section. The beauty of the current expansion however is that the
columns of the big matrixW are identical up to a shift in position. Each column containsthe
entire data vector(x1, x2, . . . , xN) appended and/or prepended by zeros. The implication (two
lemmas) are interesting, to say the least:

Lemma 9.3.1. Let W be as defined in (9.3). Thena∗ solves (9.3) iff it satisfies the linear equation
in a∗ ∈ Rn andγn ∈ R,

W′W
[

1
a∗

]

=








γn

0
...

0







. (9.4)

Moreover in this caseγn equals the minimal norm squared,γn = |W
[

1
a∗

]

|2.

Proof. Problem 9.3.

The fact is thatW′W is bothToeplitz(i.e. constant along diagonals) and symmetric,

W′W =







r11 r12 r13
. . .

r12 r11 r12
. . .

r13 r12 r11
. . .

. . .
. . .

. . .
. . .






∈ R

(n+1)×(n+1)

For general Toeplitz, symmetric matrices there holds the following:

Lemma 9.3.2 (Toeplitz-symmetric matrices). SupposeR ∈ R(n+1)×(n+1) symmetric Toeplitz
matrix. The following statements are equivalent.
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1. R= W′W for someW, andR is invertible.

2. All eigenvalues ofR are real and strictly positive.

3. There is a unique solutiona∗ ∈ Rn, γn ∈ R of R
[

1
a

]

=
[ γn

0

]

, with γn > 0 andP(z) :=
1+ a∗1z−1+ · · · + a∗nz−n has all its zeros inside the unit circle (|z| < 1).

4. R has a decomposition of the form
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

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0 · · · · · · 0 1
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R









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1 0 · · · · · · 0

an1 1 . . .
...

an2
. . .

. . .
. . .

...
... a21 1 0

ann · · · a22 a11 1
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
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. . . γ1 0

0 · · · · · · 0 γ0
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

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


(9.5)

with γ0 > 0 and|akk| < 1 for all k = 1, . . . ,n.

Proof. We prove the for us important implication: thatP(z) has its zeros inside the unit circle if
the other conditions hold. The lemma is correct forn = 1 (see Problem 9.4). Now letλ ∈ C be
a zero ofP(z), that is

P(z) = (1− λz−1)(1+ c1z−1+ · · · + cn−1z−1).

This means in terms of the coefficients
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
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an1
an2
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ann





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
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=
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



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1 0
c1 1
c2 c1
...

...

0 cn










︸ ︷︷ ︸

C

[

1
−λ

]

.

ThenC′RC
[

1
−λ
]

is of the form
[ ∗

0
]

∈ R
2 and sinceC′RC is symmetric and Toeplitz it follows

from then = 1 case (Problem 9.4) that|λ| < 1. Sinceλ was an arbitrary zero ofP(z), all zeros
of P(z) are inside the unit circle.

An implication of Lemma 9.3.1 is that theγm in (9.5) equals the square of the norm of the
vector of residuals if we take anmth order model (9.1). Obviously with more degrees of freedom
we can achieve more, so theγk are non-increasing,

γ0 ≥ γ1 ≥ γ2 ≥ . . . ≥ γn ≥ 0

if R = W′W. Also we have detR =
∏n

m=0 γm. The nesting of (9.4) of Lemma 9.3.1 for
different ordersm into a single matrix factorization (9.5) suggests that the models for different
orders can be solved recursively. Indeed, that is what the fast Levinson-Durbinalgorithm (in its
many different forms) is about. Along the way the algorithm computes then numbers

a11,a22, . . . ,ann

and the lemma guarantees that all these are in(−1,1). It is these (so calledreflection coefficients)
that your mobile telephone transmits, and not then coefficientsank, k = 1,2, . . . ,n. The
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reflection coefficients have the advantage of being scaled and that digitizing (rounding in(−1,1))
guarantees a stable system. The reflection coefficients (together with initial conditionsx1, . . . , xn

and residualsck) are enough to decode the sound at the other end of the line.

9.4 Problems

9.1 MATLAB : Generate artificial speech with

N=160;
k=1:N;
y=sin(k/10)+randn(size(k))/100;
plot(k,y);

a) Determine the models 9.1 forn = 1,2,3,4,5,6,7,8 using the method of Section 9.2
and verify stability of all models.

b) Determine the models 9.1 forn = 1,2,3,4,5,6,7,8 using the method of Section 9.3
and verify stability of all models.

9.2 MATLAB : Write a MATLAB function that generates the matrix factorization (9.5) fora
given symmetric ToeplitzR.

9.3 Prove Lemma 9.3.1.

9.4 Prove Lemma 9.3.2 forn = 1.
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10 Finite horizon LQ control

This chapter emphasizes the application of projection theorems to finite horizon LQ control.
There is a lot more to say about LQ than covered here.

10.1 Control the state

One of the fundamental problems in control is to control the statex of a system in state space
form

ẋ(t) = Ax(t)+ Bu(t), x(t) ∈ R
n, u(t) ∈ R

nu , t ∈ R.

We consider the following problem.

Application–5: Given matricesA, B and zero initial statex(0) = 0 and desired final statex1
at desired timeT > 0, find an inputu : [0, T ]→ R

nu that achievesx(T) = x1.

How to tackle this problem? The functional analysis routinewould be:

• x(T) is linear inu : [0, T ] → Rnu . Hence we can writex(T) = G(u) for some linear
mappingG.

• The set of inputsu that achievex(T) = x1 is an affine variety (if a solutionu exists):
u ∈ uparticular+ ker(G).

• Equip the set of inputs with an inner product, say consideru ∈ L2([0, T ]) with standard
inner product.

• Equip the state space with inner product, say the dot product〈x, y〉Rn := y′x.

• Then if the adjointG∗ is well defined, i.e. if for someG∗ we have〈x,Gu〉Rn =
〈G∗x,u〉L2([0,T ]) and if the normal equations have a solution:u∗ = G∗(GG∗)−1x1 then
it is the minimal norm solution of Problem 5 [Theorem 5.15.2].

• Then the minimal norm solutionu∗ satisfies‖u‖2
L2[0,T ]

= 〈(G∗G)−1x1, x1〉Rn [Theo-
rem 5.15.2] i.e. the minimal input energy is quadratic in thedesired final state.

What remains is to makeG more explicit and hopefully in such a way that the solutionu∗ is
well defined.

10.2 A first solution — controllability Gramian

Let8(t) be thestate transition matrix, that is, then × n solution of the differential equation
8̇(t) = A8(t), 8(0) = In. Then

x(T) =
∫ T

0
8(T − τ )Bu(τ ) dτ
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is the solution oḟx = Ax+Bu, x(0) = 0 (which follows from differentiation of the abovex(t)).
The adjoint of this mappingG is

u = G∗ x̃ : u(t) = B′8′(T − t)x̃

(verify this). Note that the adjoint maps fromRn to functions on [0, T ]. Now

GG
∗x̃ =

(∫ T

0
8(T − τ )B B′8′(T − τ ) dτ

)

x̃

which can also be expressed as

GG∗x̃ =
(∫ T

0
8(τ)B B′8′(τ ) dτ

)

x̃.

Lemma 10.2.1. Let matricesA, B and final timeT be given. The following statements are
equivalent.

1. For anyx1 ∈ Rn Problem 5 has a solutionu.

2. im(G) = Rn.

3. GG∗ is invertible onRn, that is, then× n controllability Gramian PT ∈ Rn×n defined as

PT :=
∫ T

0
8(τ)B B′8′(τ ) dτ

is invertible.

4. For anyx1 ∈ Rn the minimal norm solution exists and equals

u∗(t) = G
∗(GG∗)−1x1 = B′8′(T − t)P−1

T x1.

Moreover in that case‖u∗‖2 = x′1P−1
T x1.

Proof. (1) H⇒ (2) is immediate.(2) H⇒ (3) because ifPT would have been singular then
v ′PT = 0 for some nonzerov ∈ Rn implying 0= v ′PT v =

∫ T
0 ‖v ′8(T−t)B‖2dt . By continuity

of 8 this meansv ′8(T − t)B = 0 for all t so x1 := v 6∈ im(G). The remaining implications
(3) H⇒ (4) H⇒ (1) and that‖u∗‖2 = x′1P−1

T x1 is an application of Theorem 5.15.2.

10.3 More explicit solution — matrix exponential

As we all know the transition matrix is the matrix exponential,

8(t) = eAt .

So the controllability Gramian is

PT =
(∫ T

0
eAτ B B′eA′τ dτ

)

.

and so Problem 5 is solvable iffPT is invertible in which case the minimal norm solution is

u∗(t) = B′eA′(T−t)
(∫ T

0
eAτ B B′eA′τ dτ

)−1

x1

with ‖u∗‖2 = x′1P−1
T x1. Sinceu∗ is the minimal norm solution on [0, T ] we immediately get

that the longer we allow the control to act the smaller the norm of u∗ is:
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Lemma 10.3.1. AssumeA is Hurwitz and that Problem 5 has a solution for someT > 0 (i.e.
PT > 0 for someT > 0). The minimal input energy needed to steerx(0) = 0 to x1 at some time
T > 0 is achieved atT = ∞ and the minimal energy required is

‖u∗‖2L2(R+)
= x1P−1x1 where P :=

∫ ∞

0
eAt B B′eA′t dt .

Proof. Stability of A is sufficient to guarantee existence ofP. The rest is immediate from the
preceding discussion.

For this reason we can interpret the eigenvalues ofP as a “measure” for controllability. The
“closer” an eigenvalue ofP is to zero the more difficult it is to activate the corresponding state
eigenvector throughu. This idea lies at the basis of Balanced Truncation and statespace solution
of Hankel norm approximations.

10.4 Minimal control input – embellishments

Lemma 10.4.1. AssumeA is Hurwitz and letP be as defined in Lemma 10.3.1. The following
statements are equivalent

1. ẋ = Ax+ Bu is controllable

2. P = P′ > 0

Proof. Do it yourself.

Theorem 10.4.2 (Computation of Controllability Gramian). AssumeA is Hurwitz. ThenP of
Lemma 10.3.1 is the unique solution of the linear Lyapunov equation

AP+ P A′ + B B′ = 0.

Proof.

AP+ P A′ =
∫ ∞

0
AeAt B B′eA′t + eAt B B′eA′ t A′ dt = eAt B B′eA′ t]∞

0 = −B B′.

(That the solution of the Lyapunov equation is unique for stable A can for instance be seen by
this tricked argument: ifAP+ P A′ + B B′ = 0 andAQ+ Q A′ + B B′ = 0 then by linearity
1 = P − Q satisfiesA1+1A′ = 0. Now d

dt e
At1eA′ t = 0 so eAt1eA′t is constant. It is zero

at t = ∞ and1 at t = 0. Hence1 = 0.)

Example 10.4.3. Consider the scalar differential equation

ẋ = −x + u, x(0) = 0, x(T) = 1.

The finite-horizon controllability Gramian is

PT =
∫ T

0
e−2t dt = e−2T − 1

−2
= 1− e−2T

2
=

1

0.5

T →
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In the limit T → ∞ the Gramian approachesP = 1
2 > 0 which indeed is the solution of the

Lyapunov equationAP+ P A+ B B′ = −P − P + 1 = 0. The optimalu∗ : [0, T ] → R for
variousT is

u∗(t) =
e−(T−t)

PT
= 2et

eT − e−T
=

T = 1 T = 2 T = 4 T = 8

The limit T → ∞ of u∗ is not well defined. For better comparison of the differentu∗ shift the
problem from [0, T ] to [−T,0]. Conclusion: the minimal norm inputu : [−T,0] → R that
steersx(−T) = 0 to x(0) = x1 is

u∗(t) =
et

PT
=

0

and asT →∞ the optimal solution converges tou∗(t) = et

P∞
= 2et for t ∈ (−∞,0]. �

Example 10.4.4 (Controllability Gramian in Matlab/Octave ). AssumeA is stable. To compute
the observability GramianP := P∞ in OCTAVE you can do:

A=[-1 1; 0 -1];
B=[1; 2];
P=lyap(A’,B * B’)

and in MATLAB :

A=[-1 1; 0 -1];
B=[1; 2];
P=lyap(A,B * B’)

(Spot the difference). The outcome isP =
[

2.5 2
2 2

]

. �

10.5 Minimal control input – state representation of adjoin t

The optimal input

u∗(t) = B′8′(T − t)P−1
T x1

can be seen as the output of a dynamical system. Indeed,

d

dt
8′(T − t) = −8̇′(T − t) = −A′8′(T − t)

so that:
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Lemma 10.5.1 (Adjoint dynamical system). The optimalu∗(t) of Problem 5 is the output
u∗(t) = B′ p(t) of the dynamical system

ṗ(t) = −A′p(t), t ∈ [0, T ]

with final conditionp(T) = P−1
T x1. �

This system operates backwards in time.

10.6 Finite horizon LQ

Now it is time for the classical finite-horizon LQ problem. Consider the system
{

ẋ = Ax+ Bu, x(0) = x0
z = Cx+ Du

(10.1)

Application–6: Given real matricesA, B,C, D and horizonT > 0 and initial statex(0) =
x0 ∈ Rn find an inputu : [0, T ] → Rnu that minimizes

‖z‖2L2[0,T ] =
∫ T

0
z′(t)z(t) dt .

This covers for instance the classic LQ problem if we choose matricesC andD such that

z=
[

u
y = Cyx

]

.

What to do? Here are some ideas:

• Givenx(0) the outputz is affineu : [0, T ] → Rnu :

z= CeAtx0+ Gu

• Equip the input and output space with inner product.

• Hence the projection theorem states thatu∗ is optimal iff

〈CeAt x0+ Gu∗,G(L
2[0, T ])〉 = 〈G∗(CeAtx0+ Gu∗), L2[0, T ]〉 = 0.

• That is the case iff the normal equations are satisfiedG∗(CeAtx0+ Gu∗) ≡ 0.

• G∗G maps functions to functions so the optimalu∗ = −(G∗G)−1G∗CeAtx0 may be diffi-
cult?

• Express the adjointG∗ in state space. That may help?

10.7 Solution of finite horizon LQ

We now will “explicitly” solve Problem 6. The formulae may appear messy but we believe
that they arrive naturally given our understanding of the projection theorem and adjoints, etc. It
makes sense to first try to come up with a state representationof the adjoint systemG∗.
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Lemma 10.7.1 (Adjoint). The adjointG∗ of the mappingG : L2[0, T ]→ L2[0, T ] defined as

z= G(u) :

{

ẋ = Ax+ Bu
z = Cx+ Du

, x(0) = 0

satisfies a state representation with final condition:

v = G
∗(z),

{

ṗ = −A′p− C′z
v = B′p+ D′z

, p(T) = 0. (10.2)

Proof. AssumeD = 0 (theD 6= 0 case you can do yourself, see Problem 10.3). Leth(t) be the
impulse response ofG: h(t) = CeAt B

�
(t). Then

〈Gu, z〉 =
∫ T

0
z′(t)[

∫ T

0
h(t − τ )u(τ ) dτ ] dt

=
∫ T

0

∫ T

0
z′(t)h(t − τ )u(τ ) dtdτ

=
∫ T

0
u′(τ )[

∫ T

0
h′(t − τ )z(t) dt ]dτ

=
∫ T

0
u′(t)[

∫ T

0
h′(τ − t)z(τ ) dτ ]dt

=
∫ T

0
u′(t)

(∫ T

t
B′e−A′(t−τ )C′z(τ ) dτ

)

dt =: 〈u,G∗z〉.

ThereforeG∗z =
∫ T

t B′e−A′(t−τ )C′z(τ ) dτ . Differentiating p(t) :=
∫ T

t e−A′(t−τ )C′z(τ ) dτ
shows thatṗ = −A′ p− C′z with p(T) = 0.

The system interconnectionv = G∗(CeAtx0+ Gu) (needed in the normal equation) is simply
the series interconnection ofCeAtx0+ Gu andG∗.

Lemma 10.7.2. u∗ satisfies the normal equations

G∗(CeAtx0+ Gu∗) = 0

if and only if there exist(x, p) such that










[

ẋ
ṗ

]

=
[

A 0
−C′C −A′

] [

x
p

]

+
[

B
−C′D

]

u

0 =
[

D′C B′
]
[

x
p

]

+D′Du, ∀t ∈ [0, T ], with x(0) = x0, p(T) = 0.

(10.3)

Proof. Feed the outputz := (CeAtx0 + Gu∗) to the adjointv = G∗(z) in (10.2) and setv to
zero.

If D′D > 0 thenu∗ in the normal equations (10.3) necessarily satisfies

u∗(t) = −(D′D)−1 [D′C B′
]
[

x
p

]

, ∀t ∈ [0, T ] (10.4)

which when inserted into the dynamic part of (10.3) results in theHamiltoniansystem
[

ẋ
ṗ

]

=
([

A 0
−C′C −A′

]

−
[

B
−C′D

]

(D′D)−1 [D′C B′
]
)

︸ ︷︷ ︸

H

[

x
p

]

, x(0) = x0, p(T) = 0.

(10.5)
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Lemma 10.7.3 (Solution finite horizon LQ). AssumeD′D is invertible. Then the optimalu∗ ∈
L2[0, T ] of Problem 6 exists and equals (10.4) where(x, p) is the solution of the state equation
with two-point boundary condition (10.5). The solution(x, p) of (10.5) exists and is unique:

[

x(t)
p(t)

]

= 6(t)
[

I
PT (T)

]

x0, PT (T) = −622(T)
−1621(T).

Here6(t) :=
[611(t) 612(t)
621(t) 622(t)

]

:= eHt , and the square622(T) is guaranteed to be nonsingular.

Proof. There is only the problem of existence and uniqueness of the solution (x, p) to this two-
point boundary condition problem. This is not entirely trivial (but not too complicated either).

Consider for the moment the casex0 = 0, so the normal equations reduce to

G∗Gu∗ = 0 andx(0) = p(T) = 0.

Clearly G∗Gu∗ = 0 impliesz := Gu∗ = 0 which in turn impliesu∗ = 0 becauseG is left
invertible if D′D > 0. Now u∗ = 0 implies

[ ẋ
ṗ

]

=
[ A 0
−C′C −A′

][ x
p
]

which, given thatx(0) =
p(T) = 0 in turn implies bothx and p are trivial. Therefore forx0 = 0 the solutions(x, p,u∗)
of the normal equations are unique and are all equal to zero. For6(t) defined as6(t) = eHt the
solution of (10.5) in terms ofinitial conditions is

[

x(t)
p(t)

]

= 6(t)
[

x(0)
p(0)

]

.

Since no non-trivial solution(x, p) exists for whichx(0) = p(T) = 0 we must have that622(T)
is invertible. Now we can proceed.

Back to the general case (x0 6= 0). Since622(T) is invertible we can solvep(0) from

0= p(T) = 621(T)x0+622(T)p(0).

Its solution isp(0) = −622(T)−1621(T)x0.

In contrast to Problem 5 here the dynamic equations that determine the optimal solutionu∗(t)
(backward in time) is coupled with dynamic equations forx (forward in time). It is possible
decouple the equations, but we will not do it.

Example 10.7.4 (First order system). For the system

ẋ = u, z=
[

u
x

]

the HamiltonianH of (10.3) becomes

H =
[

0 −1
−1 0

]

which is simple enough to allow explicit solution of the (symplectic) matrix exponential,

6(t) = eHt = 1

2

[

et + e−t −et + e−t

−et + e−t et + e−t

]

.

The state-costate solution (10.3) become

[

x(t)
p(t)

]

= 1

2

[

et + e−t −et + e−t

−et + e−t et + e−t

]
[

1
eT−e−T

eT+e−T

]

x0 =

x(t)

p(t)

t → T = 2

x0
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The optimal input

u∗(t) = −B′p(t) = −p(t) =
T = 2

−x0

t →

which we can also see as a function of statex(t) asu(t) = −B′PT (t)x(t) with

PT (t) =
p(t)

x(t)
=

1

2 4

P2(t) P4(t)

.

The largerT is, the closerPT (t) is to 1 initially. It is now tempting to think that for the infinite
horizon case the optimalu(t) is a static state feedbacku∗(t) = −B′x(t) = −x(t). It is. �

10.8 IYWTKM...

• The finite horizon solution can be extended to the infinite horizon case but the derivation
is lengthy. We will solve the infinite horizon case for LTI systems from scratch (but many
arguments will look similar to those presented in this chapter)

• The solution(x, p) provided in Lemma 10.7.3 in terms of matrix exponentials is not nu-
merically reliable. Better (numerically) is to work with Riccati differential equations. The
idea then being to expressp(t) as a static linear function ofx(t), that is,p(t) = P(t)x(t)
and then to derive a differential equation forP(t). See for instance the classic books by
Kwakernaak & Sivan and by Anderson & Moore (both available online)

10.9 Problems

10.1 Consider the system

ẋ = x + 2u, y = 2x

Given x0 and horizonT > 0 find the inputu that minimizes
∫ T

0 y2(t) + u2(t) dt . (That
is, derive equation similar to that of Example 10.7.4). Whatwould the infinite horizon
feedback solutionu∗(t) = −Fx(t) be, i.e. what isF?

10.2 Fill in the details of Example 10.7.4.

10.3 Lemma 10.7.1 is only proven for the case thatD 6= 0. Extend the proof to theD 6= 0 case
(and the extension of the proof must be short!).

10.4 Consider Problem 6. Show thatd
dt p′(t)x(t) = −z′(t)z(t) and use it to prove that

p′(t)x(t) = ‖z‖2
L2[t,T ]

.

10.5 Write a MATLAB script that computes the minimal norm‖z∗‖L2[0,T ] of Problem 6 given
matricesA, B,C, D and timeT > 0.
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10.6 Make precise what is used in the proof of Lemma 10.7.3:G is left invertible over [0, T ] is
D′D > 0.

10.7 Redo (as best as possible) the results obtained in Section 10.3 for Problem 5 slightly al-
tered:

Application–7: Given matricesA, B and nonzero initial statex(0) = x0 and desired final state
x1 at desired timeT > 0, find an inputu : [0, T ] → Rnu that achievesx(T) = x1.
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11 H
2 optimization in frequency domain

This chapter needs a re-write.

11.1 LQ in frequency domain

The approach taken in this and the following section is not standard, but elegant nonetheless
(we think). It is an input-output approach to LQ, and relies heavily on frequency domain argu-
ments. In doing so we naturally arrive at the familiar guaranteed gain and phase margins and, for
SISO systems, a simple rule to determine the closed loop poles based on the open loop plant.

As a motivating example consider an LTI system with inputu and outputy,

y = P(u) (11.1)

and suppose the plant was operational over the past(−∞,0]. The LQ-problem colloquially is to
minimize

∫∞
0 |u(t)|2+ |y(t)|2 dt with respect to all future-time inputsu : [0,∞)→ Rnu . As in

the finite-horizon case (Chapter 10) it is convenient to workwith system representations in which
bothy andu are seen as outputs, i.e,

[

u
y

]

=
[

I
P

]

u.

This way the input (hereu) is to be optimized over and the output is to be minimized. The
LQ-problem can be formulated as follows:

Application–8: Consider a causal systemz = G(v) with given pastv− : (−∞,0] → Cnv .
Determine thev+ : [0,∞)→ Cnv that minimizes‖z‖L2[0,∞).

This formulation of the LQ-problem

• requires no notion of state,

• has a solution that depends on the given pastv−,

• is not a feedback control problem, that is, we are not demanding that the minimizers of
‖z‖L2[0,∞) are to be sought within some class of feedback controllers. (It will be a result
that for the usual state-space systems the optimal solutions can be implemented as a state-
feedback controller.)

11.2 SISO LQ and return difference inequality

Definition 11.2.1 (Inner transfer matrix). A rational matrixG is said to beinner if it has its
poles in the open left-half plane andG∼G = I . �
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Example 11.2.2 (Inner matrix). Supposez = G(v) is the causal stable system with transfer
matrix

G(s) =
[ s

s+1
1

s+1

]

.

The mapping is norm preserving becauseG is inner (see Example 6.9.3):

G∼(s)G(s) =
[
−s
−s+1

1
−s+1

]
[ s

s+1
1

s+1

]

= −s2

−s2+ 1
+ 1

−s2+ 1
= 1.

That is the input and output energy are the same

‖z‖L2(R) = ‖v‖L2(R).

Given the pastv−, the past ofz− is determined (because it is causal) hence the minimal future
energy‖z‖2

L2(R+)
is achieved by takingv+ = 0.

For completeness (but you may skip this part if you don’t careabout it, this part is not essential
for what is to come), the signalz for positive time can be computed using residues (assuming
v− ∈ L2(−∞,0]),

z(s) =
[ s

s+1
1

s+1

]

v−(s) =
[

1
0

]

v−(s)+
[
−1
s+1

1
s+1

]

(v−(s)− v−(−1))

︸ ︷︷ ︸

∈H2⊥

+
[
−1
s+1

1
s+1

]

v−(−1)

︸ ︷︷ ︸

H2

.

The first two terms are inH2⊥ because the stable poles= −1 cancels against the zero ats= −1
in v−(s) − v−(−1). The future time solution is the inverse Laplace transform of the last (third)
term

z(t) =
[

−e−t

e−t

]

v−(−1).

�

Effectively what this example demonstrates is that with inner transfer matrices the orthogonal-
ity criterion (that we know shows up in the projection theorem) reduced to that of orthogonality
of L2[0,∞) andL2(−∞,0], which is trivial. This simple example in fact solves essentially any
classical SISO LQ-problem, see the following example and ensuing theorem.

Example 11.2.3 (Integrator). Consider the SISO integratory = 1
su. To minimize

∫∞
0 y2(t) +

u2(t) dt given the past we rewrite the system as

z=
[

u
y

]

=
[

s
1

]

y.

The transfer matrixG(s) =
[ s

1

]

here is not inner, it satisfies

G∼(s)G(s) = −s2+ 1.

This polynomial has zeros ats= 1 ands= −1 so can be spectrally factored as

G∼(s)G(s) = (−s+ 1)(s+ 1).
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Aha, if we now divideG(s) with the stable factors+ 1 then we do get, by construction, an inner
transfer matrix,

z=
[

u
y

]

=
[

s/(s+ 1)
1/(s+ 1)

]

v, v = (s+ 1)y.

Here we recognize again the transfer matrixG(s) of the previous example, so optimal isv+ = 0.
Done. One may object about “dividing by polynomials”, but itis all right which we will see by
redoing the example in state space, done next. �

Lemma 11.2.4 (LQ control for SISO systems, pole placement). Consider a SISO systemy =
P(u) with strictly proper minimal transfer function

P(s) = N(s)

M(s)

and minimal realization
[

A B
C 0

]

.

The solution to the LQ-problem minu∈L2[0,∞)
∫∞

0 |u(t)|2 + |y(t)|2 dt can be implemented as a
static state feedbacku = −Fx whereF ∈ R1×n is the unique matrix for whichA− B F has its
eigenvalues at the stable zeros of

M(−s)M(s) + N(−s)N(s). (11.2)

Proof. In state space the system with inputu and output
[ u

y
]

become

[

u
y

]

=





A B
0 1
C 0



u

Let u = −Fx+ v whereF is as specified above (suchF exists by minimality of the realization,
and is unique because the system is SISO). Then

[

u
y

]

=





A− B F B
−F 1
C 0



 v.

Let χ(s) := det(s I − (A− B F)). Assume without loss of generality thatM(s) is monic (this
does not changeF). Clearly the transfer function fromu to y has not been modified by the
change of inputu = −Fx + v, so the transfer function fromv to

[ u
y
]

equals

[

u
y

]

=
[

M(s)/χ(s)
N(s)/χ(s)

]

︸ ︷︷ ︸

G(s)

v.

This rendersG inner,

G∼(s)G(s) = M(−s)M(s) + N(−s)N(s)

χ(−s)χ(s)
= 1

hence renderingv+ = 0 optimal. The conditionv+ = 0 is equivalent tou = −Fx + v being
−Fx for positive time.
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(s I − A)−1B

F

x

u

(a)

(s I − A)−1B

F

x

uū

(b)

Figure 11.1: State feedback and loop gainū = −Lu

Example 11.2.5 (Integrator). The integratory = 1
su has minimal state-space realizationẋ =

u, y = x and transfer functionN(s)
M(s) =

1
s . We haveM(−s)M(s) + N(−s)N(s) = −s2 +

1 = (−s + 1)(s + 1) so we need to place the poleA − B F at−1. This requiresF = 1 so
u∗(t) = −Fx(t) = −x(t) = −y(t) is the solution of the LQ-problem. �

The core of the proof is that the transfer function of the mapping fromv to
[ u

y
]

,

[

Gu

Gy

]

:=





A− B F B
−F 1
C 0





is inner, that is (besides stability) that

G∼u Gu + G∼y Gy = 1 on the imaginary axis.

An immediate consequence of this equality is that

G∼u Gu = 1− G∼y Gy ≤ 1 on the imaginary axis.

or, equivalently,

|G−1
u (iω)| ≥ 1 ∀ω ∈ R.

This is known as thereturn difference inequalityand in terms of the realization says

|1+ F(iω I − A)−1B| ≥ 1 ∀ω ∈ R.

The classic interpretation is that LQ is robust in the sense that the loop gainL(iω) = F(s I −
A)−1B in the feedback loop of Fig. 11.1 stays outside the complex unit circle with center at the
critical point−1:

|1+ L(iω)| ≥ 1 ∀ω ∈ R.

11.3 MIMO systems – spectral factorization

Algorithmically, the bottle-neck in the LQ-problem isspectral factorization, that is, split-
ting the polynomialM(−s)M(s) + N(−s)N(s) into a productχ(−s)χ(s) with χ(s) Hurwitz.
Nowadays the problem of computation of zeros of polynomials—i.e. computation of eigenvalues
of matrices—is considered solved for modest sized problems. Thus the SISO LQ-problem is
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essentially a solved problem. The beauty of LQ is that it works for MIMO systems as well and
still the bottle-neck is a form of eigenvalue computation, so is essentially a solved problem as
well. Theoretically the bottle-neck is to show that spectral factorization works (save some minor
details) for MIMO systems. That is the topic of this section.It involves quite a bit of algebra. We
will do spectral factorization not for polynomials but for proper rational functions because then
the powerful machinery of state-space is at our disposal.

Application–9: Given a stable rationalG find necessary and sufficient conditions for the exis-
tence of a bistableG0 such that

G∼G = G∼0 G0 (11.3)

and determine the innerGG−1
0 .

A rational matrixG0 is said to bebistableif it is invertible and bothG0 andG−1
0 are stable.

A bistable solutionG0 of (11.3) known as aspectral factorof G∼G. Our quest begins with a
realization ofG

G =
[

A B
C D

]

(11.4)

with A Hurwitz. Since bothG andG0 are stable it is to be expected thatG0 can be taken to have
the same ‘A-matrix’ asG. We propose a realization of the form

G0 =
[

A B
L E

]

with L andE yet to be determined. It is readily verified that

G∼G =





A 0 B
−C′C −A′ −C′D
D′C B′ D′D



 (11.5)

and similarly

G∼0 G0 =





A 0 B
−L ′L −A′ −L ′E
E′L B′ E′E



 .

Obviously equatingG∼G with G∼0 G0 does not imply equating the realizations. There is, for
one, the non-uniqueness due to state transformations. In order to preserve the structure of the
realization we propose a state transformation

[

In 0
X In

]

, X ∈ R
n×n.

Under this transformation the realization ofG∼0 G0 transforms into

G∼0 G0 =





[
I 0
X I

]
[

A 0
−L ′L −A′

]
[

I 0
−X I

] [
I 0
X I

]
[

B
−L ′E

]

[

E′L B′
] [

I 0
−X I

]

E′E



 (11.6)

=





A 0 B
A′X + X A− L ′L −A′ −L ′E + X B

E′L − B′X B′ E′E



 (11.7)
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WheneverL, E, X are such that (11.7) equals (11.5) entry by entry, that is, if

E′E = D′D (11.8)

L ′E − X B = C′D (11.9)

E′L − B′X = D′C (11.10)

A′X + X A− L ′L = −C′C (11.11)

thenG∼G = G∼0 G0. Remember thatG0 is supposed to be bistable. In particular this means
thatG0(∞) = E is supposed to be invertible. Now letE be any square nonsingular solution of
E′E = D′D (suchE exists iff D has full column rank). Then from (11.9) we can expressL ′ as
L ′ = (C′D + X B)E−1, and then plug this expression into (11.11) to obtain

A′X + X A− (C′D + X B)E−1E−′(D′C + B′X)+ C′C = 0. (11.12)

Equation 11.10 follows from (11.9) ifX = X′.

Lemma 11.3.1 (Sufficient conditions – Riccati). ConsiderG with realization (11.4) and as-
sumeD′D > 0. Let E be any nonsingular solutionE′E = D′D. If X = X′ ∈ Rn×n solves the
Algebraic Riccati Equation (ARE)

A′X + X A− (C′D + X B)(D′D)−1(D′C + B′X)+ C′C = 0 (11.13)

thenG∼G = G∼0 G0 for

G0 =
[

A B
L E

]

with L := E−′(D′C + B′X).

The matrixX is said to be thestabilizing solutionof the Riccati equation if

A− B E−1L := A− B(D′D)−1(D′C + B′X)

is Hurwitz. In that caseG−1
0 is stable. If in additionA is Hurwitz thenG0 is a spectral factor of

G∼G.

Proof. Follows essentially from the previous analysis. Note thatE−1E−′ equals(D′D)−1

so (11.13) is (11.12). The realization ofG−1
0 is

G−1
0 =

[

A− B E−1L ∗
∗ ∗

]

.

henceG−1
0 is stable ifA− B E−1L is Hurwitz, and bistable if in additionA is Hurwitz.

Realize that we have not yet proved existence of any solutionX of the ARE, let alone existence
of a stabilizing solution. This we will do at the end of this section.

This is nice:G andG0 have a joint realization

[

G
G0

]

=





A B
C D
L E



 .

Therefore

[

z
v

]

=
[

G
G0

]

w H⇒





ẋ
z
v



 =





A B
C D
L E





[

x
w

]

.
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Now what is the transfer matrix fromv to z? On the one hand this can be computed usingz= Gw
andw = G0v:

z= GG−1
0 v

and this transfer matrix is precisely the inner matrixGG−1
0 that we are after. On the other hand

in terms of realizations we have

v = Lx + Ew H⇒ w = E−1(v − Lx)

so that

z=
[

A− B E−1L B E−1

C − DE−1L DE−1

]

v. (11.14)

Therefore this must be a realization of the inner GG−1
0 . The ‘A-matrix’ here is the same as the

‘ A-matrix’ of the G−1
0 . Surprising? Well at least it is good to see that the state dimension of

GG−1
0 does not increase beyond that ofG (which would normally happen ifG andG0 are not

‘related’). Now we can state and prove the famous theorem:

Lemma 11.3.2 (Spectral factorization). Let G(s) = [ A, B,C, D] be a realization ofG(s) with
A Hurwitz and suppose the realization has no imaginary zeros,including at infinity:

[

A− iω I B
C D

]

and D

have full column rank for allω ∈ R. Then the following holds.

1. The Hamiltonian matrix

H :=
[

A 0
−C′C −A′

]

−
[

B
−C′D

]

(D′D)−1 [D′C B′
]

has no imaginary eigenvalues.

2. The Riccati equation

X A+ A′X − (X B+ C′D)(D′D)−1(D′C + B′X) + C′C = 0

has a unique solutionX for which A − B(D′D)−1(D′C + B′X) is Hurwitz. This X is
referred to as thestabilizingsolution and it is symmetricX = X′.

3. G0 is bistable and such thatG∼G = G∼0 G0 iff

G0 =
[

A B
L E

]

, L = E−′(D′C + B′X), E′E = D′D (11.15)

with E square andX the stabilizing solution of the above ARE.

Proof (extensive sketch). Prior to this proof we already established thatif X is a stabilizing
solution of the ARE then anyG0 in the last item is a solution. Remains to show existence
and uniqueness of stabilizingX and that (11.15) representsall spectral factors. (The following
proof of existence ofX is essentially the same as that622(T) is nonsingular in the proof of
Lemma 10.7.3.) Let us collect realizations forG∼G and its inverse,

G∼G =





A 0 B
−C′C −A′ −C′D
D′C B′ D′D



 , (G∼G)−1 =
[

H
[

B
−C′D

]

(D′D)−1

−(D′D)−1 [D′C B′] (D′D)−1

]

.

117



(The A-matrix of (G∼G)−1 is the HamiltonianH defined in Item 1.) By stability ofA the re-
alizations have no unobservable or uncontrollable modes onthe imaginary axis. By assumption
G has no imaginary zeros, hence(G∼G)−1 has no imaginary poles and thusH has no imag-
inary eigenvalues. Being theA-matrix of a self-conjugate(G∼G)−1 the Hamiltonian matrix
H exhibits some symmetry as well. IndeedĤ(s) := (s I − H )

[
0 I
−I 0

]

is readily seen to be self-

conjugate:Ĥ∼(s) = Ĥ(s) soH has as many stable eigenvalues as anti-stable eigenvalues.Since
H is 2n × 2n and has no imaginary eigenvalues, the stable eigenspace ofH is n-dimensional.
Write the stable eigenspace as

im(

[

X1
X2

]

), X1, X1 ∈ C
n×n.

If X1 is nonsingular it is easy to verify thatX := X2X−1
1 is a stabilizing solution to the ARE

and that it is unique and symmetric (Thm. 11.8.2). So why isX1 nonsingular? Suppose, to the
contrary, thatX1 is singular. We will show that then statex ∈ L2

R2n(R) exists and orthogonal

externalL2-signalsu andv = G∗Gu exist of the form

G∗G
u v

0

0 .

That is, withu(t) zero for negative time andv zero for positive time. Suchu, v can not exist
because‖Gu‖2 = 〈G∼Gu,u〉 = 〈v,u〉 = 0 which contradictsGu 6= 0. If X1 is singular there
exist nonzerox0 of the form

[ 0
x̂0

]

in the stable eigenspace ofH . Given this “initial” state setting
u(t) = 0 for negative time gives usv := G∗Gu for negative time:

t < 0, u(t) = 0 H⇒ v(t) = B′x̂(t), x̂(1) = −A′x̂, x̂(0) = x̂0.

By antistability of−A′ this v is in L2(−∞,0]. For t > 0 we setv(t) = 0 and equateu =
(G∗G)−1v:

t > 0, v(t) = 0 H⇒ u(t) = −(D′D)−1 [D′C B′
]

x(t), ẋ = H x, x(0) = x0.

Sincex(0) is in the stable eigenspace ofH thisu is in L2[0,∞). So bothu andv are inL2(R),
andv (henceu) is not identical to zero because if it would have been zero then for t < 0 we
would have haḋx = H x, x(0) = x0 which implies limt→−∞ |x(t)| = ∞ while we just showed
thatx(t)→ 0 ast →−∞.

If G0 andG1 are two bistable solutions thenG∼0 G0 = G∼1 G1 so thatG0G−1
1 = G−∼0 G∼0 . The

left-hand side of this equation is bistable, the right-handside is bi-antistable. Hence both sides
are constant, i.e.G1 = W G0 for some constantW. The constantW is orthogonal,W′W = I .
This constantW can be absorbed intoE. In other words, lettingE range over all solutions of
E′E = D′D gives us all solutionsG0.

Dually one gets:

Lemma 11.3.3 (Spectral co-factorization). Let G(s) = [ A, B,C, D] be a realization ofG(s)
with A Hurwitz and suppose the realization has full row rank on the imaginary axis, including at
infinity:

[

A− iω I B
C D

]

and D

have full row rank for allω ∈ R. Then the following holds.
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1. There exist bistableG0 such thatGG∼ = G0G∼0

2. The Riccati equation

AY+ Y A′ − (Y C′ + B′D)(D′D)−1(CY+ DB′)+ B′B = 0

has a unique solutionY for which A − (Y C′ + B D′)(DD′)−1C is Hurwitz, called the
stabilizing solutionY, and it satisfiesY = Y′.

3. G0 is a spectral cofactor iff

G0 =
[

A L
C E

]

, L = (B D′ + Y C)E−′, E E′ = DD′

with Y the unique stabilizing solution of the above ARE andE the non-unique square
solution ofE E′ = DD′.

4. G0 andG have a joint realization

[

G G0
]

=
[

A B L
C D E

]

andM := G−1
0 G is co-inner(meaning stable andM M∼ = I ) and has realization

[

A− L E−1C B − L E−1D 0
E−1C E−1D I

]

�

At the end of this chapter we comment upon the computation of Riccati equations.

Example 11.3.4 (Matlab – mu-tools).

H=[-1 -1; -1 1]; % some Hamiltonian
[X1,X2]=ric_schr(H); % ric_schr is part of mu-tools
X=X2/X1; % stabilizing solution

�

11.4 MIMO LQ and the return difference inequality

The solution for the LQ-problem (Application 8) for MIMO systems can now be stated.

Theorem 11.4.1. Consider a systemy = P(u) with stabilizable realization

P(s) =
[

A B
C D

]

and assume(A,C) has no unobservable modes on the imaginary axis. Then theControl Alge-
braic Riccati Equation (CARE)

A′X + X A+ C′C − (C′D + X B)(I + D′D)−1(D′C + B′X) = 0 (11.16)

has a unique stabilizing solutionX and the optimal inputu is a state feedback

u = −Fx, F = (I + D′D)−1(D′C + B′X).

Moreover the minimal
∫∞

0 |y(t)|2+ |u(t)|2 dt equalsx(0)′Xx(0).
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Proof. The realization of the transfer matrix fromu to
[ u

y
]

is





A B
0 I
C D



 .

Since(A,C) has no unobservable modes the above realization has no imaginary zeros. Also the
direct feedthrough term

[
I
D

]

has full column rank. Henceif A were stableLemma 11.3.2 applies
and says that the CARE has a stabilizing solution and that state feedbacku = −Fx+ E−1v with
F = (I + D′D)−1(D′C + B′X) renders the system fromv to

[ u
y
]

inner,

[

u
y

]

=





A− B F B E−1

−F E−1

C − DF DE−1



 v. (11.17)

The matrixE does not concern us. Since the system is inner the optimalv+ = 0 so thatu = −Fx
for positive time.

If A is not stable then first apply a preliminary stabilizing state feedbacku = −Fstabx + ũ.
It can verified (boring) that this preliminary state feedback cancels in the inner system (11.17).
That‖z‖2 = x′0Xx0 is easily verified by showing thatddt x

′Xx = −z′(t)z(t) for the optimalu.
This result appears not to come naturally in our “projectionapproach” and I do not know how to
fix it.

Example 11.4.2 (Integrator). Consider once again the integratory = 1
su. A state realization is

ẋ = u, y = x.

The Riccati equation (11.16) becomes

1− X2 = 0.

The two solutions areX = ±1. Only X = +1 is stabilizing, giving usu∗(t) = −B′Xx(t) =
−x(t) as the unique optimal solution. �

As in the SISO case, also in the MIMO case the crux is that

[

Gu

Gy

]

:=
[

I
G

]

G−1
0 =





A− B E−1L B E−1

−F E−1

C − DE−1L DE−1





is inner. If the plantP(s) is strictly proper then we haveD = 0 andE = I . In this case the inner
matrix is

[

Gu

Gy

]

:=





A− BL B
−F I
C 0



 .

Being inner we have thatG∼u Gu = I − G∼y Gy ≤ I on the imaginary axis. This brings us once
again at the return difference inequality, but now for MIMO systems:

Lemma 11.4.3 (Return difference inequality). For strictly proper plants we have

[ I + L∼(iω)]′[ I + L(iω)] ≥ I ∀ω ∈ R

where nowL is the loop gainL(s) = F(s I − A)−1B.
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Proof. Gu = (1+ L)−1.

11.5 SISO Filtering

-
wz

u y

v
G11

G21K

Figure 11.2: Filtering configuration

Filtering is the problem of learning about a signalv on the basis of related signaly. A systems
approach to filtering is depicted in Fig. 11.2 where bothv andy are seen as the output a system
driven by a common sourcew. For the sake of argument, say thatv is the noise a passenger hears
sitting in an airplane and thaty is the noise picked up by a microphone at some other point in the
airplane. Clearlyv andy are related meaning thatG11 andG21 share certain dynamic features.
Continuing with our little airplane-example, the aim of active noise canceling is to find a system
K (calledfilter) such thatu := Ky ideally imitatesv perfectly so that if its outputu is transmitted
“in antiphase” in the passengers headphone we ideally hear nothingz = v − u = 0 (or at least
nothing in some desired frequency band). The game, in short,with filtering is to choose the filter
K so that the error signalz = v − u as small as possible. Small in what sense? Anextremely
popular approach — the reason is explained in Chapter 7 — is tominimize theL2-norm of the
impulse response of the error system,

min
k
‖g11− k ∗ g21‖L2(R).

This assumes all systemsG11,G21,K to be LTI, with respective impulse responsesg11, g21, k.
Because of Plancherel we can forL2-stable systems also express this in frequency domain as

min
K
‖G11− K G21‖L2(iR).

We pose and solve this problem for various assumptions imposed on the filter. We mostly work
with transfer function representationsG11,G21, K of the systems.

Application–10: Consider rational SISO systemsG11,G21 ∈ L∞. Find K ∈ L∞ that mini-
mizes‖G11− K G21‖L2(iR).

This particular application is so easy that projections arenot needed. Simply taking

K∗ =
G11

G21

will do the job and render the error system identical to zero,

G11− K∗G21= 0,

or, at least, in many cases:
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Example 11.5.1 (Four examples).

• If G11,G21 ∈ H∞ with G21 bistable, say,

G11(s) = 1/(s+ 1) and G21 = (s+ 2)/(s+ 3)

we have the happy situation thatK∗ = G11
G21
= s+3

(s+1)(s+2) is stable and causal. Nothing
scary here.

• If G11 = 1/(s+ 1) andG21 = (s− 2)/(s+ 3) — both in H
∞ — we have thatK∗ =

s+3
(s+1)(s−2). This K∗ has a pole ats = 2 and is thus not inH∞ i.e. it is not both stable
and causal. Pity. We insist thatK is stable (i.e. inL∞) but then ourK∗ is not causal.
Mathematically there is nothing wrong with this choice. Being stable we have to assume
that the region of convergence contains the imaginary axis.From partial fraction expansion

K∗(s) =
s+ 3

(s+ 1)(s− 2)
= 5/3

s− 2
− 2/3

s+ 1
− 1< Re(s) < 2

we can derive the impulse response

k∗(t) =
5

3
e2t �(−t)− 2

3
e−t �(t) = .

Indeed it is not causal, but it isL2(R)-stable.

• If G11= 1 andG21 = 1/(s+ 3) — both inH
∞ — we have the problem thatK∗ = s+ 3

which is non-proper implying thatK is not stable (i.e. not inL∞, it has differentiating
action). This type of problems can occur since we divide bystrictly properG21.

In this example in fact noK ∈ L∞ exists that renders‖G11− K G21‖ finite. This is due
to the fact thatG21 is strictly proper andG11 is not strictly proper.

• If G21 has imaginary zeros then essentially the same problem occurs. For instance if

G11 = 1/(s+ 1) andG21 = s2+1
(s+1)2

we haveK∗ = s+1
s2+1

which has poles at±i. Causal
or not, it is not a stable system. It can be approximated arbitrarily well by a stable system
though, in fact stable and causal,

Kε(s) =
s+ 1

s2+ εs+ 1
, ε > 0

rendering the error systemG11− KεG21 arbitrarily close to zero (in norm) forε > 0 but
small.

�

The last two examples are more-or-less the reason that in applications we prefer to rule out
the situation thatG21 has imaginary zeros or zeros at infinity. After all, what is anoptimization
problem whose “optimal” solutionK is (close to) unstable? For other problems we can easily
summarize:

Lemma 11.5.2. If K∗ := G11/G21 is in L∞ then it is a solution of Application 10. If thisK has
its poles in the open LHP it is also causal. In all other cases it is not causal. �

Next bring in causality constraints.
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Application–11: Consider rational, SISO systemsG11 ∈ H2 and G21 ∈ H∞. Minimize
‖G11− K G21‖L2 with respect toK ∈ H

∞.

Its solution is an example of projection, be it with one little subtlety. The set of filtersH∞ is
a vector space so minimizing theL2-norm ofG11− K G21 is that of finding the minimal norm
solution an affine variety, and it looks like that Theorem 5.15.1 applies. Not so, becauseH∞ is
not an inner product space. The common way out of this paradoxis to assume that

G21 has no imaginary zeros and no zeros at∞.

Then‖G11− K G21‖L2 <∞ impliesK ∈ L2(iR). So we may without loss of generality restrict
our search over the smaller set

K ∈ H
∞ ∩ L

2 ⊆ H
2.

Now we can proceed with theL2-inner product:

K∗ ∈ H
∞ ∩ L

2 is optimal ⇐H G11− K∗G21⊥ H
2G21

⇐⇒ 〈G11− K∗G21, K G21〉 = 0, ∀K ∈ H
2

⇐⇒ 〈G11G∼21− K∗G21G∼21,H
2〉 = 0

⇐⇒ G11G∼21− K∗G21G∼21 ∈ H
2⊥.

If we can solve the last inclusion for someK∗ ∈ H∞ ∩ L2 thenK∗ is optimal.

Example 11.5.3. Suppose

G11(s) =
1

s+ 3
, G21(s) =

s− 1

s+ 1
.

(We are lucky becauseG21 is inner.) The inclusion to solve for is

−s− 1

(s+ 3)(−s+ 1)
− K∗ ∈ H

2⊥.

Partial fraction expansion (PFE) of the first term gives the equivalent inclusion

1/2

s+ 3
+ 1/2

s− 1
− K∗ ∈ H

2⊥.

The PFE splits the first term into a stable part (inH2 in fact) and an anti-stable part (inH2⊥ in
fact). Simply settingK∗ equal to the stable term solves the problem

K∗(s) =
1/2

s+ 3

rendering the the error systemG11− K∗G21 equal to the unstable part divided byG∼21,

G11(s)− K∗(s)G21(s) =
1/2

s− 1
× s− 1

s+ 1
= 1/2

s+ 1
.

Our K∗ is in H∞ as required, and it is inL2 as guaranteed. �
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Lemma 11.5.4 (SISO Inner-outer cofactorization). Consider rational, SISO systemsG11 ∈ H2

andG21 ∈ H∞ and assumeG21 has no zeros on iR ∪ {∞}. ThenG21 has a(co)inner-outer
factorization

G21= G0Gi , Gi ,G0,G
−1
0 ∈ H

∞ andGi G
∼
i = 1

and the solutionK∗ of Application 11 exists and is unique,

K∗ = π+(G11G∼i )G−1
0 .

�

Hereπ+ is the orthogonal projection operator fromL2 to H
2, or more concretelyπ+(G) is the

sum of strictly proper stable terms in a PFE ofG.

11.6 MIMO filtering

Now we have enough to solve the (almost) most general Filtering problem:

Application–12: Consider rational,G11 ∈ H2 andG21 ∈ H∞ (both possibly MIMO). Mini-
mize‖G11− K G21‖L2 overK ∈ H∞.

Theorem 11.6.1 (Filtering). Consider rational systemsG11 and G21 with G21 strictly proper
and having joint realization

[

G11
G21

]

=





A B
Cz 0
C D





with (A,C) detectable and assume the realization ofG21 has full row rank on the imaginary axis,
including at infinity:

[

A− iω I B
C D

]

, D.

Then theFiltering ARE (FARE)

AY+ Y A′ − (Y C′ + B′D)(D′D)−1(CY+ DB′)+ B′B = 0 (11.18)

has a unique stabilizing solutionY and the optimal filterK∗ solving Application 12 exists and
has realization

K∗ =
[

A− LC B− L D
Cz 0

]

, L = (B′D + Y C)E−′, E E′ = DD′

and the optimal error systems is

G11− K∗G21=
[

A− LCy B − L Dy

Cz 0

]

Proof. Later.
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This theorem actually does not requireG11 andG21 to be stable. All it does is makeG11−
K∗G21 ∈ H ∩H2 and minimize its norm overK∗ ∈ H∞ ∩H2.

11.7 Extra: Standard H
2 problem

A combination of LQ and Filtering. No time to talk about it in detail only brief summary:

G

K

wz

uy

Figure 11.3: The standardH2 problem

Application–13: ThestandardH2 optimization problem is the problem of choosing the con-
troller K in the block diagram of Fig. 11.3 such that it

1. stabilizes the closed-loop system, and

2. minimizes theH2-norm of the closed-loop system (withw as input andz as output).

We represent the generalized plantG of Fig. 11.3 in state space form as

ẋ(t) = Ax(t)+ B1w(t)+ B2u(t), (11.19)

z(t) = C1x(t)+ D11w(t)+ D12u(t), (11.20)

y(t) = C2x(t)+ D21w(t)+ D22u(t). (11.21)

TheH2 problem may be solved by seeing at as nested LQ and Filtering problem.

Lemma 11.7.1 (Solution of the H
2 problem). Consider the standardH2 optimization problem

for the generalized plant

ẋ(t) = Ax(t)+ B1w(t)+ B2u(t), (11.22)

z(t) = C1x(t) + D12u(t), (11.23)

y(t) = C2x(t)+ D21w(t)+ D22u(t). (11.24)

Assumptions:

• The systeṁx(t) = Ax(t)+ B2u(t), y(t) = C2x(t) is stabilizable and detectable.

• The matrix
[ A−s I B1

C2 D21

]

has full row rank for everys= iω, andD21 has full row rank.

• The matrix
[ A−s I B2

C1 D12

]

has full column rank for everys = iω, andD12 has full column
rank.
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Under these assumptions the optimal output feedback controller u = K y is

˙̂x(t) = Ax̂(t)+ B2u(t)+ L[y(t)− C2x̂(t)− D22u(t)] (11.25)

u(t) = −Fx̂(t). (11.26)

The observer and state feedback gain matrices are

F = (D′12D12)
−1(B′2X + D′12C1), L = (Y C′2 + B1D′21)(D21D′21)

−1. (11.27)

The symmetric matricesX andY are the unique positive-definite solutions of the algebraicRic-
cati equations

A′X + X A+ C′1C1− (X B2+ C′1D12)(D′12D12)
−1(B′2X + D′12C1) = 0,

AY+ AY′ + B1B′1− (Y C′2+ B1D′21)(D21D′21)
−1(C2Y + D21B′1) = 0.

(11.28)

�

The condition thatD12 has full column rank means that there is “direct feedthrough” from the
inputu to the error signalz. Dually, the condition thatD21 has full row rank means that the some
noisew is directly fed through to the observed outputy.

11.8 Extra: Riccati equation

An algebraic Riccati equation(ARE for short) is a quadratic equation of the form

P A+ A′P + P RP+ Q = 0. (11.29)

Here the matricesA, Q, R ∈ Rn×n are assumed given, withR andQ symmetric, and the equation
has to be solved forP ∈ Rn×n. Riccati equations, being quadratic, usually have more than one
solutionP. There is however at most onestabilizingsolution.

Definition 11.8.1 (stabilizing solution of an ARE). Let A, R, Q ∈ Rn×n with R= R′, Q = Q′.
A matrix P ∈ R

n×n is said to be astabilizingsolution of (11.29) ifA+ RP is Hurwitz. �

Theorem 11.8.2 (Existence of the stabilizing solution of AR E). If the Riccati equation (11.29)
has a stabilizing solution, then the 2n× 2n Hamiltonian matrix

[

A R
−Q −A′

]

has no imaginary eigenvalues, and there is a full rank matrixV ∈ R2n×n and a Hurwitz matrix
3 ∈ Rn×n such that

[

A R
−Q −A′

]

V = V3.

Further, given any suchV decomposeV asV =
[ V1

V2

]

with V1,V2 ∈ Rn×n. Then a stabilizing
solution P of (11.29) exists iffV1 is nonsingular. In this caseP is determined uniquely as
P = V2V−1

1 and it is symmetric. Moreover the eigenvalues ofA+ RP coincide with those of
3. �
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Proof. If P is a stabilizing solution of the ARE, then

[

I 0
−P I

] [

A R
−Q −A′

] [

I 0
P I

]

=
[

A+ RP R
0 −(A+ RP)′

]

. (11.30)

Interestingly
[

I 0
−P I

][
I 0
P I

]

= I2n so the above equation is a similarity transformation and this

tells us that the eigenvalues of the Hamiltonian
[ A R
−Q −A′

]

are those ofA+ RP and−(A+ RP)′.
If P is stabilizing then none of these eigenvalues lie on the imaginary axis. Furthermore it shows
that there aren stable eigenvalues (those ofA + RP) andn antistable eigenvalues (those of
−(A+ RP)′). In addition is shows that im

[
I
P

]

is the stable eigenspace of the Hamiltonian and
hence that stabilizingP is unique.

Now for simplicity assume that all eigenvalues are distinct, and letλ1, . . . , λn denote the
n stable eigenvalues. To each eigenvalueλi there corresponds an eigenvectorvi . That is,
[ A R
−Q −A′

]

vi = λi vi , or in matrix form

[

A R
−Q −A′

]
[

v1 v2 · · · vn
]

︸ ︷︷ ︸

V

=
[

v1 v2 · · · vn
]

︸ ︷︷ ︸

V








λ1 0 0 0
0 λ2 0 0

0 0
. . . 0

0 0 0 λn








︸ ︷︷ ︸

3

.

As (11.30) is a similarity transformation, the eigenvectorsvi may also be written asvi =
[

I 0
P I

]

wi

wherewi is an eigenvector of
[ A+R P R

0 −(A+R P)′
]

with eigenvalueλi . Now all λi are stable, and

they are the eigenvalues ofA+RP andnotof−(A+RP)′, sowi must be of the formwi =
[ ∗

0
]

.
Hence

V =
[

I 0
P I

] [

W1
0

]

, where

[

W1
0

]

=
[

w1 w2 · · · wn
]

.

Written out this becomesV =
[ W1

PW1

]

. NowW1 is nonsingular because the matrix of eigenvectors
[W1

0

]

has full column rank. ThereforeV1 = W1 is nonsingular andP follows uniquely as

V2V−1
1 = (PW1)W

−1
1 = P. Conversely ifV1 is nonsingular then it is easy to verify that

P := V2V−1
1 satisfies the ARE and that is stabilizing withA+ RP= V13V−1

1 .
To verify symmetry ofP, defineT = P′ − P. We have

T(A+RP) = (P′−P)(A+RP) =
[

I P ′
]
[

0 −I
I 0

] [

I
P

]

(A+RP) =
[

I P ′
]
[

Q A′

A R

] [

I
P

]

The last term is symmetric hence so isT(A+ RP) which combined with skew symmetryT ′ =
−T of T givesT(A+ RP) + (A+ RP)′T = 0. This is a Lyapunov equation and its solution
is unique becauseA + RP is Hurwitz (see the proof Theorem 10.4.2.) That is,T = 0, i.e,
P = P′.

This theorem is the vantage point for numerical algorithms for finding P. Indeed, the above
proof of the theorem is practically an algorithm. Solving AREs is essentially an eigenvalue
problem.

11.9 IYWTKM..
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• Another approach to infinite horizon LQ is to consideru, z ∈ L2[0,∞) and then to solve
the normal equationsG∗(CeAtx0+ G(u∗)) = 0. Here we need the adjoint with respect to
L2[0,∞) and this is not so easy to work with.

• In LQ we optimize oversignalswhereas in Filtering we optimize oversystems.

• Many formulas about these problems can be found in Zhou et al.(1996).

11.10 Problems

11.1 Consider the double integratory = 1
s2 u.....

11.2 Prove ... gain-phase margin

11.3 integral control.

11.4 Extend Lemma 11.2.4 to the case thatP(s) is proper but not necessarily strictly proper.

11.5 Solve the LQ problem for the first-order system

ẋ = ax+ u, y = x.

Comment on the dependence ofu∗ and minimal norm ona.

128



12 Wiener filtering and the matched filter

At the end of this chapter we review the matched filter, but themain topic of this chapter
is discrete filtering in thè 2-norm from a stochastic perspective, a problem known asWiener
filtering. The emphasis is more on signals and less on systems and the signals are assumed to be
stochastic processes. A motivating noise-canceling example was briefly mention in Section 11.5
and another example more in the Wiener spirit is:

Example 12.0.1 (Constant desired signal). If a desired signalv is known to be constant and
η is known to be zero mean white noise then averagingy := v + η should recoverv well, see
Fig. 12.1. In the class of causal FIR systemsv̂ = K(y) one could for instance use a moving
averagêv [n] := 1

M

∑M−1
i=0 y[n− i ] with M large. �

-

v

v (desired)

η (noise)

y
(measurements)

K
v̂

(estimate)

e= v − v̂
(estimation error)

Figure 12.1: Recover desiredv from noise corruptedy = v + η

The message of this little example is: exploit known or estimated structure (memory) inv, η
(and hencey = v + η) to find v̂ := K(y) so as to makee := v − v̂ small in some sense. In
Wiener filteringthe assumptions are that

1. Signalv needs to be estimated;

2. Signalv and (additive) noiseη are WSS stochastic processes with known spectral charac-
teristics or known covariances and cross-covariances.

3. The performance criterium is the minimum mean-square estimation error:E(v[n]− v̂ [n])2

which by assumed wide-sense stationarity does not depend onn.

In this chapter it will be convenient to use the following twoshort hands for covariance matrices
and vectors of given WSS processesy andv:

Rp×p
y :=









r y[0] r y[1] · · · r y[ p− 1]

r y[1] r y[0]
. . . r y[ p− 2]

. . .
. . .

. . .
...

r y[ p− 1] r y[ p− 2] · · · r y[0]









, Rp×1
yv =








r yv [0]
r yv [1]
...

r yv [ p− 1]








where, as always,r y[τ ] = cov(y[t + τ ], y[t ]) andr yv [τ ] = cov(y[t + τ ], v[t ]).

12.1 Constant filter
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Application–14: Given zero mean WSS processesv andy find linear static filteru = K(y)
that minimizesE(v[n] − u[n])2. One may assume to know all possible second order
moments of the processes.

Lemma 12.1.1 (Constant filter). The solution to Application 14 is

u[n] = k∗y[n], k∗ =
E(v[n]y[n])

E(y2[n])
.

Thek∗ by WSS is independent ofn ∈ Z. The estimation error equals

E(v[n]−u[n])2 = E(v2[n]−u2[n]) = E(v2[n])−k′∗ E(y[n]v[n]) = E(v2[n])− (E(v[n]y[n]))2

E(y2[n])
.

Proof. Express the filter asu[n] = k y[n] with k ∈ R and lety = (. . . , y[−1], y[0], y[1], . . .)
considered as a infinite column vector.

k∗ is optimal ⇐⇒ (v − k∗y) ⊥ k0y ∀k0 ∈ R

⇐⇒ E y′(v − k∗y) = 0

⇐⇒
∑

n∈Z
E y[n](v[n] − k∗y[n]) = 0.

The expressionE y′(v − k∗y) is potentially scary becauseE y′y = ∞. However fork∗ =
E(y[n]v[n])/ E(y2[n]) the termsE y[n](v[n] − k∗y[n]) are zero for everyn. By orthogonal-
ity of v andu we haveE(v[n] − u[n])2 = E(v2[n] − u2[n]) which can be expressed in many
different ways.

The lemma says that constant filtering achievessomething—that is, achievesE(v − u)2 <
E(v2)—iff v[n] andy[n] are correlated.

12.2 FIR filter — matrix form of Wiener-Hopf equations

Application–15: Given zero mean WSS processesv andy find a FIR filteru = K(y) of given
orderp,

u[n] =
[

k0 · · · kp−1
]

︸ ︷︷ ︸

k′






y[n]
...

y[n− p+ 1]




 , n ∈ Z

that minimizesE(v[n] − u[n])2. One may assume to know all possible second order
moments of the processes.

Again this problem is well defined andE(v[n] − u[n])2 is independent ofn by the fact that
all signals are WSS. The normal equations in this respect is known as the matrix form of the
Wiener-Hopfequations (there is another form as well).

Lemma 12.2.1 (FIR filter). A k∗ ∈ Rp is a solution to Application 15 iff

Rp×p
y k∗ = Rp×1

yv
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or, more explicitly (withr y[m] = E y[n+m]y[n] andr yv [m] = E y[n+m]v[n])









r y[0] r y[1] · · · r y[ p− 1]

r y[1] r y[0]
. . . r y[ p− 2]

. . .
. . .

. . .
...

r y[ p− 1] r y[ p− 1] · · · r y[0]
















k0

k1

...

kp−1








︸ ︷︷ ︸

k∗

=








r yv [0]
r yv [1]
...

r yv [ p− 1]








(12.1)

and the MMSE equals

E(v[n]−u[n])2 = E(v2[n]−u2[n]) = E(v2[n])−k′∗R
p×p
y k∗ = E(v2[n])−[ Rp×1

yv ]′[ Rp×p
y ]−1Rp×1

yv

Proof. See Lemma 7.8.1.

12.3 Classic Wiener Filtering

-

v

v

η

y
Ku = v̂

e= v − u

Figure 12.2: Recover desiredv from noise corruptedy = v + η

A special case of Application 15 and probably the best known Wiener filtering problem is what
we considered at the beginning of this chapter,

y = v + η for some zero-mean “noise”η uncorrelated withv.

That is, the available measurementsy is the desiredv additively corrupted by zero-meanη that
is uncorrelated withv, see Fig. 12.2. The Wiener-Hopf equations

Rp×p
y k∗ = Rp×1

yv

for this case specialize to

(Rp×p
v + Rp×p

η )k∗ = Rp×1
yv = Rp×1

vv . (12.2)

The covariance matrixRp×p
y can be estimated sincey is assumed available (see Section 12.7).

The signalv obviously is not measured — otherwise there would be no pointin trying to estimate
it — but the solution (12.2) does assume we have some knowledge (namelyRp×1

vv ) of v. A
practical situation where we do have access to (estimates of) Rp×1

vv is noise cancellation covered
in the next section.
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Figure 12.3: Realizations ofv, η, y,u whereu = K(y) a FIR filter of order
p = 100. Bottom right: the optimal FIR

Example 12.3.1. Figure 12.3 shows realizations of WSS processesv andη. The fluctuations in
η are much stronger than that ofv so we expect that the filter̂v := u := K(y) based ony = v+η
(shown as well in Fig. 12.3) is some form of moving averaging.Using known covariances (not
spelled out here) ofv andη and assumed orthogonality ofv andη the optimal FIR system of
order p = 100 determined from (12.2) results in a impulse response shown in the bottom-right
part of Fig. 12.3 and the estimatev̂ := u is (visually at least) close tov. �

12.4 Noise cancellation

-

vv + η

η

y
Ku

v̂

(a) (b)

-

v

η

y
Ku

ev̂

Figure 12.4: Try to remove noiseη from v + η using relatedu = K(y)

Application–16: See Fig. 12.4(a). Letv, η, y be zero mean WSS processes and assume that
(desired)v is uncorrelated (othogonal) to (noise)η and (measurements)y. Recoverv
from v + η by cancellingη optimally through minimization with respect FIR filters of
orderp,

min
u=K(y)

E(η[n] − u[n])2.

One may assume to know all possible second order moments of processesv + η andy.
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The idea here is that we measure our desiredv in noise,v + η but that the noise is related to
a secondary signaly that we measure as well. Using the relation betweenη andy we can hope
to remove the noiseη to some extend from our measurementsv + η rendering the final output̂v
close to our desiredv.

This problem is a standard Wiener filtering problem in disguise: reorder the configuration of
part (a) of Fig. 12.4 to that of part (b) so that

‖v̂ − v‖2 = ‖e‖2, e= η − u.

So we once again apply can Lemma 12.2.1 which says that the problem has an explicit FIR
solution once we know the covariances

Rp×p
y and Rp×1

yη .

Here there is a catch in that we do not measure(y, η) so we can not readily estimate the covari-
ances that we need. We measure only(y, v + η). However by the assumption thatv as a process
is uncorrelated (orthogonal) toη andy we have

Rp×1
yη = Rp×1

y(v+η).

Hence:

Lemma 12.4.1 (FIR filter for noise cancellation). A k∗ ∈ Rp is a solution to Application 16 iff

Rp×p
y k∗ = Rp×1

y(v+η).

�

12.5 Linear prediction

-e

u y

v = zmy

z−mK

Figure 12.5:m-step ahead predictor fory

An important and interesting application ispredictionor forecasting. The problem is to pre-
dict the future behavior of the phenomenon that is observed as accurately as possible given the
observations up to the present time. See Fig. 12.5 (here we usedz−m to denote them-step delay
operator).

Application–17: Given zero mean WSS processy find a causal FIRm-step ahead predictor
u = K(y) of given orderp,

u[n] =
[

k0 · · · kp−1
]

︸ ︷︷ ︸

k′






y[n]
...

y[n− p+ 1]




 , n ∈ Z

that minimizes them-step ahead prediction errorE(y[n+m] − u[n])2.

133



This is Application 15 forv[n] = y[n+m]. So we can specialize Lemma 12.2.1:

Theorem 12.5.1 (Linear prediction). Thek∗ ∈ Rp is solves Application 17 iff








r y[0) r y[1] · · · r y[ p− 1]

r y[1] r y[0]
. . .

...
...

. . .
. . .

...

r y[ p− 1] r y[ p− 2] · · · r y[0]
















k0
k1
...

kp−1







=








r y[m]
r y[m+ 1]

...

r y[ p+m− 1]







.

Example 12.5.2 (Second order FIR filter). Suppose

r y[τ ] = a|τ |

where|a| ≤ 1 (otherwise it is not a covariance function) an try a second order FIR filter. The
Wiener-Hopf normal equations become

[

1 a
a 1

] [

k0
k1

]

=
[

am

am+1

]

so that
[

k0
k1

]

= 1

1− a2

[

1 −a
−a 1

] [

am

am+1

]

= 1

1− a2

[

am − am+2

0

]

=
[

am

0

]

.

Perhaps surprisingly the best linear predictionm steps ahead is simply the last availabley[t ]
scaled by a factoram. Note that fora = 1 the covariance matrix is singular but stillk0 =
am, k1 = 0 is a solution of the Wiener-Hopf equations (Lemma (12.2.1)).

The numbera determines the temporal relatedness in the process. Fora = 0 the covariance
function is that of white noise — i.e. there is no temporal relatedness — and it is not surprising
to find that the linear predictor then is zero:ŷ[t +m] := u[t ] = 0. In contrast ifa = 0.99 then
the covariance function decreases very slowly so we expect that prediction is good, that is, that
the prediction error is small

e[t ] := y[t +m] − u[t ] = y[t +m] − amy[t ].

The power (variance) of the prediction error is

E(e2[t ]) = E(y[t +m] − amy[t ])2 = E(y[t +m]2− 2amy[t +m]y[t ] + a2my[t ])2

= r [0] − 2amr [m] + a2mr [0] = 1− 2a2m+ a2m

= 1− a2m.

Fora = 1 the prediction error is in fact zero. This is the somewhat special case thatr [τ ] = r [0]
which according to Cauchy-Schwarz is the case iffy[τ ] = y[0] “with probabilty 1” i.e. that all
realizations are constant. �

An alternative, more systems approach to linear predictionis done next.

Example 12.5.3. Consider again them-step ahead prediction problem ofy and thaty is zero-
mean WSS with covariance functionrv [τ ] = r y[τ ] = a−|τ |. This implies thatv can be seen as
the output of a system

v = 1− a2

1− az−1w
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we

u y
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K

v = zmy

z−mG

impulse response

Figure 12.6: Equivalent filtering configuration

in which w is zero-mean unit variance white noise (see Example 7.13.2). According to
Lemma 7.13.1 the power ofe that we aim to minimize equals the`2-norm squared of the mapping
fromw to e,

var(e[n]) = ‖(1−Kz−m)G‖2
`2.

If we are to minimize with respect to causalK then the firstm entries of the “closed loop” impulse
response can not affected byK. The best we can do is kill the tail. From Fig. 12.6 it will be clear
that to kill the tail we need

K (z) = am.

That is, the optimalK∗ is

u = K(y) : u[t ] = amy[t ].

This is the same filter as what we found in Example 12.5.2. The difference is that here we
optimized overanycausalK while in Example 12.5.2 we considered FIR systems. Owing to the
specific structure of the covariance functionrv the two results however are the same. Usually the
answers differ. �

12.6 IIR Wiener filter — causal linear prediction

In Signal Processing FIR systems are often set apart from IIR(infinite impulse response)
systems. In this section we cover Wiener filtering for causalIIR systems, in other words causal
LTI systems. We only deal with prediction in this section andwe assume to have a bicausal,
bistable whitening filter forv, that is, that we can writev as

v = H(w)

for some zero-mean unit variance white noise process and bistable, bicausalH. According to
Lemma 7.15.1 (and the comment immediately following that lemma) effectively every WSSv
has such a representation. Given such a representation it isfairly straightforward to derive an
explicit representation for the optimumm-step ahead predictor.
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Application–18: Let y = z−mv = H(w) with w a zero-mean unit-variance white noise pro-
cess andH a bicausal, bistable LTI with impulse responseh in `2(N). Determine the
m-step ahead predictoru = K(y) of y by minimizing

min
u=K(y),causal

E(v[n] − u[n])2.

Figure 12.6 illustrates that the impulse response of mapping fromw to the prediction error
e = v − K(y) can not be affected by filterK at n = 0,1, . . . ,M − 1. That is, whatever causal
predictor (optimal or not) we take the mean square error (=variance=power) must equal or exceed

h[0]2+ h2[1] + · · · + h2[M − 1].

Lemma 12.6.1. Let H (z) be a bistable, biproper transfer function with impulse responseh ∈
`2(N). Then filterK∗ solves Application 18 iff

K∗(z) =
h[M] + h[M + 1]z−1+ h[M + 2]z−2+ · · ·

H (z)
.

It is stable system and renders the MMSE equal to

E e2[n] = h[0]2+ h2[1] + · · ·h2[M − 1].

If H (z) is rational,H (z) = B(z)/A(z) with B(z), A(z) polynomials inz−1, then the optimal
filter K∗ has rational transfer function

K∗(z) =
zM RM (z)

B(z)
(12.3)

whereRm(z) is theMth order remainder in the expansion

B(z)

A(z)
= h[0] + h[1]z−1+ h[2]z−2+ · · · h[M − 1]z1−M + RM (z)

A(z)
(12.4)

with remainderRM of the formRM (z) = z−M
(

r [0] + r [1]z−1+ · · ·
)

.

Proof. Do it yourself.

Lemma 12.6.2 (prediction error is white). For M = 1 the prediction errore[t ] := y[t+1]−u[t ]
is a zero mean white noise process.

Proof. See Problem 12.6.

Expansion 12.4 is an example of “division with remainder” and is easily obtained using long
division.

Example 12.6.3. By way of example consider

v = 1

1− az−1w (12.5)

We derive theM-step predictor formally. We haveA(z) = 1− az−1 andB(z) = 1, then long
division gives us that

B(z)

A(z)
= 1

1− az−1

= 1+ az−1+ a2z−2+ · · · + aM−1z1−M + z−MaM

1− az−1 .

(12.6)
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For the sake of stability we need to assume that|a| < 1. Apparently we haveh[i ] = ai ,
i = 0,1, . . . andRM (z) = z−MaM . This yields asm-step predictor (12.3)

ŷ[t + M] := u[t ] = aM y[t ]. (12.7)

�

More general IIR wiener filtering can be solved using spectral factorization (see Section 11.5).

12.7 Standard biased estimate of covariances — least square s

This course is not about estimation of covariances but we have to mention at leastonemethod.
It is the standard biased estimate and it is the vantage pointfor many variations. Given a finite
sequence ofN samples (extended with zeros on both sides)

w = (· · · ,0,0,0, w[1], w[2], . . . , w[N],0,0,0, . . .)

assumed to come from a zero-mean WSS process, thestandard biased estimateof

rw[τ ] = cov(w[n+ τ ], w[n])

is

r̂w[τ ] = 1

N

∑

n∈Z
w[n+ τ ]w[n].

Of course the summation is a finite one because only a finite number of samplesw[n] are nonzero.
The estimate of thep× p covariancematrix

Rp×p
w :=









rw[0] rw[1] · · · rw[ p− 1]

rw[1] rw[0]
. . . rw[ p− 2]

. . .
. . .

. . .
...

rw[ p− 1] rw[2− p] · · · rw[0]









can now elegantly be formulated as

R̂p×p
w = 1

N
W′W, W :=





















w[1] 0 · · · · · · 0
w[2] w[1] . . .

...... w[2] . . . 0

......
...

. . . w[1] 0
...

...
. . . w[2] w[1]

...
...

. . .
... w[2]

w[N]
...

. . .
...

...
0 w[N] . . .

...
...... 0 . . .

...
......

. . . w[N]
...

0 · · · · · · 0 w[N]





















∈ R
(N+p−1)×p.

Here we recognize the least squares normal equations that weencountered in Chapter 9. An
important reason to use the standard biased estimate is thatestimated covariance matrices are by
construction nonnegative definite (which actual covariance matrices are as well).
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Give two two finite realizations,

w =(· · · ,0,0,0, w[1], w[2], . . . , w[N],0,0,0, . . .),

x =(· · · ,0,0,0, x[1], x[2], . . . , x[N],0,0,0, . . .)

thecrosscovariance

rwx[τ ] = cov(w[n+ τ ], x[n])

is similarly estimated as

r̂wx[τ ] = 1

N

∑

n∈Z
w[n+ τ ]x[n].

12.8 Matched filter and the signal-to-noise ratio

This section show that the inequality of Cauchy-Schwarz hasinteresting practical implications.

Definition 12.8.1 (signal-to-noise-ratio (SNR)). Let y = v + η with v a desired signal and
η noise. Thesignal-to-noise ratio (SNR)is informally defined as the ratio of the power of the
desired signal and noise

SNR= ‖v‖
2

‖η‖2

with ‖x‖2 := E |x|2. �

The SNR seems to come in different forms. Some use instead‖v+η‖2
‖η‖2 and (Mallat, 1998,

p. 426) defines it as

‖v‖2
‖v − v̂‖2

wherev̂ is any estimator ofv thus making the SNR a property of an estimator (together withthe
processv). In Mallat’s version of the SNR the wiener filtering problemcan equivalently be seen
as the problem of maximizing the SNR. Back to the SNR of Definition 12.8.1.

y u

Figure 12.7: Matched filter for templatex =

Somewhat informally we define:

Application–19: Find a discrete filtery = H(u) that in real time can detect the presence of a
known finite templatex : {0,1, . . . ,M} → R in a discrete signalu : Z→ R.

138



Thematched filtertries to solve this problem as indicated in Fig. 12.7. The impulse response
h of the system is taken to be the templatex reversed, modulo scaling and translation,

h[t ] = x[M − t ]

with M ∈ Z such thath is causal. The result is thaty[M] is the dot productu and templatex:

y[M] = (h ∗ u)[M] =
∑

k

h[M − k]u[k] =
∑

k

x[k]u[k] = x · u.

Then by time-invariancey[n+ M] is the dot product ofu[· + n] andx. Cauchy-Schwarz tells
us that the dot product (or any inner product for that matter)when normalized is at most 1 in
absolute value. This would suggest a nonlinear version of the matched filter.

Lemma 12.8.2 (Normalized matched filter). Let x : {0,1,M} → R be a finite template and
define

h[t ] = x[M − t ]

|x|
then the outputy of the nonlinear finite dimensional system

y = H(u) : y[n] = h[M]u[n− M] + · · ·h[1]u[n− 1]+ h[0]u[n]
√

u2[n− M] + · · · + u2[n− 1]+ u2[n]

at anyn ∈ Z satisfies−1≤ y[n] ≤ 1 and equality is achieved iff
[

u[n− M] · · · u[n− 1] u[n]
]

= λ
[

x[0] · · · x[M − 1] x[M]
]

for some nonzeroλ ∈ R.

Proof. Do it yourself.

This assumes that the signalu is noise free and that the templatesx in u do not overlap.

x=[-1 -1 -1 -1:6]; % whatever
h=fliplr(x);
u=[0 0 0 x 0 0 0]; % well...
y=filter(h,1,u); % should peak at size(h)+3

12.9 Matched filters for noisy signals

A beautiful and useful extension is if the desired signal (series of known templates) is addi-
tively corrupted by noise. Still we want to pinpoint where the templates occur. Again somewhat
informally we define:

Application–20: Supposeu = v+η with η zero mean white noise andv a signal that contains
a series of finite templatesx. Find an LTI systemy = H(u) that maximizes the signal-
to-noise ratio

min
H

|H(x)|2
E |H(η)|2 .
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The problem is stylized a bit to allow an elegant solution. Whatever the optimal system is, the
answer is not unique for ifH∗ is a solution then so is any scalar multiple. The central result is
this static version.

Lemma 12.9.1. Let x : {0,1, . . . ,M} → R be given and supposeη[0], η[1], . . . , η[M] is a
zero-mean white noise (finite) process. Then

|d0x[0] + d1x[1] + · · · + dM x[M]|2
E(d0η[0] + d1η[1] + · · · + dMη[M])2

is minimal iff d is a nonzero multiple ofx,

(d0,d1, . . . ,dM ) = λ(x[0], x[1], . . . , x[M]), λ 6= 0.

Proof. Sinceη is white noise we haveE(d0η[0]+d1η[1]+ · · ·+dMη[M])2 = E(η2)(d2
0+d2

1+
· · · d2

M ) = E(η2)|d|2. Now by Cauchy-Schwarz

|d0x[0] + d1x[1] + · · · + dM x[M]|2
E(d0η[0] + d1η[1] + · · · + dMη[M])2

≤ |d|
2|x|2

E(η2)|d|2 =
|x|2

E(η2)

with equality holding iffd andx are aligned (see Theorem 5.6.1).

In an LTI systemy = H(x) the indices of the weightsh[i ] for x are reversed compared to the
weightsdi in the above lemma,

y[t ] = h[0]x[t ] + h[1]x[t − 1]+ · · · + h[M]x[t − M].

So optimal is to take as impulse responseh the flippedd of Lemma 12.9.1 i.e. the flipped template
x, modulo scaling and translation. Typically one takes

h[t ] = x[M − t ], t = 0,1, . . . ,M

as this makes the LTI system causal (needed for real time implementations). The presence of a
templatex in a signalu then is captured only after the last sample of the template isavailable.
That makes sense.

The following text and example is taken from Wikipedia. Matched filters are commonly used in
radar, in which a signal is sent out, and we measure the reflected signals, looking for something
similar to what was sent out. Pulse compression is an exampleof matched filtering. Two-
dimensional matched filters are commonly used in image processing, e.g., to improve SNR for
X-ray pictures.

Example 12.9.2 (digital communications). In the context of a communication system which
sends binary messages from the transmitter to the receiver across a noisy channel, a matched
filter can be used to detect the transmitted pulses within a received signal. Imagine we want to

send the sequence “11011000100” coded in polar Return-to-zero (RZ) through a certain channel.
Mathematically, a sequence in RZ code can be described as a sequence of pulses, each pulse
being weighted by +1 if the bit to send is “1” and by “-1” if the bit to send is “0”. When going
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through the noisy channel additive white Gaussian noise (AWGN) is added to the signal. Before
sampling, the received signal is filtered with a matched filter. In this case, the filter should be
matched to a RZ (Return-to-zero) pulse (equivalent to a ”1” coded in RZ code). Precisely, the
impulse response of the ideal matched filter should be one pulse

h[t ] = .

�

In this example from WIKIPEDIA the noise is assumed Gaussian. Since we are looking for LTI
filters the assumed Gaussianity is not needed. That the noiseis white is sufficient. Generalizations
to non-white noise exist as well (see Exercise 12.4).

12.10 Problems

12.1 Consider the system (also considered in Problem 7.1):

y[n] − 1.97y[n− 1]+ 0.98y[n− 2] = w[n]

with w zero-mean unit-variance white noise.

a) Compute the poles of the system.

b) Determine the 1-step ahead linear predictoru = K(y) of y.

c) Generate 1000 samples ofy and ploty andy[n+ 1]− u[n].

d) Compute the MMSE (exact)E(y[n+1]−u[n])2 and compare it with the above error
signal.

e) Use the 1000 samples to estimate the necessary (cross)coviarances (Section 12.7)
needed to compute the optimal FIR filteru = Kp(y) of order p = 50 and compare
the so computed impulse response with the impulse response of u = K(y) obtained
in part 12.1b of this problem.

12.2 Does anything change in the solution (Lemma 12.1.1) of Application 14 if the zero-mean
assumption is removed.

12.3 Smoothing?

12.4 Nonwhite Matched filter..

12.5 Why is the covariance matrix in (12.2) equal toRv + Rη?

12.6 Prove Lemma 12.6.2.

12.7 Prove Lemma 12.6.1.
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13 JPEG and 2D-Fourier

In this chapter we will explore ways of representing images (finite rectangular 2D-signals) in
different bases with the aim of lossy compression. We summarize theJPEG-1992 standard.

13.1 Images as matrices

We consider only monochrome images in shades of grey (often called black-and-white images)
and the images are assumed to be rectangles. Such images can be identified with a matrix of color
intensities. For example,





0.0 0.1 0.2 0.3
0.4 0.5 0.6 0.7
0.8 0.9 1.0 0.97



 ←→

Here 0 corresponds to a black pixel and 1 corresponds to a white pixel, and any value in between,
0< fi j < 1, is some form of grey. Other conventions exist, for instance where the entriesfi j are
integernumbers from{0,1, . . . ,255} with 0 being black and 255 white. For analysis it will be
convenient to alloweveryreal number, such asfi j = 20.34 and fi j = −π and for the most part
we need not worry about what number corresponds to what levelof grey. (One could take any
fi j ≥ 1 to represent white and anyfi j ≤ 0 to represent black, but different choices of saturation
can be dreamed up).

13.2 Introduction: bases for 2× 2 images

What is a basis forR2×2? The natural basis is

e1 :=
[

1 0
0 0

]

, e2 :=
[

0 1
0 0

]

, e3 :=
[

0 0
1 0

]

, e4 :=
[

0 0
0 1

]

. (13.1)

We can equipR2×2 with inner product

〈 f, g〉 =
2
∑

i=1

2
∑

j=1

fi j gi j (13.2)

which is just a recasting of the dot product onR4. In this inner product the natural basis (13.1) is
an orthonormal basis. Other bases exist as well, of course. Here is one,

v1 =
[

1 1
1 1

]

, v2 =
[

1 0
1 0

]

, v3 =
[

1 1
0 0

]

, v4 =
[

0 0
0 1

]

.

This basis is not orthonormal in the standard inner product 13.2. It can be turned into an or-
thonormal basis using the Gram-Schmidt procedure orQR-factorization, but for this simple case
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we can do it manually as well,

ê1 =
[

0.5 0.5
0.5 0.5

]

, ê2 =
[

0.5 −0.5
0.5 −0.5

]

, ê3 =
[

0.5 0.5
−0.5 −0.5

]

, ê4 =
[

0.5 −0.5
−0.5 0.5

]

.

(13.3)

By definition of basis, no information is lost if we move from one basis to the other. However,
if we want to compress or otherwise modify the image by removing basis elements that are “not
important” then the choice of basis does matter. The naturalbasis (13.1) is probably not suitable
as they are the same modulo rotation / reflection:

The orthonormal basis (13.3) holds more promise:

We have by orthonormality that anyf ∈ R2×2 has Fourier series

f = 〈 f, ê1〉ê1+ 〈 f, ê2〉ê2+ 〈 f, ê3〉ê3 + 〈 f, ê4〉ê4.

Since ê1 is constant we might want to remove the corresponding entry〈 f, ê1〉ê1 if it is edge
detection we are after. To the human eye the fourth basis elementê4 (when scaled down) may be
hardly visible so for compression the last entry〈 f, ê4〉ê4 might be a good candidate for removal.

13.3 Bases functions for images (2D-signals)

How do we generalize the idea of the previous section to largen× n images? The following
little example gives a hint.

Example 13.3.1 (Construction of basis). Let e1 =
[

1
0

]

ande2 =
[

0
1

]

. This is the standard
basis ofR2. The standard basis 13.1 forR2×2 can be written as

[
1 0
0 0

]

= e1e′1,
[

0 1
0 0

]

= e1e′2,
[

0 0
1 0

]

= e2e′1,
[

0 0
0 1

]

= e2e′2.

�

The example suggests (correctly) that we can construct orthonormal bases forRn×k givenany
two bases forRn andRk. We formulate and prove this result actually for the vector space of
“continuous images”L2([a,b] × [a,b]). The proof for our discrete images is essentially the
same (easier). For simplicity we consider square images only.

Theorem 13.3.2. If {e1,e2, . . .} is an orthonormal basis ofL2[a,b] then

φi j (t, s) := ei (t)ej (s), i ∈ N, j ∈ N

is an orthonormal basis ofL2([a,b] × [a,b]) with inner product

〈x, y〉 =
∫ t=b

t=a

∫ s=b

s=a
x(t, s)y(t, s) dsdt .
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Proof. First theφi j is an orthonormal set:

〈φi j , φkn〉 =
∫ b

a

∫ b

a
φi j (t, s)φkn(t, s) dsdt

=
∫ b

a

∫ b

a
ei (t)ej (s)ek(t)en(s) dsdt

=
∫ b

a
ei (t)ek(t) dt

∫ b

a
ej (s)en(s) ds

which by orthogonality of theej is nonzero iffi = k or j = n in which case it is 1. This proves
orthonormality of theφi j .

To show completeness we use Theorem 5.17.2 (and that our space is a Hilbert space): suppose
g ∈ L2([a,b] × [a,b]) is orthogonal to allφi j . Then

0= 〈g, φi j 〉 =
∫∫

t,s
g(t, s)φi j (t, s) dtds=

∫

s
ej (s)

∫

t
g(t, s)ei (t) dt

︸ ︷︷ ︸

hi (s)

ds ∀i .

Thushi ⊥ ej for all j which by completeness of the basis implieshi (s) = 0 (for almost alls).
Since 0= hi (s) =

∫

t g(t, s)ei (t) dt for all i this, in turn, again by completeness of theei implies
thatg(t, s) = 0 (for almost alls, t).

13.4 Two-dimensional Fourier series

An immediate application of Theorem 13.3.2 and Lemma 6.4.2 is that

φkn(t, s) = ei2π(kt+ns) k,n ∈ Z

is an orthonormal basis ofL2([0,1] × [0,1]). Any f ∈ L2([0,1] × [0,1]) therefore has an
expansion

f (t, s) =
∑

k,n∈Z
f̂knei2π(kt+ns)

and by orthonormality the 2D Fourier coefficients readily follow as

f̂k,n = 〈 f, φk,n〉 =
∫ 1

0

∫ 1

0
f (t, s)e−i2π(kt+ns) dsdt .

A way to visualize the basis elementsφkn(t, s) = ei2π(kt+ns) is to plot Reφkn(t, s) and
Imφkn(t, s), where white means 1 and black means−1, see Fig. 13.1. Clearly fork = n = 0 we
have a constant level (a white square) and with increasingk andn high-frequency ripples show
up.

13.5 Cosine transform

Ordinary Fourier series of one-dimensionalf ∈ L2[0,1] has difficulty modeling disconti-
nuities (Gibbs phenomenon). Discontinuities typically appear at the boundary of its domain
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n = 0n = 0 11 22 33 44 55 66 77

k = 0k = 0

11

22

33

44

55

66

77

s

t

Figure 13.1: Reφkn(t, s) and Imφkn(t, s) for k,n ∈ {0,1,2, . . . ,7}
(black=−1; white=1)

(t = 0, t = 1) because Fourier assumes that the function is periodically extended. An easy and
effective way to remove this troublesome discontinuity at the boundary is to evenly extend the
function f : [0,1]→ R to the entire real axis, as explained by this figure:

00 11 −1

The even extension has double the period and is continuous iff is, so the Gibbs phenomenon
at the edges (here 0 and 1) disappears. Since the extended function by construction is even, the
Fourier series becomes even and real,

f (t) =
∞
∑

k=0

f̂k cos(πkt), f̂0 =
∫ 1

0
f (t) dt, f̂k = 2

∫ 1

0
f (t) cos(πkt) dt (k 6= 0).

The same idea applies to images. An image can be evenly extended, see Fig. 13.2, rendering the
Fourier series even and real (even in both directions),

f (t, s) =
∑

k,n∈N
f̂kn cos(πkt) cos(πns).

The new basis functions cos(πkt) cos(πns) are shown in Fig. 13.3.

Figure 13.2: An even extension

13.6 Discrete two-dimensional cosine transform

We briefly want to mention that in applications (e.g.JPEG) where we work with discrete signals,
often the DCT-II (discrete cosine transformation, type 2) is used. The one-dimensional version
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Figure 13.3: cos(πkt) cos(πns) k,n ∈ {0,1,2, . . . ,7} (black=−1; white=1)

is explained by this figure:

f0

fN−1

00 11

Seen as samples of a continuous-time signal, the first samplef0 is taken at (continuous) time12N
with N the number of samples. In two dimensions the DCT-II expansion becomes

ft,s =
∑

0≤k,n<N

f̂kn cos(πk t+1/2
N ) cos(πns+1/2

N ), t, s= {0,1, . . . , N − 1}. (13.4)

Multi-dimensional versions of the FFT exist that can compute the Fourier coefficientŝfkn effi-
ciently. This way we have a finite (N2 elements) basis cos(πk t+1/2

N ) cos(πns+1/2
N ). They look

very similar to that of Fig. 13.3.

13.7 JPEG

Application–21: Find a efficient representation (small file & easy to encode and decode) of
images, possibly lossy (=at the cost of some loss of image quality).

The JPEGstandard of 1992 achieves this by storing the 2D Fourier coefficients (cosine trans-
form actually) of the image, whereby removing high frequency components and coefficients that
are negligible small. The following is largely based on Wikipedia. A jpeg-1992 decoding algo-
rithm consists of:

1. Color space transformation and downsampling. The three color channels (RGB=red,
green, blue) are obviously correlated. Handling each channel independent of the others
would therefore not be efficient.JPEG-1992 exploits the correlation by converting the
RGB-space to another space (also three channels). We will not deal with these matters
here. We only deal with monochrome images. After color spacetransformation we end up
with three other channels (Y,Cb,Cr). The human eye is more sensitive to Y than to (Cb,Cr)
so downsampling (Cb,Cr) is an option. Again we are not going into details.
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2. Split each channel into a series of 8× 8 blocks of 64 pixels. The remainder of the steps is
to be performed on all 8× 8 blocks. Suppose the 8× 8 block is (in grey-scale with entries
in {0,1, . . . ,255}):

Y =













52 55 61 66 70 61 64 73
63 59 55 90 109 85 69 72
62 59 68 113 144 104 66 73
63 58 71 122 154 106 70 69
67 61 68 104 126 88 68 70
79 65 60 70 77 68 58 75
85 71 64 59 55 61 65 83
87 79 69 68 65 76 78 94













3. Subtract 128 (which roughly centers the image around zero)

F := Y − 128=















−76 −73 −67 −62 −58 −67 −64 −55
−65 −69 −73 −38 −19 −43 −59 −56
−66 −69 −60 −15 16 −24 −62 −55
−65 −70 −57 −6 26 −22 −58 −59
−61 −67 −60 −24 −2 −40 −60 −58
−49 −63 −68 −58 −51 −60 −70 −53
−43 −57 −64 −69 −73 −67 −63 −45
−41 −49 −59 −60 −63 −52 −50 −34















4. Apply discrete cosine transform type II toF and round to nearest integer,

F̂ =















−415 −30 −61 27 56 −20 −2 0
4 −22 −61 10 13 −7 −9 5
−47 7 77 −25 −29 10 5 −6
−49 12 34 −15 −10 6 2 2
12 −7 −13 −4 −2 2 −3 3
−8 3 2 −6 −2 1 4 2
−1 0 0 −2 −1 −3 4 −1
0 0 −1 −4 −1 0 1 2















Here the matrixF̂ is the matrix of Fourier coefficientŝfkn (see Eqn. (13.4)) ordered cor-
responding to the matrix of basis functions (see Fig. 13.3).

5. The human eye is good at seeing small differences in brightness over a relatively large
area, but not so good at distinguishing the exact strength ofa high frequency brightness
variation. This fact allows one to get away with greatly reducing the amount of information
in the high frequency components. This is done by simply dividing each component in the
frequency domain by a constant for that component, and then rounding to the nearest
integer. This is the main lossy operation in the whole process. As a result of this, it is
typically the case that many of the higher frequency components are rounded to zero, and
many of the rest become small positive or negative numbers, which take many fewer bits
to store.
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Thequantization matrixto divide with is (for our example)

Q =















16 11 10 16 24 40 51 61
12 12 14 19 26 58 60 55
14 13 16 24 40 57 69 56
14 17 22 29 51 87 80 62
18 22 37 56 68 109 103 77
24 35 55 64 81 104 113 92
49 64 78 87 103 121 120 101
72 92 95 98 112 100 103 99















The numbers go up along the diagonal (except the last entry!), expressing that we are less
sensitive to high frequencies. Determine the element-wisequotient and round the result to
nearest integer:

Ĝ := F̂ ./Q =















−26 −3 −6 2 2 −1 0 0
0 −2 −4 1 1 0 0 0
−3 1 5 −1 −1 0 0 0
−4 1 2 −1 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0















6. Reorder the matrix̂G into a row of numbers following this pattern:

For our examples this results in

26,3,0,3,2,6,2,4,1,4,1,1,5,1,2,1,1,1,2,0,0,0,0,0,1,1,0,0, · · ·
with many zeros at the end.

7. Zip the numbers (typically Run-length encoding and Huffman)

8. Save the zipped number to a file, say,bla.jpg .

Whenever we download a jpeg-1992 image our computer reverses process (decoding) as follows:

1. Unzip the numbers, reorder them in a matrixĜ.

2. Multiply Ĝ elementwise with the quantization matrix

F̂ := Ĝ .∗ Q =















−416 −33 −60 32 48 −40 0 0
0 −24 −56 19 26 0 0 0
−42 13 80 −24 −40 0 0 0
−56 17 44 −29 0 0 0 0
18 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0















.
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3. Determine inverse cosine transformF of F̂ , round the result and add 128. For our example
this would result in

Ydecoded=

while the original is

Yoriginal=
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14 A very brief introduction to wavelets

This chapter deals with some minor snippets of wavelet theory (if these notes are ever going to
be expanded—probably not—then this chapter should be expanded).

The example of jpeg clearly demonstrates that one should choose an “appropriate” basis for
the problem at hand. Fourier (the basis for jpeg) successfulas it may be has the serious draw
back that its basis elements are not local in time (space). One would like to have a basis that is
both local in time and local in frequency. Indeed this is whatmusic scores do, isn’t it? Music
scores specifywhenand howlonga note should be played and at whatpitch (frequency). Within
the Fourier Kingdom one can enforce finite time by restricting the time/space interval over which
the Fourier transform is taken (JPEGworks per 8× 8 block). An alternative is to usewavelets
which allows formultiresolutionanalysis. Multiresolution is often depicted as follows

Fourier: fixed resolution Wavelets: multiresolution

time→ time→

fr
eq

u
en

cy
→

fr
eq

u
en

cy
→

It expresses that we want good time resolution for high-frequency events, see Section 14.6 for a
few more details.

14.1 Multiresolution approximation and detail—Haar

We are going to consider finite discrete signalsf ∈ RN and we will represent them by a series
of stems or lollipops such as

f =

f0

f31
∈ R

32

and the first entry is denotedf0 (and the lastfN−1). The above signal is mostly smooth with a
very sharp transition in the middle. (Chopped Fourier series f∗ would not modelf well because
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of Gibbs.) We can separate local fluctuations and more long-term behavior by determining pair-
wise average and deviation:

f =

Here the red bars are the pair-wise averages

f̃ 1 := 1

2

[

f0 + f1 f2 + f3 . . . fN−2 + fN−1
]

∈ R
N/2. (14.1)

and these form anapproximationof f at double the scale and the blue line are defined as the
deviation from the average

d̃1 := 1

2

[

f0 − f1 f2 − f3 . . . fN−2 − fN−1
]

∈ R
N/2. (14.2)

They represent fluctuations or “detail” and indeed in our example the blue line are mostly small,
except at the point wheref fluctuates heavily.

Clearly the mapping from

f ∈ R
N → ( f̃ 1, d̃1) ∈ (RN/2,RN/2)

is invertible (we assumeN even). We could continue with the approximatioñf 1 of f and
decompose it in a similar manner

f̃ 1→ ( f̃ 2, d̃2)

after which could decomposẽf 2,

f̃ 2→ ( f̃ 3, d̃3)

etcetera. With each decomposition we get a coarser approximation (at double the scale = at
half the number of samples) but since the mappingf̃ k → ( f̃ k+1, d̃k+1) is invertible—assuming
length of f̃ k is even—we can for everyk uncover f uniquely from

( f̃ k, d̃k, d̃k−1, . . . , d̃1).

Example 14.1.1. A more dramatic example is shown in Fig. 14.1. The signalf ∈ R512 is partly
smooth with a clear discontinuity somewhere in the middle. In the first half some noise appears
and in the second half some variation in frequency (and noise) is visible. The noise in the first half
only shows up in the finest layer of detaild̃1. In d̃2 it is already quite small and at coarser levels it
is hardly visible. The discontinuity half way shows up in alllevels of detaild̃k. The fluctuations
in frequency in the second half appears on all layers of detail. The figure in bottom half was
reconstructed from( f̃ 4, d̃3, d̃2, d̃1) after removal of 80% of the “smallest” detail coefficients.
(In the following section we explain what “smallest” means.) The reconstructed̂f can handle
discontinuities inf and noisy terms (Fourier cannot). A draw back is that it is piecewise constant
(other wavelet transforms should do better in this respect.) �

14.2 Orthogonal Haar basis
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f0
fN−1

f̃ 4
0 f̃ 4

N/16

d̃4
0 d̃4

N/16

d̃3
0 d̃3

N/8

d̃2
0 d̃2

N/4

d̃1
0 d̃1

N/2

f̂0
f̂N−1

Figure 14.1: Top: Originalf ∈ RN with N = 29 = 512; Middle: coarse

signal f̃ 4 ∈ RN/16 and wavelet coeficients̃d4 ∈ RN/16, d̃3 ∈
R

N/8, d̃2 ∈ R
N/4, d̃1 ∈ R

N/2. Bottom: reconstruction̂f of f
obtained after setting 80% of the smallest wavelet coefficients
d̃k

n to zero

The transformation fromf to
[

f̃ 1 d̃1
]

described in the previous section is “almost” norm
preserving:

∣
∣
[

f 1 d1
]∣
∣
2 = 1

2
| f |2.

This follows readily from (14.1) and (14.2). This is not ideal. If f would have been constant for
instance thend1 = 0 and so the approximation (which we feel is error free) has norm | f 1| =
1
2

√
| f |. For comparison of energy of the approximationf 1 and detailsd1,d2 it is beneficial to

have a truly norm preserving transformation. This is why we redefine (and we loose the tildes
now).

f 1 := 1

2

√
2
[

f0+ f1 f2+ f3 · · · fN−2 + fN−1
]

∈ R
N/2. (14.3)

and

d1 := 1

2

√
2
[

f0+ d1 f2 + f3 · · · fN−2 + fN−1
]

∈ R
N/2. (14.4)

Lemma 14.2.1 (Unitary transformation—Haar?). The transformation
[
H
G

]

: R2M →
[

RM

RM

]

that sendsf to ( f 1,d1) is aunitary operator and we have by repeated application of this trans-
formation that

| f | = |( f k,dk, . . . ,d1)|.

�
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Viewing it from a different angle, the transformation fromf to ( f 1,d1) can be seen as deter-
mining the expansion off in the orthonormal basis (and now we hope you are not color blind)
φ0,n, ψ0,n:

︸︷︷︸

φ0,0

︸︷︷︸

φ0,1

︸︷︷︸

φ0,2

︸︷︷︸

ψ0,0

︸︷︷︸

ψ0,1

︸︷︷︸

ψ0,2

Each basis elementφ0,n andψ0,n has two neighboring nonzero entries, all its other entries being
zero. Since theφ0,n do no “overlap” andψ0,n do not overlap it is clear that they are all mutually
orthogonal. The function1 φ0,n is what one would call ascaling functionand theψ0,n are the
waveletsand the numbersdk

m thewavelet coefficients.

14.3 Down and up-sampling

The( f 1,d1) can be easily computed using convolution with first order FIRfilters with respec-

tive impulse responsesh = {
√

2
2 ,
√

2
2 } andg = {

√
2

2 ,−
√

2
2 },

h ∗ f, g ∗ f

followed by a factor 2 downsampling (subsampling?) which means removal of every second
entry, see Fig. 14.2. The reconstruction off from ( f 1,d1) can be computed by first upsampling
the signals( f 1,d1) by a factor 2,

f 1→
[

f 1
0 0 f 1

1 0 · · ·
]

, d1→
[

d1
0 0 d1

1 0 · · ·
]

,

and then passing them through filters with (in this case) the same FIR, and adding up the two
outcomes, see Fig. 14.2.

f f 1

d1

h

g

↑ 2

↑ 2

ff 1

d1

h

g

↓ 2

↓ 2

Figure 14.2: f 1 equalsh ∗ f downsampled;d1 equalsg ∗ f downsampled

14.4 Haar basis (continuous time)

1continuous time only??
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A continuous-time version of the waveletsψ0,n introduced at the end of Section 14.2 is

ψ(t) :=

1

1
0

−1

(14.5)

By scaling and translating this wavelet

ψ j ,n := 1√
2 j
ψ
( t − 2 j n

2 j

)

, j ,n ∈ Z

we get a orthonormal sequence that in fact is a basis ofL2(R) [no proof], see Fig. 14.3.

ψ2,n

ψ1,n

ψ0,n

ψ−1,n

Figure 14.3: The Haar basisψ j ,n(t) := 1√
2 j
ψ( t−2 j n

2 j ) for various j ,n ∈ Z

14.5 Generalizations

Are theremother waveletsψ with the property that

• ψ j ,n := 1√
2 j
ψ( t−2 j n

2 j ) with j ,n ∈ Z spans the entireL2(R)

• ψ j ,n are orthonormal

• ψ j ,n have finite support
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• have a user prescribed numberM of vanishing moments, that is,〈tm, ψ j ,n〉 = 0 for m =
0,1, . . . ,M − 1.

The answer to this is yes, and given the number of vanishing momentsM, the one with smallest
support is attributed to Daubechies..... ForM = 1 the resulting mother wavelet is in fact (14.5)
considered in the preceding section. Indeed〈t0, ψ〉 = 0 for thatψ. Fig. 14.4 shows what happens
if we redo Example 14.1.1 but now for Daubechies wavelets of orderM = 4. The reconstructed
f̂ is much smoother (where needed).

f0
fN−1

f 4
0 f 4

N/16

d4
0 d4

N/16

d3
0 d3

N/8

d2
0 d2

N/4

d1
0 d1

N/2

f̂0
f̂N−1

Figure 14.4: Top: Originalf ∈ RN with N = 29 = 512; Middle: coarse
signal f 4 ∈ RN/16 and wavelet coeficientsd4 ∈ RN/16,d3 ∈
RN/8,d2 ∈ RN/4,d1 ∈ RN/2. Bottom: reconstruction̂f of f
obtained after setting 80% of the smallest wavelet coefficients
dk

n to zero

14.6 Some more snippets

There is also a continuous time wavelet where one considers continuous scaling and transla-
tions(a ∈ R,b ∈ R)

9a,b(t) =
1√
a
9( t−b

a )

of a wavelet9. In principle then we compute at anya,b ∈ R thecontinuous wavelet transform

Ca,b := 〈 f,9a,b〉 :=
∫ ∞

−∞
f (t)9a,b(t) dt
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The time scalea takes over the role of frequency (frequencies are not explicitly accounted for,
only implicitly via 1

a )

9a,b

9a,b

(translation, time)b→

f (t)

a small

a large

Ca,b

Ca,b

b

b

a
→

(s
ca

le
,t

im
e)

Example 14.6.1 (Mexican hat). Consider the “Mexican hat” wavelet

9MH(t) := 2√
3
π−

1
4 (1− t2)e−

t2
2

and some piecewise linearf (t):

9MH(t)= −5 −4 −3 −2 −1 0 1 2 3 4 5
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

f (t) = 0 10 20 30 40 50 60 70 80
−2

−1

0

1

2

3

4

The mexican hat has zero correlation with linear functions:〈t,9MH〉 = 0 so this wavelet should
be good at pinpointing where the discontinuity in the derivative of f occurs. HereCa,b:

Absolute Values of Ca,b Coefficients for a =  1 2 3 4 5 ...

time (or space) b

sc
al

es
 a

1000 2000 3000 4000 5000 6000 7000 8000
  1

 11

 21

 31

 41

 51

 61

 71

 81

 91

101

111

121

131

141

151

161

171

181

191

�

Some comments:

• Choiceof wavelet depends on what features to be extracted

– Mexican-hatlocalized in time (and trend-insensitive)

– Morlet is localized in frequency
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– Daubechies-Nhave compact support; have zero correlation with polynomials of de-
greeN − 1; are orthogonal.. (N = 1,2,3,4, . . .)

– ...?

• Want to have short basis functions (for discontinuity detection). Want long ones (for de-
tailed freq. analysis). This requires short high freq basisfncs and long low freq ones.

• Free Matlab toolbox: WAVELAB . Commercial toolbox:WAVELET

• Can deal with discontinuities and sharps spikes

• With wavelets we process the data atdifferenttime scales

Large windows (a large): coarse features
Small windows (a small): small, local features
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A Matrices and Matlab

A.1 Matrices and vectors

In this appendix we’ll review some standard notions of linear algebra.
A real matrix is an element ofRn×m for certainn,m ∈ N. Matrices are denoted by capital

letters and their elements are by lower case letters with twosubscript indices. The first index is
the row index, the second the column index, for example

A =








a11 a12 a13 · · · a1m

a21 a22 a23 · · · a2m
...

...
...

...
...

an1 an2 an3 · · · anm







∈ C

n×m.

The(complex conjugate) transpose A′ of a matrixA is defined as

A′ =










ā11 ā21 · · · ām1
ā12 ā22 · · · ām2
ā13 ā23 · · · ām3
...

...
...

...

ā1n ā2n · · · āmn










∈ C
m×n.

It is convenient to think of the transposeA′ as the result of reflectingA in its diagonal (and in
case the entries are complex you should also take its complexconjugate). Thekth column of a
matrix A is denoted byA∗k and, similarly,Ar∗ means itsr th row. A column vectoris a matrix
with only one column (m = 1) and arow vectoris a matrix with only one row (n = 1). It is
common to associate elements ofRn with columnvectors. This is a choice not a necessity.

Thezero matrixin whatever dimensionn×m is usually denoted simply as 0; the squaren× n
identity matrixis denoted byIn or simply by I and itskth column usually is written asek,

0=






0 · · · 0
...

...
...

0 · · · 0




 , I =









1 0 0

0

0

0 0 1









, ek =











...

0
1
0
...











.

We assume familiarity with the common matrix addition and matrix multiplication. One partic-
ular result that will return in various forms is this:

Lemma A.1.1. Let A ∈ Rn×m. The following statements are equivalent.

1. Ax = 0 has a unique solution (x = 0)

2. A′A is a square nonsingular matrix
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3. |Ax| > 0 for everyx 6= 0

4. A has full column rank

5. The columns ofA form a linear independent set ofRn

6. AR
m has dimensionm

7. All eigenvalues ofA′A are real and strictly positive

8. MATLAB : [E,V]=eig(A’ * A); all(E>0)

9. MATLAB : det(A’ * A)>0

10. MATLAB : [n,m]=size(A); m==rank(A)

11. MATLAB : [Q,R]=qr(A); (prod(diag(R))˜=0) & (n>=m)

Proof. Consult whatever book on linear algebra.

A.2 Positive definite matrices

A real matrixP is symmetricif P = P′. A real or complex matrixP is Hermitian if P = P′.
In particular symmetric and Hermitian matrices are square.

Definition A.2.1 (Positive definite and semi-positive defini te). A Hermitian matrixP = P′ ∈
Cn×n is positive definite, notationP > 0, if

x′Px > 0 for all nonzerox ∈ C
n.

It is said to bepositive semi-definite(also known asnonnegative definite), notationP ≥ 0, if

x′Px ≥ 0 for all x ∈ C
n.

�

It is an interesting fact that Hermitian matrices have real eigenvalues only. Indeed, ifPx = λx
with x 6= 0, then

λx′x = x′(λx) = x′(Px) = (Px)′x = (λx)′x = λx′x

so thatλ = λ i.e. thatλ is real.

Lemma A.2.2 (Positive definite matrix). Let P = P′ ∈ Cn×n. The following statements are
equivalent.

1. P > 0.

2. det(P1:k,1:k) > 0 for all k ∈ {1,2, . . . ,n}.

3. All eigenvalues ofP are> 0.

4. There is a nonsingular matrixT such thatP = T ′T .

5. P is nonsingular andP = T ′T for some (possibly nonsquare)T .
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6. Cholesky factorization: there is a (unique) upper-triangular matrixT with diagonal entries
> 0 such thatP = T ′T .

7. There is aT = T ′ > 0 such thatP = T2.

8. V ′PV > 0 if V is square nonsingular.

9. There is a full column rank matrixT such thatP = T ′T

10. For any split ofP,

P =
[

P11 P12
P′12 P22

]

with P11 square (henceP22 square) we have that

P11 > 0 and P22− P′12P−1
11 P12 > 0.

(that is, bothP11 and itsSchur complement P22− P′12P−1
11 P12 are positive definite)

11. P22 > 0 andP11− P12P−1
22 P21 > 0.

Proof. Consult any advanced book on linear algebra.

A.3 Trace

Before we can handle the MIMO case we need to document some easy facts abouttrace.

Definition A.3.1 (Trace). The trace tr(C) of a square matrixC ∈ Cn×n is defined as the sum of
its diagonal entries, tr(C) =

∑n
j=1 c j j . �

Lemma A.3.2 (Trace). For anyA, B ∈ Cn×m the productsAB′ andB′A are square and we have

tr AB′ = tr B A′.

Proof. tr AB′ =
∑n

j=1(
∑m

k=1 a j kbkj ) =
∑m

k=1(
∑m

j=1 a j kbkj ) = tr B A′.

In particular for real valued matricesA, B of compatible dimension we have trAB = tr B A
which is interesting since the dimensions of the matricesAB andB A may differ.

A.4 Matlab

Basic numbers and matrices:

z=2+i; % complex number
v=[3; 5]; % column vector with v(2)=5
w=[3 5]; % row vector with w(2)=5
A=[1 2; 4 5]; % 2* 2 matrix with A(2,1)=4

x=v'; % (complex conjugate) transpose
B=A(:,1); % first column of A
C=A(2,:); % second row of A
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A+[4 5; 8 9]; % matrix sum
A* x; % matrix product
Aˆ10; % matrix power
[A A; w 3 3]; % a 3* 4 matrix

I=eye(n); % n* n identity matrix
A=zeros(3,5); % 3* 5 zero matrix
A=ones(3,5); % 3* 5 matrix with A(i,j)=1

[n,m]=size(A); % number of rows and columns

Matrix equations and inverses:

b=[11; 10]; % column vector
x=A\b; % A* x=b solved neatly
y=b'/A; % y* A=b' solved neatly
inv(A); % inverse matrix
Aˆ(-1); % inverse matrix
det(A); % determinant
rank(A); % rank (inherently difficult numerically)
V=null(A); % then im(V)=ker(A)

Matrix norms (of which we only do the Euclidean norm, for matrices the Euclidean norm is
known as the Frobenius norm):

norm(A,1); % 1-norm
norm(A,"inf") % max-norm
norm(A,"fro") % Euclidean / Frobenius norm
sqrt(trace(A'A)) % Euclidean / Frobenius norm (same)
norm(A,2) % largest singular value

Matrix decompositions:

[T,Lambda]=schur(A) % Schur decomposition, A=T * Lambda* inv(T)
[T,Lambda]=eig(A) % Eigenvalue decomposition, A=T * Lambda* inv(T)
[Q,R]=qr(A) % QR-factorization, A=QR

To check whether or not a Hermitian matrix is positive definite:

function y=ispos(A) % y=1 if A>0, else y=0
% assumes A=A' % no error checking (terrible programming)
n=max(size(A));
y=A(1,1)>0; % y=1 iff A(1,1)>0
if (n>1) & (y==1)

C=A(2:n,2:n)-A(2:n,1)/A(1,1) * A(1,2:n);
y=ispos(C); % not very efficient programming

end
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C([a,b],R), 30
QR-factorization, 11
⊥

of sets, 6
], 27
σ , 73
(co)inner-outer, 124

addition
vector, 15

additive inverse, 15
adjoint, 10, 43
affine variety, 7
algebraic Riccati equation, 126
aligned

vectors, 36
antistable, 61
ARE, 126
associative

additive, 15
multiplication, 15

autocorrelation, 73

basis, 19
Bessel’s inequality, 47
best approximation, 9

on inner product space, 39
bilateral Laplace, 60
bistable, 115

Cauchy Schwarz, 36
causal, 61
Cholesky factorization, 161
closed, 47
closed under addition, 6
closed under scaling, 7
co-inner, 119
codomain, 23
column vector, 159
commutative

additive, 15
complete, 47
complex vector space, 17

conjugate, 63
conjugate reflexive, 34
continuous wavelet transform, 157
continuous functions

symbol for, 30
controllability Gramian, 102
converge, 47
convolution, 24
correlation, 68
correlation coefficient, 68
covariance, 68

matrix, 78
covariance function, 73
covariance matrix, 69
crosscovariance, 137

DFT, 51
dimension, 19
distributive, 15

multiplication, 15
dot product, 5
DTFT, 58

eigenvalue
of operator, 27

Euclidean norm, 5
expected value, 67

factorization
QR, 12

filter, 121
finite dimensional, 19
forecasting, 133
Fourier coefficients, 56
Fourier series, 24, 47
Fourier transform, 24, 51
Fredholm equation, 24

Gram-matrix, 40
Gram-Schmidt, 49

Hamiltonian, 106
Hardy space, 61
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Hermitian, 160
Hilbert matrix, 91
Hilbert spaces, 47
homogeneous, 34

identity matrix, 159
image, 23

matrix, 7
independent

linear, 19
infinite dimensional, 19
inner, 111
inner product, 33, 68

complex-, 34

kernel
matrix, 7

Laplace
bilateral, 60

Legendre polynomials, 42
Levinson-Durbin, 98
LHP, 63
linear, 23
linear in first argument, 33
linear predictive coding, 95
linearly independent, 19
linear combination, 19
LPC, 95

matched filter, 138
matrix, 27, 159

as representation of mapping, 27
covariance-, 78

mean, 67, 73
mother wavelets, 155
multiplication

scalar-vector, 15

nonnegative definite, 160
norm, 34

definition of, 48
Euclidean (onR), 5

normal equations, 10, 41, 44
stochastic, 71

open, 47
operator norm, 62
origin, 7, 15
orthogonal, 5, 69

complement, 6

matrix, 12
orthogonal complement, 6
orthogonal projection, 13
orthonormal sequence, 42

Parseval, 42
Parseval’s identity, 47
perpendicular, 5

sets, 6
PFE, 123
Plancherel’s theorem, 59
positive definite, 33, 34, 160
positive semi-definite, 160
power, 57, 77
power spectral density, 76
prediction, 133
probability density function, 67
probability distribution, 67
projection, 13

QR-factorization, 12

range, 23
real vector space, 15
reflection coefficients, 98
reflexive, 33
region of convergence (ROC), 60
return difference inequality, 114
RHP, 63
Riccati equation, 126

stabilizing solution, 126
RMS, 89
root mean square, 89, 90
rotation, 26
row vector, 159

scalars, 17
scaling function, 154
Schur complement, 161
second moment, 67
span, 19
spectral

density, 76
spectral factor

rational, 115
spectral factorization, 114
stability

AR system, 96
stabilizing, 117

solution of Riccati eqn., 126
stable, 61, 62
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L2, 62
anti-, 61

standard biased estimate, 137
standard deviation, 73
standardH2 problem, 125
state transition matrix, 101
std, 73
stochastic process, 72
subspace, 6, 18
symmetric, 160

Toeplitz, 97
trace, 161
transformation

Fourier, 24
transpose, 9

complex-conjugate, 159
triangle inequality, 34

uncorrelated, 69
unitary, 58, 59, 153

Vandermonde matrix, 89
variance, 67
vectors, 15

complex vector space, 17
vector space

complex, 17
real, 15

wavelets, 154
wavelet coefficients, 154
whitening filter, 81
white noise, 75, 77
wide sense stationary (WSS), 73
Wiener-Hopf, 130
Wiener filtering, 129

zero vector, 15
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