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where
— 15 > —1p is deviation from the nominal delay 75 > 0

— the system is stable for tz =0
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Delay margin

Equivalently,
Dx, Dy,
V4 w V4
Gy Gy RP R
-— Gyw G}’U —————— or -~ P 0
y u y
Definition
D
L J
p4 w
RP R
- 1 PO
y u

Assuming the system is stable for 75 = 0 (i.e. Dy, = 1),

— delay margin g is the minimum destabilizing 5.

Sometimes calculated in terms of the loop L(s) = R(s)P(s) as

Mph
Wc

Hd =

where w. is the crossover frequency.




Example 1

Open-Loop Gain (dB)
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Crossovers:
— wc ~ 0.015 with ppn ~ 1.86 [rad], so uq ~ 121.16 77
— w2 ~ 0.746 with pph2 ~ 3.73, 50 g2 ~ 5
— 3~ 5.239 with pph3 =~ 2.26, so 143 ~ 0.432

Accurate calculation

In the positive direction (tg > 0):

0 if limsupy,_,|P(jo)R(jw)| > 1
Hd = min Hoh.i
1 wc,i

otherwise

In the negative direction (75 < 0):

. . fLph,i
flg = min< —T10, max
I

We, |

Bounds on 1t4: no poles in Cq \ {0}

Proposition

If P(s) has no poles in Cq \ {0}, then any 4 is attainable by a stabilizing
R.

Bounds on uq: real poles in Co

Proposition
If P(s) has a pole at s = a > 0, then

2
Hd < —.
a

This bound is tight if this pole is the only pole of P(s) in Co and P(s) is
minimum-phase.

Proof (idea): Use continuity arguments for Rekasius transformation,
5 —S+u«

2 2
Ru(s) := with 7 = < arctan 2 < =
St+a w o o

If o | from 400, the loop is unstable for @ = a (unstable cancellations) and
has pure imaginary pole for some « > a. ]




Bounds on j14: complex poles in C

Proposition
If P(s) has poles at s = ({ £ j\/1 — {?)w, for 0 < ¢ < 1 and w, > 0, then

VI g ¢ VI—E
Hd < . (71’ + 2max{ﬂ,arctan f}) = b

This bound is tight if these poles are the only poles of P(s) in Co and P(s)
is minimum-phase.
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Delay margin for DTC-based loops

Delay-free design for P(s) = 1/s has %(s) = s + kp, so k, > 0. Hence

k
T — P —T0S
6=

l

whose bandwidth wy, = k, increases with k,. The static gain of R is

R(0) = lim kps L T L
s%OS—f—kp(].—e_rOs) 1—|—‘L’0kp T0 1—|—‘L’0kp

:=r €(0,1)

Stability margins
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Normalized controller static gain, r Normalized controller static gain, rg Normalized controller static gain, rq

Expectably decrease
tg: from oo to 2 (not bad)
Wph: from 90° to 60° (not bad)

Unexpectably decreases

(q: from oo to 0 (hmm), discontinuous, with dramatic drop at k, ~ 0.75

1




Loops

Open-Loop Gain (dB)
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Open-Loop Phase (deg)
For
1.086
= 0.749: ~——~14
o0 Hd ™ 5774/, o
ro = 0.74902:

.| Mph,1 HUph,2 ) 1.086 3.409
= s e ~ 0.667
Hd mm{ We,1 ’ We,2 } mln{0.774/‘[0’ 5.1075/1’0 0.6677

General observations
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Crossover

— via |T(jw)| > 1/v/2 tempts to increase wy,
— via |S(jw)| < up < 1 may help to resist the temptation
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Embedding
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Might be hard to deal with, but easier via
— {Dg |15 €10,7]} C {A € Hy | A € Az} for a wider Az

Key to success is to find Az, which
— covers {Dy, | 75 € [0, 7]} tightly

— is easier to analyze, can be incorporated into design problems




Unit ball B

Handiest class:

BIXm:={A e HZ" | |All < 1}

Theorem (Robust Stability Theorem)

The feedback interconnection

Bu=ul

is internally stable for all A € BI*™ <= Top € Hoo and || Tropl|oo < 1.

Adding structure via LFTs

Scaling with @ € C

Boor—>}"u<[(1) a],8m> <—
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Shift with k € C
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Shifted scaling

Boon—>Fu<[O a],8m> <—
1 «

D

£
NN

All this can be frequency-dependent and in all stability must be preserved.

Back to B
If

then
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for A € Boo (Wi, Wy, Wyt € Hy). Hence,
— W is a stable system such that W, (jo) =~ k()

— Wy is a bi-stable system such that |W,(jo)| > a(®)
We with Wy (0) = 0 and/or non-proper Wy (s) are often used, but this is sloppy

Back to B..(contd)
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If the (dead-time) system to analyze is

RP R =
fu<|:P 0:|aDr5>:>Torig:RP»

then

0 W,

B 0 Wy _ B -1
_}‘lqp PWK]’R>_W°‘R(I PW(R)™ P




Example

Consider the delay margin for

P(s) = a>0

)
sS—a

i.e. the supremal T such that it can be stabilized for all t € [0, 7). If

= 0 W,
a3 ] )

for stable weights W, and W, then by the Robust Stability Theorem the
system stable if
|WoR(I — PW,R)1P||s < 1

or T,op stable and

P(jo)R(jo) We(jw)
1 - P(jo)R(jo) W (jw)

<1, VYo

Uncertain delays in C

If 75 € [0, 7], then at a fixed w the delay e %% is

Covering with k(@) =0

k(w) 1

in this case
a(w)=1
and
Trob(s) = P(S)R(S)
Because

— neither o nor k depends on T = delay-independent conditions.

Covering with k(@) = 0: example
Sufficient stability condition

IPRloc < 1

obviously
— is feasible for no R,

as no R can internally stabilize the unstable P(s) = 1/(s — a) in open loop.




Covering with k(w) =1

Rational covering of o

Approximations

Wal,O(S) =

Wa1,3(5) =

yield

10.8

2\/55
S, W, §)i= ———,
ar1(s) s+2V3

2.007 s s2 4 3.695s + 5.56

s+ 2 s243.026s5 + 5.56’

in this case )
1—e )@ if T
a(w) = max {|1—e1@B|} = 1—e . | e G (0. 7]
75€[0,7] |1 — e ™| =2 otherwise.
Hence, a(w) = a1(Tw), where
2sin(w/2) ifwel0,n od®
) = {250/ o 0]t 2
2 otherwise J i i @
Covering with k(@) = 1: example
The Hy problem to solve:
0 W, ’
= 1
(5 % [ 9L - Il <

Because R must not cancel the plant pole,
P(s)R(s)
1— P(s)R(s)

so that || Trobloc = Wi (1). This bound is approachable (single constraint in
Co). Hence, the robustly stability problem is feasible iff |, ;(Ta)| < 1.

= —Wy(a) for every stabilizing R,

s=a

i =0: |Wa10(7a)| <1 <= T <1/a,
=1 |Wa11(7a)] <1 <= T < 1.406/a,
i =3 |Wars(7a)] <1 < 7 < 1.702/a
a1(7a) <1 <= T < 1.7257788469179/a

more conservative than the actual bound, 2/a.

Covering with k(w) = e

—Ts/2

_ —jTw/2
a(w) r(Srg[aoxr]{\e

|1_e—j‘fa)/2‘
I —ei

=a1(Tw/2) < a1(Tw),

/\

k(w) -

e—Ja)rs ‘ } — rsrg[aoxr]{ ‘ 1—

if Tw € [0, 27]
otherwise

Vo >0

—Jw(rs—f/Z)‘}




—7s/2.

Covering with k(w) = e . example

The Hy problem to solve:
F 0 Vl/a R _ HPR—Wa
P PDf/z o ]_—PRD-E/2

P(s)R(s)
1 — P(s)R(s)e~7s/2

< 1.

Now

W“(S)L — —e?"2W,(a) for every stabilizing R

and the problem is feasible iff |Wyo,i(Ta)| = |Wa1.i(7a/2)| < e 27/,
i =0: |Wyao(za)| < e 3?2 «— 7 <1.134/a,
i =1: |Waa1(7a)| < e 77/? <= 7 < 1.259/a,
i =3: |Waa3(7a)| < e ?7/? < 7 < 1.305/a.
a1(Ta/2) < e /2 «— T < 1.3098794227775/a
If i # 0, more conservative than with k(w) = 1. Why?

Conservatism vs. radii

K1(@)

\/z(w)

Tightest covering

ifo<m ifw>n
so _ .
In this case

Tightest covering: approximation
[2,2]-Padé of (1 +e7°)/2:

2
s° 412
Wies(s) =

for which «(w) = a3(Tw), where

s2+6s+12°

w* + 1202 + 144

053(0)) _ \/2 B 218(1)2 + (12 — 602);3(0)) _ 6dB}

where

(12 — w?) cos w + 6w sin @
Vot + 1202 + 144

if w € [0,2V/3]

otherwise




Rational approximations of o3

Approximations

2s s +1.92s 4+ 12.781
W, = d W, = W, ,
asals) =g and Wass(s) == Wasa(s) 35393 =95 757
yield
10.8
6
and

— Wis(jo) + [We31(jo)|D C 14 |We11(jw)|D hence, less conservative

Covering with W,3(s): example

The H, problem to solve now:
0 Wy3 H PR
R =||l—=—W
Hf' ({P PWes ] )Hoo 1— PRW3

P(s)R(s)
1 — P(s)R(s)Wis(s)

< 1.

’ oo

Now

_ Wa3(a)
s=a WK3(a)

Wa3(5)

for every stabilizing R

and the robustly stability problem is feasible iff |Wys3 j(Ta)| < |Wi3(Ta)|.
i=1: |Wa3,1(fa)| < |WK3(‘1?3)| = T < 1.691/3,
=3 [Wy31(Ta)| < |Wis(7a)] < T < 1.769/a.

g for DTC-based loops: covering
In this case

Wy (s)e™ s
s/ky +1— e~ + W (s)e s

Trob(s) - -

(especially simple if W, = 1) and stability condition is || Tyop||cc < 1. Also,
in the analysis we use a(w) for the radius, not W.

25 ‘ ‘ — g
actual value

= embedding, center at 1

-------- embedding, center at k3(7w)

embedding, center at W3(j7w)

0.67

0.5 0.67 0.75 0.87 0.91 1
Normalized controller static gain, ro = 79 R(0)

Time-varying delays

Lemma (Lemma 4.8)

If t(t) € [0,7] and |t(t)| < v < 1, then D,(t) is a bounded operator on
L2(|R+), with
1

1—-v

1Dzt o(R )= La(R) = > 1.

Lemma (Lemma 4.9)
If t(t) € [0, T], then the system Az : z — w such that

t 0
W:/ z(s)ds:/ z(t + s)ds
t—t(t) —z(t)

is a bounded operator on Ly(R.) with

HA‘E || Lay(Ry)—La(Ry) — T.
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