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Outline

Loop shifting applied to dead-time systems

Loop shifting (contd)
If N € Hy and the loop of R and [ is well posed, then

is well posed and internally stable.

This transformation makes sense if the

— transformed system has more favorable properties than the original one.

Truncation operator

Let G be LTI. The associated FIR truncation operator is

GO S

If G(s) = D+ C(sl — A)"!B, then g(t) = D§(t) + Ce”tB1(t) and the
impulse response of n,{G} is

g(t) () = g() (1(t) — U(t — 7)) = g(t) — CeBI(t - 1)
= g(t) — Ce**AEIBI(t — 7).

The last term is the impulse response of GD,, where

co=[chel?] (27

(the latter can be derived by, e.g. the similarity transformation T = eA?).




Truncation: transfer function

R

n{[g‘%]} ~ G(s5) - G(s)e
(48]l

=D+ C(sl —A)"IB— Ce**(sl — A)"1Be ™
=D+ C(I — e CI=ATY (sl — A)7B,

Thus

yields

where all eigenvalues of A are removable singularities.

Truncation: transfer function (contd)

Alternatively, with the impulse response of

JTr{G} ZK . 4!:—’/! - t

being g(t)1jo,¢(t) = DS(t) + Ce* Bl (1), we have

s A i —(sI—-A

which is already familiar entire function of s.

Completion operator

Let G be LTI. The FIR completion operator of GD; is defined as the

— truncation of a finite-dimensional G with a strictly proper G(s), whose
impulse response matches that of GD; in (7, 00), i.e.

t 0 T t

0 {GD}

If g(t) is the impulse response of G(s) = D + C(s/ — A)~!B, then we are
looking for g(t) such that

E()V(r.00)(t) = g(t — 1)V (z.00)(t) = CAETIBU(t — 7).

Hence,
g(t) = Ce MM BI(t)

and

Completion: transfer function
Thus

ar{GDr}: | r/t — J(,)_’——q -

t

yields

(28]} -0 o [l [£3]:

where all eigenvalues of A are again removable singularities.

Alternatively,

AlB —1s — - ‘ —(sl—
0,{[7‘?} e’ }zﬁ{CeA(t r)81][0,,](1?)} = Ce Af/o e (1=t qB,

which is already familiar entire function of s.




Completion: example

Let
1 010
G(s) = =10 1|1
s(s—1) 1000
In this case
01 1 e* -1
TP U7 lo1]%) T o e
and
0 1 0
—(1—e")s+1
G(s)=10 1 1 SGo1)
1 e*™—110

(nonminimum-phase) and

(1—e ")s+1—e"

0 {G(s)e "} = G- 1)

T
= —/ (1 — et ")e tdt.
0

Truncation and completion: key properties

— n,{G} € Hy for all finite-dimensional G
— ar{GDr} € Hy for all finite-dimensional G

— given any finite-dimensional G, there is finite-dimensional G such that

G:n,{c}+éDt:0ﬁ§ t:JOj e

t 0 t

— given any finite-dimensional G, there is finite-dimensional G such that

Completion: connections

. -
— MSP: MN(s) = —Ce—Af/ e CI=AB = —o, { [AB e—“}
0 C|D]
. 5
— FSA: M(s) = e_A’/ e (1= tB = o, { {’;\g e_”}
0 |
. 3
— Reduction: N(s) = e_At/ e (I=A 4B = o, { {’;\g e"s}
0

Loop shifting for dead-time systems

We know that if P(s) = C(sl — A)~!B, then

0:{PD.} =P~ PD, <= PD,=P—0.{PD;},

where y B
P(s)= Ce (sl —A)™'B and 0;{PD;} € Hx.
Hence
— loop shifting with M = o {PD; } (MSP) is

— legitimate 3 _
— vyields a delay-free stabilization problem for P = PD; +T1




Loop shifting for dead-time systems (contd)

Theorem _
R internally stabilizes PD; iff

for some R internally stabilizing the delay-free P = PD; + O'-,_-{PD-L—}. Here

T
P(s) = {Ceé - '(8)] and o {P(s)e "} = Ce_Ar/ e~ (1=t gtB.
0

Moreover, R causal <= R causal.

Outline

Delay as a constraint: extraction

Idea

Two steps:

1. replace

2. treat RD, as a constrained version of R, because

{y + u: u(t) may depend on y(s) for s < t}
N
{y > u: u(t) may depend on y(s) fors < t—1}

Moving delay
Because both P and R are LTI,
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When can be have G € Hyy < GD; € Hy,?




Technical result

G(s) is said to be proper if 3a > 0 such that ||G(s)|| < oo for all s € Cg.

Lemma
If the transfer function of G is proper, then

G e Hy <— G;:=GD; € Hy.
Proof: Clearly G € Hoo = G; € Hyo. If G; € Hwo, then G(s) = G(s)e™

is holomorphic in Cp. By assumption, G(s) is bounded in Cy. So G & Hoo
only if G(s) is unbounded in Cg \ Cq. But

1G(s)I =[] Ge(s)I| < ™[ Ge(s)]| < o0

there. [

Constraining controllers

As

{y + u: u(t) may depend on y(s) for s < t}

N

{y + u: u(t) may depend on y(s) for s <t —t1}

we may

— start with a family of stabilizing controllers

— find a sub-family of stabilizing delayed controllers

Preliminary: linear fractional transformation

Y1 uy
Gll G12

G21 G22 n uy
y2 2 Gi1 G
R - Go1 G -
;J y2 - [25)
lower, ]—'|(G, H) upper, FU(G, H)

The lower LFT f|(G, R) DUy — yp reads

Fi(G.R) = Gi1 + Gi2R(I — GoR) ' Go1 = Giy + Gio(l — RGy) ' RGyy
The upper LFT ]—'U(G, R) Uy — y» reads

Fu(G,R) = G + G (I — RG11) ' RG> = Gpp + G R(I — G11R) ' Guo

Moreover,

Fu(6.R) = Zi([7s]Clfol-R)

Preliminary: linear fractional transformation (contd)

YL

Y2

u

u

Well posed if
— | — Gx»R is invertible

G G2
G Gx
R
L J

equivalently, | — RGy; is invertible

— Jo € R such that infsec, ||l — Ga2(s)R(s)|| > 0

If 7 (G, R) is well posed then

— G and R causal = }](G,R) is causal




Preliminary: linear fractional transformation (contd)

Y1 U
Gll G12

G21 G22

Y2 u

If G is invertible, with square and invertible Gi» and Gyi, then

T=F(G.R) <= R=F,(¢T) = A([J,1c [V 1.T).

and .7-"|(G, R) is well posed iff fu(G_l, T) is well posed.

Proof (outline) Follows by

o ]=eli] n]=
T :u — y1 for y2 u vs R :ui+— y for uz

U = Ryz yi = TLI1

The invertibility of Gi» and G»1 required for the equivalence of well-posedness.

V1
y2

|

Preliminary: Youla—Kucera parametrization

o= [¢fo)

all causal internally stabilizing controllers are R = F(J, Q), where
— given any K and L such that A+ BK and A+ LC are Hurwitz,

Given

A+BK+LC+LDK|-L B+LD

o = | uls) Ja(s) | _
He) = [J21(5) J22(5)] - —CTDK (/J _ID

— @ € Hy, but otherwise arbitrary

J, J12, and J»1 are invertible,

. A+ LC|B+ LD
JYs)=| C|[D I and
—-K|Il 0

_ A+BK|L
' (s) = [WH

Constraining controllers

As
{y + u: u(t) may depend on y(s) for s < t}
N
{y + u: u(t) may depend on y(s) fors <t —t1}
we may

— start with the YK parametrization of stabilizing controllers

— find constraints on @ ensuring .7-"|(J, Q) has a delay

Constraints on @: preliminaries

Let
Al|B -L
1,y [ Hu(s) Hia(s) ]
H(s) == J(s) = [H;(s) H:z(s)] B _CK ?

(with Hi1; = P). Decompose

/
0

Hyp = me{Ha} + Hy»D, and Hy1D, = Fhy — Or{HllDr},

where
~ A | —eATL ~ A B
H22(S) = |:—K 0 :| and H11(S) = |:Ce_ T 0 :|
Note that At
~ A B —etL
[Hn(s) Haa(s) ] _ e | 0 e,
H21(5) H22(S)

-K |1 0




Constraints on @

Lemma ) o )
]-"/(J, Q) = RD; foracausal R <— Q= n,{Hgg} + QD; for a causal Q.
Proof : Because Jip and 1 invertible, RD; = .7-](J, Q) iff

Q@ = Fu(H.RD;) = H + Ho1(I — RDzHi1) ' RD; Hyo
= 7. {Hx} + F2oDz + Ha1(I — RD;Hi1) ' RD: Hio
= e {Hn} + (Hxo + Ho1(l — RH11D:) "' RH1) Dy

Now, Q

(I = RHuD:) 'R = (I = R(Fhy — o {H11D, })) 'R
= (/ — RUI{HIIDT} — RI:I]_]_)_lR - (I - éﬁll)_lév

where R := (I — Roz{H11D; })"'R (cf. loop shifting) and we know that
— R causal < R causal.

Constraints on Q (contd)
Proof (contd): Thus,

Q = Hoo + Ha1(I — RH11D;) "t RHi»
= Fpo + Ho1(I — RA11) " RHi»

Hii Hio | 5
_]:“QHH F } ’R>
The last LFT
— well posed
— has Hiz and Hpp invertible
Hence,
— Q causal < R causal <= R causal.

All stabilizing R

Important:
N ~ “1
= Hii Hiz | 3 5 Hi1 Hiz =
Q:]—"([ - ],R)@R:I({ - } ,Q)
u H21 H22 I H21 H22
~ R=(I-Ro{PD;})'R <= R=R(I +o0:{PD;}R)™*
— 7e{Hn} + QD; € Hy += Q€ Hx

Hence, all R's such that F\’Dr is stabilizing are

for C:) € H, but otherwise arbitrary.

All stabilizing R (contd)

has
- 1 [ A B —eAL]T?
[Hn(s) Hiz(s) } I | SR
H21(S) H22($) _K / 0
[A+BK 4+ e"LCe ™" | —e""L B
= K 0 /
I —Ce At I 0
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