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Loop shifting (contd)

If Π ∈ H∞ and the loop of R and Π is well posed, then

u

vo

viy

P

R

is well posed and internally stable iff

ũ

ṽo

ṽiỹ

P + Π

R(I + ΠR)−1

is well posed and internally stable.

This transformation makes sense if the

− transformed system has more favorable properties than the original one.



Loop shifting for DT systems Extraction

Loop shifting (contd)

If Π ∈ H∞ and the loop of R and Π is well posed, then

u

vo

viy

P

R

is well posed and internally stable iff

ũ

ṽo

ṽiỹ
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Truncation operator

Let G be LTI. The associated FIR truncation operator is

��
{
G
}
:

t0 �

7−→
t0 �

:

If G (s) = D + C (sI − A)−1B, then g(t) = Dı(t) + C eAtB1(t) and the
impulse response of ��

{
G
}
is

g(t)1[0;� ](t) = g(t)
(
1(t)− 1(t − �)

)
= g(t)− C eAtB1(t − �)

= g(t)− C eA� eA(t−�)B1(t − �):

The last term is the impulse response of Ĝ D̄� , where

Ĝ (s) =

[
A B

C eA� 0

]
=

[
A eA�B

C 0

]

(the latter can be derived by, e.g. the similarity transformation T = eA� ).
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Truncation: transfer function

Thus

��
{
G
}
:

t0 �

7−→
t0 �

:

yields

��

{[
A B

C D

]}
= G (s)− Ĝ (s)e−�s

=

[
A B

C D

]
−
[

A B

C eA� 0

]
e−�s

= D + C (sI − A)−1B − C eA� (sI − A)−1Be−�s

= D + C (I − e−(� I−A)� )(sI − A)−1B;

where all eigenvalues of A are removable singularities.
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Truncation: transfer function (contd)

Alternatively, with the impulse response of

��
{
G
}
:

t0 �

7−→
t0 �

:

being g(t)1[0;� ](t) = Dı(t) + C eAtB1[0;� ](t), we have

��

{[
A B

C D

]}
= L

{
Dı(t) + C eAtB1[0;� ](t)

}
= D + C

∫ �

0
e−(sI−A)t dtB;

which is already familiar entire function of s.
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Completion operator

Let G be LTI. The FIR completion operator of GD̄� is defined as the

− truncation of a finite-dimensional G̃ with a strictly proper G̃ (s), whose
impulse response matches that of GD̄� in (�;∞), i.e.

��
{
GD̄�

}
:

t0 �

7−→
t0 �

:

If g(t) is the impulse response of G (s) = D + C (sI − A)−1B, then we are
looking for g̃(t) such that

g̃(t)1(�;∞)(t) = g(t − �)1(�;∞)(t) = C eA(t−�)B1(t − �):

Hence,
g̃(t) = C e−A� eAtB1(t)

and

G̃ (s) =

[
A B

C e−A� 0

]
=

[
A e−A�B

C 0

]
:
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Completion: example

Let

G (s) =
1

s(s − 1)
=



0 1 0
0 1 1

1 0 0


 :

In this case

exp

(
−
[
0 1
0 1

]
�

)
=

[
1 e−� − 1
0 e−�

]

and

G̃ (s) =



0 1 0
0 1 1

1 e−� − 1 0


 =

−(1− e−� )s + 1

s(s − 1)

(nonminimum-phase) and

��
{
G (s)e−�s

}
=

−(1− e−� )s + 1− e−�s

s(s − 1)
= −

∫ �

0
(1− et−� )e−st dt:
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Truncation and completion: key properties

− ��
{
G
}
∈ H∞ for all finite-dimensional G

− ��
{
GD̄�

}
∈ H∞ for all finite-dimensional G

− given any finite-dimensional G , there is finite-dimensional Ĝ such that

G = ��
{
G
}
+ Ĝ D̄� =

t0 �

=
t0 �

+
t0

− given any finite-dimensional G , there is finite-dimensional G̃ such that

GD̄� = G̃ − ��
{
G
}
=

t0 �

=
t0 �

−
t0 �
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Completion: connections

R̃

Π

yỹu

− MSP: Π(s) = −C e−A�

∫ �

0
e−(sI−A)t dtB = −��

{[
A B

C D

]
e−�s

}

− FSA: Π(s) = e−A�

∫ �

0
e−(sI−A)t dtB = ��

{[
A B

I 0

]
e−�s

}

− Reduction: Π(s) = e−A�

∫ �

0
e−(sI−A)t dtB = ��

{[
A B

I 0

]
e−�s

}
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Loop shifting for dead-time systems

u

vo

viy

PD̄�

R

We know that if P(s) = C (sI − A)−1B, then

��
{
PD̄�

}
= P̃ − PD̄� ⇐⇒ PD̄� = P̃ − ��

{
PD̄�

}
;

where
P̃(s) = C e−A� (sI − A)−1B and ��

{
PD̄�

}
∈ H∞:

Hence

− loop shifting with Π = ��
{
PD̄�

}
(MSP) is

− legitimate
− yields a delay-free stabilization problem for P̃ = PD̄� +Π
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Loop shifting for dead-time systems (contd)

u

vo

viy

PD̄�

R

⇐⇒
ũ

ṽo

ṽiỹ

P̃

R̃

Theorem
R internally stabilizes PD̄� iff

R = R̃
(
I − ��

{
PD̄�

}
R̃
)−1 =

R̃

��{PD̄�}

yu

for some R̃ internally stabilizing the delay-free P̃ = PD̄� + ��
{
PD̄�

}
. Here

P̃(s) =

[
A B

C e−A� 0

]
and ��

{
P(s)e−�s

}
= C e−A�

∫ �

0
e−(sI−A)t dtB :

Moreover, R causal ⇐⇒ R̃ causal.



Loop shifting for DT systems Extraction

Outline

Loop shifting applied to dead-time systems

Delay as a constraint: extraction
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Idea

Two steps:

1. replace

u

vo

viy

PD̄�

R

−→
u

vo

viy

P

RD̄�

2. treat RD̄� as a constrained version of R, because

{
y 7→ u : u(t) may depend on y(s) for s ≤ t

}

∩{
y 7→ u : u(t) may depend on y(s) for s ≤ t − �

}
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Moving delay

Because both P and R are LTI,

u

vo

viy

PD̄�

R

=⇒
[
So Td

Tc Ti

]
=

[
I
R

]
(I − PRD̄� )

−1
[
I PD̄�

]

u

vo

viy

P

RD̄�

=⇒
[
So Td

Tc Ti

]
=

[
I

RD̄�

]
(I − PRD̄� )

−1
[
I P

]

Hence, [
So Td

TcD̄� Ti

]
=

[
So TdD̄�
Tc Ti

]

When can be have G ∈ H∞ ⇐⇒ GD̄� ∈ H∞ ?
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Technical result

G (s) is said to be proper if ∃˛ > 0 such that ∥G (s)∥ <∞ for all s ∈ C˛.

Lemma
If the transfer function of G is proper, then

G ∈ H∞ ⇐⇒ G� ··= GD̄� ∈ H∞:

Proof : Clearly G ∈ H∞ =⇒ G� ∈ H∞. If G� ∈ H∞, then G (s) = G� (s)e
�s

is holomorphic in C0. By assumption, G (s) is bounded in C˛. So G ̸∈ H∞
only if G (s) is unbounded in C0 \ C˛. But

∥G (s)∥ = |e�s |∥G� (s)∥ ≤ e�˛∥G� (s)∥ <∞

there.
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Constraining controllers

u

vo

viy

PD̄�

R

−→
u

vo

viy

P

RD̄�

As

{
y 7→ u : u(t) may depend on y(s) for s ≤ t

}

∩{
y 7→ u : u(t) may depend on y(s) for s ≤ t − �

}

we may

− start with a family of stabilizing controllers

− find a sub-family of stabilizing delayed controllers
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Preliminary: linear fractional transformation

[
G11 G12

G21 G22

]

R

u1y1

y2 u2
[
G11 G12

G21 G22

]

R

u2y2

y1 u1

lower, Fl

(
G ;H

)
upper, Fu

(
G ;H

)
The lower LFT Fl

(
G ;R

)
: u1 7→ y1 reads

Fl

(
G ;R

)
= G11 + G12R(I − G22R)

−1G21 = G11 + G12(I − RG22)
−1RG21

The upper LFT Fu

(
G ;R

)
: u2 7→ y2 reads

Fu

(
G ;R

)
= G22 + G21(I − RG11)

−1RG12 = G22 + G21R(I − G11R)
−1G12

Moreover,
Fu

(
G ;R

)
= Fl

([
0 I
I 0

]
G
[
0 I
I 0

]
;R

)
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Preliminary: linear fractional transformation (contd)

[
G11 G12

G21 G22

]

R

u1y1

y2 u2

Well posed if

− I − G22R is invertible equivalently, I − RG22 is invertible

− ∃˛ ∈ R such that infs∈C˛∥I − G22(s)R(s)∥ > 0

If Fl

(
G ;R

)
is well posed then

− G and R causal =⇒ Fl

(
G ;R

)
is causal
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Preliminary: linear fractional transformation (contd)

[
G11 G12

G21 G22

]

R

u1y1

y2 u2

If G is invertible, with square and invertible G12 and G21, then

T = Fl

(
G ;R

)
⇐⇒ R = Fu

(
G−1;T

)
= Fl

([
0 I
I 0

]
G−1

[
0 I
I 0

]
;T

)
:

and Fl

(
G ;R

)
is well posed iff Fu

(
G−1;T

)
is well posed.

Proof (outline) Follows by

T : u1 7→ y1 for


[
y1
y2

]
= G

[
u1
u2

]
u2 = Ry2

vs R : u1 7→ y1 for


[
u1
u2

]
= G−1

[
y1
y2

]
y1 = Tu1

The invertibility of G12 and G21 required for the equivalence of well-posedness.
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Preliminary: Youla–Kučera parametrization

Given
P(s) =

[
A B

C D

]

all causal internally stabilizing controllers are R = Fl

(
J;Q

)
, where

− given any K and L such that A+ BK and A+ LC are Hurwitz,

J(s) =

[
J11(s) J12(s)
J21(s) J22(s)

]
=



A+ BK + LC + LDK −L B + LD

K 0 I
−C − DK I −D




− Q ∈ H∞ but otherwise arbitrary

J, J12, and J21 are invertible,

J−1(s) =




A B −L

C D I
−K I 0


 and





J−1
12 (s) =

[
A+ LC B + LD

K I

]

J−1
21 (s) =

[
A+ BK L

C + DK I

]
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Constraining controllers

u

vo

viy

PD̄�

R

−→
u

vo

viy

P

RD̄�

As

{
y 7→ u : u(t) may depend on y(s) for s ≤ t

}

∩{
y 7→ u : u(t) may depend on y(s) for s ≤ t − �

}

we may

− start with the YK parametrization of stabilizing controllers

− find constraints on Q ensuring Fl

(
J;Q

)
has a delay
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Constraints on Q: preliminaries

Let

H(s) ··= J−1(s) =

[
H11(s) H12(s)
H21(s) H22(s)

]
=




A B −L

C D I
−K I 0




(with H11 = P). Decompose

H22 = ��
{
H22

}
+ Ĥ22D̄� and H11D̄� = H̃11 − ��

{
H11D̄�

}
;

where

Ĥ22(s) =

[
A −eA�L

−K 0

]
and H̃11(s) =

[
A B

C e−A� 0

]

Note that [
H̃11(s) H12(s)

H21(s) Ĥ22(s)

]
=




A B −eA�L

C e−A� 0 I
−K I 0


:
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]
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
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Constraints on Q

Lemma
Fl

(
J;Q

)
= RD̄� for a causal R ⇐⇒ Q = ��

{
H22

}
+ Q̃D̄� for a causal Q̃.

Proof : Because J12 and J21 invertible, RD̄� = Fl

(
J;Q

)
iff

Q = Fu

(
H;RD̄�

)
= H22 + H21(I − RD̄�H11)

−1RD̄�H12

= ��
{
H22

}
+ Ĥ22D̄� + H21(I − RD̄�H11)

−1RD̄�H12

= ��
{
H22

}
+

(
Ĥ22 + H21(I − RH11D̄� )

−1RH12︸ ︷︷ ︸
Q̃

)
D̄�

Now,

(I − RH11D̄� )
−1R = (I − R(H̃11 − ��

{
H11D̄�

}
))−1R

= (I − R��
{
H11D̄�

}
− RH̃11)

−1R

= (I − R̃H̃11)
−1R̃;

where R̃ ··= (I − R��
{
H11D̄�

}
)−1R (cf. loop shifting) and we know that

− R causal ⇐⇒ R̃ causal.
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−1RD̄�H12

= ��
{
H22

}
+ Ĥ22D̄� + H21(I − RD̄�H11)

−1RD̄�H12

= ��
{
H22

}
+

(
Ĥ22 + H21(I − RH11D̄� )

−1RH12︸ ︷︷ ︸
Q̃

)
D̄�

Now,

(I − RH11D̄� )
−1R = (I − R(H̃11 − ��

{
H11D̄�

}
))−1R

= (I − R��
{
H11D̄�

}
− RH̃11)

−1R

= (I − R̃H̃11)
−1R̃;

where R̃ ··= (I − R��
{
H11D̄�

}
)−1R (cf. loop shifting) and we know that

− R causal ⇐⇒ R̃ causal.
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Loop shifting for DT systems Extraction

Constraints on Q (contd)

Proof (contd) : Thus,

Q̃ = Ĥ22 + H21(I − RH11D̄� )
−1RH12

= Ĥ22 + H21(I − R̃H̃11)
−1R̃H12

= Fu

([
H̃11 H12

H21 Ĥ22

]
; R̃

)

The last LFT

− well posed

− has H12 and H21 invertible

Hence,

− Q̃ causal ⇐⇒ R̃ causal ⇐⇒ R causal.
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]
; R̃

)

The last LFT

− well posed

− has H12 and H21 invertible

Hence,

− Q̃ causal ⇐⇒ R̃ causal ⇐⇒ R causal.



Loop shifting for DT systems Extraction

All stabilizing R

Important:

− Q̃ = Fu

([
H̃11 H12

H21 Ĥ22

]
; R̃

)
⇐⇒ R̃ = Fl

([
H̃11 H12

H21 Ĥ22

]−1

; Q̃

)

− R̃ = (I − R��
{
PD̄�

}
)−1R ⇐⇒ R = R̃(I + ��

{
PD̄�

}
R̃)−1

− ��
{
H22

}
+ Q̃D̄� ∈ H∞ ⇐⇒ Q̃ ∈ H∞

Hence, all R’s such that RD̄� is stabilizing are

yu

�̃ �̃

[
H̃11 H12

H21 Ĥ22

]−1

��{PD̄�}

Q̃

for Q̃ ∈ H∞ but otherwise arbitrary.
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]
; R̃

)
⇐⇒ R̃ = Fl

([
H̃11 H12

H21 Ĥ22
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Loop shifting for DT systems Extraction

All stabilizing R (contd)

yu

�̃ �̃

[
H̃11 H12

H21 Ĥ22

]−1

��{PD̄�}

Q̃

has

[
H̃11(s) H12(s)

H21(s) Ĥ22(s)

]−1

=




A B −eA�L

C e−A� 0 I
−K I 0



−1

=



A+ BK + eA�LC e−A� −eA�L B

K 0 I
−C e−A� I 0



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