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Outline

Loop shifting applied to dead-time systems

Delay as a constraint: extraction
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Loop shifting applied to dead-time systems



Loop shifting for DT systems

Loop shifting (contd)
If 1 € Hy and the loop of R and I is well posed, then

is well posed and internally stable.



Loop shifting for DT systems

Loop shifting (contd)
If 1 € Hy and the loop of R and I is well posed, then

is well posed and internally stable.

This transformation makes sense if the

— transformed system has more favorable properties than the original one.



Loop shifting for DT systems

Truncation operator

Let G be LTI. The associated FIR truncation operator is

R e
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Truncation operator

Let G be LTI. The associated FIR truncation operator is

ol

If G(s) = D+ C(sl — A)71B, then g(t) = D§(t) + Ce*B1(t) and the
impulse response of n,{G} is

()1, (t) = g(t)(1(t) — 1(t — 7)) = g(t) — Ce*BI(t — 1)
= g(t) — CeAAEDBY(t — 7).



Loop shifting for DT systems

Truncation operator

Let G be LTI. The associated FIR truncation operator is

R e

If G(s) = D+ C(sl — A)71B, then g(t) = D§(t) + Ce*B1(t) and the
impulse response of Jr,{G} is

g(t)1po,(t) = g(1) (1(t) — Ut — 7)) = g(t) — Ce*BI(t 1)
= g(t) — CeMTAETIBY(t — 7).

The last term is the impulse response of C;‘Dt, where

o= [efo] - [€7]

(the latter can be derived by, e.g. the similarity transformation T = eA7).



Loop shifting for DT systems

Truncation: transfer function

Thus m{G}:JO#T/t — t
yields J
- { [? g} } = G(s) -~ G(s)e ™™

_[AlB] [A |B]

~|C|D Cem]0

=D+ C(sl —A)" B — Ce"(sl — A)1Be ™
=D+ C(I — e FI=AT) (sl — A)LB,

where all eigenvalues of A are removable singularities.



Loop shifting for DT systems

Truncation: transfer function (contd)

Alternatively, with the impulse response of
nr{G}:JO—'/ S JO—"’/I .
T t T t

being g(t)To,r(t) = DS(t) + Ce** Bl (), we have

A|lB v
Tt { [f‘ﬁ]} = S{DS(t)+ CeAtBﬂ[o,t](t)} =D+ C/O e (sl A)tdtB,

which is already familiar entire function of s.




Loop shifting for DT systems
Completion operator

Let G be LTI. The FIR completion operator of GDy is defined as the

— truncation of a finite-dimensional G with a strictly proper @(s), whose
impulse response matches that of GD; in (7,00), i.e.

0:{GD:} : l r/ — B

t 0 T t
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Completion operator

Let G be LTI. The FIR completion operator of GD; is defined as the

— truncation of a finite-dimensional G with a strictly proper @(s), whose
impulse response matches that of GD; in (7,00), i.e.

0.{GD,} - \ /Hj,ﬁ

t 0 T t

If g(t) is the impulse response of G(s) = D + C(sl — A)~!B, then we are
looking for g(t) such that

E(1)V(r,00)(t) = g(t — ) V(1,00 (t) = CATIBI(t — 7).



Loop shifting for DT systems

Completion operator

Let G be LTI. The FIR completion operator of GDy is defined as the

— truncation of a finite-dimensional G with a strictly proper @(s), whose
impulse response matches that of GD; in (7,00), i.e.

0.{GD,} - \ L

T t 0 T t

If g(t) is the impulse response of G(s) = D + C(sl — A)~!B, then we are
looking for g(t) such that

E(1)V(r,00)(t) = g(t — ) V(1,00 (t) = CATIBI(t — 7).

Hence,
g(t) = Ce e BI(t)

and



Loop shifting for DT systems

Completion: transfer function
Thus

oGy | P

yields

(2]} oo [etuid] |

where all eigenvalues of A are again removable singularities.



Loop shifting for DT systems

Completion: transfer function
Thus

O'I{GDI}: (‘) / — J/_l

yields

(8]} - el g][45)e

where all eigenvalues of A are again removable singularities.

Alternatively,

A|lB] .. - e [T
Ur{[f‘ﬁ] e * }:g{CeA(t r)Bﬂ[O,r](t)}: Ce Ar/o e (sl A)tdtB,

which is already familiar entire function of s.



Loop shifting for DT systems

Completion: example

Let
1 010
G(s) = =10 1|1
s(s—1) 1000

In this case
|01 1 e t-1

Pl lo1]") "o e

and

(nonminimum-phase) and

—e Ns+1—e7"

—Ts\ _ _(1 _ ’ _ etft efst
o {G(s)e ™} = S 1) = /0(1 Je *tdt.




Loop shifting for DT systems

Truncation and completion: key properties

— n,{G} € Hy, for all finite-dimensional G

— UT{GD,} € Hy, for all finite-dimensional G

— given any finite-dimensional G, there is finite-dimensional G such that

G =n{G} + 6D, = OK, - O[:! S

— given any finite-dimensional G, there is finite-dimensional G such that



Loop shifting for DT systems

Completion: connections

\3>
E

—Ts

T
— MSP: MN(s) = Ce—Af/ e (I=A 4B = —oy
0

|
|
|

—Ts

—Ts

T
— FSA: M(s) = e_At/ e (1=t 4B = o, {
0

~[> =|> o

olw o/w ©
D
—— e

T
— Reduction: N(s) = e_Ar/ e I=A B = o,
0



Loop shifting for DT systems

Loop shifting for dead-time systems

We know that if P(s) = C(s/ — A)~1B, then

o:{PD.} =P—-PD;, <= PD,=P—o{PD.},

where 3 _
P(s) = Ce (sl —A)"'B and 0;{PD;} € Hw.
Hence
— loop shifting with M = o {PD; } (MSP) is

— legitimate . _
— vyields a delay-free stabilization problem for P = PD; + 1



Loop shifting for DT systems

Loop shifting for dead-time systems (contd)

Theorem _
R internally stabilizes PD, iff

R

R(I —o:{PD;}R) ! =

for some R internally stabilizing the delay-free p= PD, + ar{PDt}. Here

T
P(s) = [Ceé - g] and o {P(s)e "} = CeAT/ e (I=AtqtB.
0

Moreover, R causal <= R causal.



!utllne

Delay as a constraint: extraction



Extraction

Idea

Two steps:

1. replace

2. treat RD; as a constrained version of R, because

{y — u: u(t) may depend on y(s) for s < t}
N
{y + u: u(t) may depend on y(s) for s <t —1}



Extraction

Moving delay

Because both P and R are LTI,

T :[R/DJ(/PRDr)l[I P

Se Ta]_[S TaD:
TD: T | [ Tc T

When can be have G € Hy, <= GD; € Hy?



Extraction

Technical result
G(s) is said to be proper if o > 0 such that | G(s)|| < oo for all s € Cq.

Lemma
If the transfer function of G is proper, then

GeHy <— G;:=GD,; € H..

Proof: Clearly G € Hyy = G; € H.



Extraction

Technical result
G(s) is said to be proper if o > 0 such that | G(s)|| < oo for all s € Cq.

Lemma
If the transfer function of G is proper, then

GeHy <— G;:=GD,; € H..
Proof: Clearly G € Hoo = G; € Hx. If G; € Hoo, then G(s) = G(s)e™

is holomorphic in Cy. By assumption, G(s) is bounded in Cy. So G & Hoo
only if G(s) is unbounded in Cp \ Cq. But

IG()Il = [e™[|Ge(s)I| < e™[|Ge(s)]] < o0

there. O



Extraction

Constraining controllers

As
{y + u: u(t) may depend on y(s) for s < t}
N
{y > u: u(t) may depend on y(s) fors < t — 1}
we may

— start with a family of stabilizing controllers

— find a sub-family of stabilizing delayed controllers



Extraction

Preliminary: linear fractional transformation

—— e 6 . R
11 G12
Go1 G n uy
2 L G G
R P Go1 G -—
2 \ J 2
lower, Fi(G. H) upper, F,(G. H)

The lower LFT .7-"|(G, R) DUy — yp reads

Fi(G.R) = Gi1 + GoR(I — G2R) Gy = Gi1 + Gio(l — RGx») 1RGy
The upper LFT 7, (G, R) : up — y» reads

Fu(G.R) = G + G (I — RG11) 'RG12 = Gpp + G R(I — G11R) ' Gyo

Moreover,
Fu(6.R) = A([0]6G[96].R)



Extraction

Preliminary: linear fractional transformation (contd)

Y1

G Gio

Y2

Well posed if
— | — Gy R is invertible

G21 G22

_.E]i

up

uz

equivalently, | — RGy; is invertible

— Jo € R such that infsec, ||/ — Ga2(s)R(s)|| > 0



Extraction

Preliminary: linear fractional transformation (contd)

Y1 up
G G
G21 G22
Y2 u>
Well posed if
— | — Gy R is invertible equivalently, | — RGy is invertible

— Jo € R such that infsec, ||/ — Ga2(s)R(s)|| > 0

If .7-"|(G, R) is well posed then
— G and R causal — .7-“|(G,R) is causal



Extraction

Preliminary: linear fractional transformation (contd)

)21 (1
Gi1 G2

G21 G22

Y2 u

If G is invertible, with square and invertible Gi» and Gp1, then

T=F(GR) <= R=F,(CLT)=7(05lc 7.7

and ]-](G, R) is well posed iff ]-'U(G_l, T) is well posed.
Proof (outline) Follows by

] =s[i] )=
T : up — y for Y2 u2 vs R :u— y for 2 Y2

U2 = Ry> yi=Tuwu

The invertibility of Gi2 and Gz required for the equivalence of well-posedness. O



Extraction

Preliminary: Youla—Kudera parametrization

all causal internally stabilizing controllers are R = F(J. Q), where
— given any K and L such that A+ BK and A+ LC are Hurwitz,

A+ BK+LC+LDK|-L B+ LD

= K 0 /
—C - DK / -D

_ | Huls) Jia(s)
J(S) o |:J21(S) J22(S) :|

— @ € Hy but otherwise arbitrary



Extraction

Preliminary: Youla—Kudera parametrization

all causal internally stabilizing controllers are R = F(J. Q), where
— given any K and L such that A+ BK and A+ LC are Hurwitz,

J11(s) Jiz(s) }

A+ BK+LC+LDK|-L B+ LD
J(s) = [le(s) Joa(s) |: ]

K 0 /
—C - DK / -D

— @ € Hy but otherwise arbitrary

J, Ji2, and J>1 are invertible,
_ A+LC|B+LD
AlB -L lel(S)z[ e , ]
J Y s)=| C|D I and

B A+BK|L
AL J211(5):[C+DK /]




Extraction

Constraining controllers

As
{y + u: u(t) may depend on y(s) for s < t}
N
{y > u: u(t) may depend on y(s) fors < t — 1}
we may

— start with the YK parametrization of stabilizing controllers
— find constraints on @ ensuring .7-](J, Q) has a delay



Extraction

Constraints on @: preliminaries

Al|B —-L
C |D
—K| I

/
0

Let

H(s) = J7(s) = [Zig; 528] -

(with H;; = P). Decompose

Hay = e {Ha»} + H»D; and Hi1D; = Fi1 — 0 {H11D: },
where

A A | —eATL ~ A B
H22(5) = |:—K eo :| and H11(S) = I:Ce 0 :|



Extraction

Constraints on @: preliminaries

Al|B —-L
C |D
—K| I

/
0

Let

H(s) = J7(s) = [Zig; 528] -

(with H;; = P). Decompose

Hay = e {Ha»} + H»D; and Hi1D; = Fi1 — 0 {H11D: },

where

—eAT A B]

Fi(s) = [—AK 0 L] ond )= {Ce o

Note that

A

Ce ™0 |
H21(S) H22(S)

I:Ill(s) H12(S) :|
-K |1 0

A |B eAfL]




Extraction

Constraints on @

Lemma ) )
]:/(J, Q) = RD, fora causal R — Q = JTT{HQQ} + QD; for a causal Q.

Proof: Because Ji and Jy; invertible, RD; = Fi(J. Q) iff

Q = Fu(H,RD;) = Hy + Hx (I — RDyHi1) ' RD; Hyo



Extraction

Constraints on @

Lemma ) )
]:/(J, Q) = RD, fora causal R — Q = JTT{HQQ} + QD; for a causal Q.

Proof: Because Ji and Jy; invertible, RD; = Fi(J. Q) iff

Q = Fu(H,RD;) = Hy + Hx (I — RDyHi1) ' RD; Hyo
= {Hn} + FosDr + Ha1(l — RD; Hi1) "*RD Hio



Extraction

Constraints on @

Lemma ) )
]:/(J, Q) = RD;, for a causal R — Q = nt{ng} + QD for a causal Q.

Proof: Because Ji and Jy; invertible, RD; = Fi(J. Q) iff

Q = Fu(H,RD;) = Hy + Hx (I — RDyHi1) ' RD; Hyo
= e {Hxn} + Aoy Dy + Ho1(l — RD; Hi1) "*RD Hio
= :{Hxn} + (Ha + Ho1 (I — RH11D;) ' RH12) D,
Q



Extraction

Constraints on @
Lemma ) )
]:/(J, Q) = RD;, for a causal R — Q = JTT{HQQ} + QD for a causal Q.
Proof: Because Ji and Jy; invertible, RD; = Fi(J. Q) iff

Q = Fu(H,RD;) = Hy + Hx (I — RDyHi1) ' RD; Hyo
= e {Hxn} + Aoy Dy + Ho1(l — RD; Hi1) "*RD Hio
= :{Hxn} + (Ha + Ho (I — RH11D;) ' RH12) D,

Now, Q

(/ — RHHDt)ilR = (/ - R(/_Nlll - Ut{HllDf}))ilR
— (I = Roo{Hu D} — RA1) 'R



Extraction

Constraints on @
Lemma } }
f,(J, Q) = RD, fora causal R — Q = nt{ng} + QD; for a causal Q.
Proof: Because Ji» and J»1 invertible, RDr = }](J, Q) iff
Q = Fu(H,RD;) = Hy + Hx (I — RDyHi1) ' RD; Hyo
= e {Hxn} + Aoy Dy + Ho1(l — RD; Hi1) "*RD Hio
= :{Hxn} + (Ha + Ho1 (I — RH11D;) ' RH12) D,

Now, Q

(/ — RHllDt)ilR = (/ - R(/:Ill - O—r{HllDf}))ilR
= (/ — Rat{HllDt} — RII:I]_]_)_IR = (I - R)I:Ill)_lﬁ’

where R := (I — Ra,{HllD,})*lR (cf. loop shifting) and we know that

— R causal <= R causal.



Extraction

Constraints on @ (contd)

Proof (contd): Thus,

Q = Fao + Har (I — RH11D;) " RHs»
= Foy + Ha1 (I — RFh1) " tRHy2

Hi1 Hio } ~)
= F A R
! ([ Hx1 Ha
The last LFT
— well posed
— has Hi» and Hb»p invertible

Hence,



Extraction

Constraints on @ (contd)

Proof (contd): Thus,

Q = Fao + Har (I — RH11D;) " RHs»
= Foy + Ha1 (I — RFh1) " tRHy2

Hii Hiz | 5
_fu(["'/zl F } ’R)
The last LFT
— well posed
— has Hi» and Hb»p invertible
Hence,
— Q causal <= R causal <= R causal.



Extraction

All stabilizing R

Important:
~ ~ -1
= Hii Hix | g = Hi1 Hi2 =
- o= fa] ) = A=Al B2 9
! H21 H22 ! H21 H22
— R=(1-Ro:{PD.:})'R < R=R(I +0:{PD:}R)™?
— JTI{H22}+©DIEHOO <~ QGHOO




Extraction

All stabilizing R

Important:
~ ~ -1
= Hii Hix | g = Hi1 Hi2 =
- o= fa] ) = A=Al B2 9
! H21 H22 ! H21 H22
— R=(1-Ro:{PD.:})'R < R=R(I +0:{PD:}R)™?
— JTI{H22}+©DIGHOO <~ QEHOO

Hence, all R's such that F\’Dr is stabilizing are

for @ € Hy, but otherwise arbitrary.



All stabilizing R (contd)

has
- 1 [ A |B —eML]T!
[HH(S) Hia(s) } _ | Cene | 0]
H21(S) H22(5) _K | 0
A+ BK + e LCe " | —e*L B
= K
—Ce At

0
/

/
0

|

Extraction
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