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Previously on TDCE. ..

Common structure:

where
— R is finite-dimensional, designed for a finite-dimensional plant

— I is infinite-dimensional, fixed structure

Common theme seems to be
— prediction as a rationale for [1,
but prediction is a suspicious operation
— ‘“prediction is difficult, especially about the future” (N. Bohr). ..

Can it be justified in control-theoretic terms?

Preliminary: partial pole placement

(A, B) controllable = 3K s.t. spec(A+ BK) arbitrarily (e.g. Ackermann).

Let /i < nand A € R7*7 be such that spec(A) C spec(A).

Lemma N ) o
If there is rank-ii matrix T € R7<" such that TA = AT, then

spec(A+ BKT) = spec(A+ BK) U (spec(A) \ spec(A)),
where B := TB is such that (A, B) controllable.

Proof: Based on

Preliminary: reduced-order observer (simple special case)
X1[t+1] o A1 A Xl[t] B
et |18 e Lo [ e

i[5 ]

yz[t] 0 / Xg[t]

then observe only x;. The first state: . o
known input

Xl[t + ].] = A11X1[t] + A12y2[t] + B U[t]
vit] = Guxa[t] + Guayo|t]

Its observer
)?1[t + 1] = All)?l[t] + A12y2[t] + B u[t] — L(y]_[t] — C]_]_)?]_[t] — C12y2[t]).

has autonomous
61[1’ + 1] = (A11 + LC11)€1[t],

where €1 := x1 — X3.




Reduced-order observer-based feedback

Combine plant, reduced-order observer, and observer-based control law

X2 [t]

u[tl = [Ky Ko ] Vl[t] }

The closed-loop dynamics

x[t + 1] A A+ BiK; BiKi xq[t]
xt+1] | = 0 Axo + Bo Ko B> K; x2[t]
)Aq[t + 1] —LCi1 A+ BiKs A+ BiKi + LG )A<1[t]
or
xi[t + 1] Al + BiKi A + B1 K> Bi1 K1 x1(t]
x[t+l] | =| BKi  An+BK: BKi || xlt] |,
El[t + 1] 0 0 | A1+ LGy el[t]

stable whenever [Kl K> ] and L are stabilizing.

Outline

Discrete insight: state feedback

Problem

Given
x[t 4+ 1] = Ax[t] + Bu[t — 7],

with measurable x and controllable (A, B).

State equation:

x[t +1] A'B O 0 x[t] 0
wuft—t+1] 0:0 [ - Of|uft—r1] 0
s = | & ||l
ult — 1] 0:0 0 || uft —2] 0
ult] 1 0:0 0 0] | uft—1] /]
xg [t+1] A xz [t] B

State feedback: structure

Naturally, [X[t]]
uft—r
ult] = [Kx Ke -+ Ko Kl]Xr[t]:[KxiKr o Ky Ki 5
T ult — 2]
= Kex[t] + > K[t — i]. ult —1]
i=1

is dynamic as x — u, of the very form

for

T
R=1. y=Kx. and N(z)=) Kz
i=1

But how to choose K and K;7?




Pole placement

PBH:
A—Al B0 0 0 0]
0 =Al- 10 0 O
0 O "=Al'Il --- 0 O
rank : S . : : :rank[A—M B]—i—rm
0 0.0 0 - [
0 00 0 - —Al[I]

hence, controllable as well.
— arbitrary pole placement is possible

— but does it make sense to move all open-loop poles?

Partial pole placement: equation to solve

In this case, ) )
A B 0
00/ -0
[T Te o T Ti]| 0 0 0 | =[TA B T -
7 000 /
(000 - 0]
:A[Tx Te Teeq -+
or T
T\A=AT,, TB=AT;, T.=AT;_1 T, = AT;.
So
T.=A"'T) = T,B=A"T1 = T1=BAT, =A°
and

[T. T - T, T\]=[A" A"!B ... AB B]

has full rank iff (A, B) has no unreachable modes at z = 0.

Tg]

Ty |

Control law

Static state feedback moving only modes of A:
‘E .
ult] = K(Atx[t] + Z AT1But — /])
i=1

It is prediction-based, cf.

x[t + 1] = Ax[t] + Bu[t — 1]

4
t+t—1 T )
[t + 1] = A'x[t] + Y AT Bu[s — 1] = ATX[t] + Y AT Bult — ]
s=t i=1

fors=t+7—1.

Outline

Discrete insight: output feedback




Problem

Given
x[t + 1] = Ax[t] + Bu[t — 1]
y[t] = Cx[t] + Du[t — 7]

with measurable x and stabilizable and detectable (A, B) and (C, A).

State space

Complement

x[t +1] [A/B 0 o[ x[t] [0 ]
ut—t+1] 00 [ 0| uft—1] 0
— Do + ult]
ult — 1] 0:0 0 - I || uft—2] 0
ult] 1 0:0 0 -+ O | ut—1] /]
xg [t+1] Az xz [t] B

y[t] ¢c:D --- 00 x[t] 0
[t —1] 01 00| |ut—1] 0
= | 5 C |l
ult — 2] 0:0 I 0| ult—2] 0
ult—1| |00 0 /| [ut—=1]] |o0]
yelt] C xz[t] D

Reduced-order observer

Observer:
K[t + 1] = AR[t] + Bu[t — t] — L(y[t] — CX[t] — Du[t — 7])
yields the error equation
e[t+ 1] = (A+ LC)elt]

for €[t] := x[t] — X[t].

Observer-based controller

The final observer-based controller,

[t + 1] = (A+ LO)R[t] + (B + LD)u[t — 7] — Ly[¢]

ult] = K(A’)?[t] + i A~1Bu[t — i])
i=1

is

— discrete version of observer-predictor of Furukawa & Shimemura
and yields

— closed-loop spectrum in spec(A + BK) Uspec(A+ LC) U {0}™".




Outline

(A paraphrase on) Fiagbedzi—Pearson reduction

Setup
D
L)
z w
GZ w GZ u
-— G}’ w Gy u f——————
y u

with state (x(t), Z;). State equation (DDE)

X A B X
z(t - > Doy z(t—1 + DBZU utt).
=1 o ] [+ o Jue

with p(Dzy) < 1. Characteristic function

- sl —A —B,e™*
X‘C(S) = det [ _Cz | — Dzwe—rs ]

has an infinite number of roots = no hope for FSA.

Workaround

To move only 7i roots, introduce the A-dimensional
ot

X(t) == Qx(t) + / e’z\(tfr)Rz(r)dr

Jt—1

for Ac RXA Q€ RA¥" and R € R1*™M to be determined.

%(t) = Qx(t) + A/t A NR2(r)dr + Rz(t) — A" Rz(t — 1)
= Q(Ax(t) + Bwz(t — 7) + Byu(t)) + ,Z\/t eA(t*’)Rz(r)dr

+ R(Cox(t) + Dayz(t — 7) + Dyyu(t)) — A" Rz(t — 1)
= AX(t) + (QB, + RD,)u(t)

+ (QA+ RC, — AQ)x(t) + (QByw + RD,, — " R)z(t — 7).

— How to eliminate parts depending on x(t) and z(t — 7)7?

LCME
If

[Q R]{? gw}:[/AQ e;\’R],
then

x(t) = A%(t) + Bu(t),
where B := @B, + RD,,, finite dimensional.

If n; is a left eigenvector of A, corresponding to A; € spec(A), then

Al — A  —B,eHT

ml@ R " 1D, e

If 7. [ Q R ] +#0, then x¢(A;) = O for every such A;. Hence, the term
— left characteristic matrix equation (LCME),
with spec(A) € set of roots of y.(s).




Closed-loop characteristic function

If
t ~
u(t) = KX(t) = K<QX(t) +/ eA(t_r)Rz(r)dr),
t—1
then
si= A ~Bwe ™ =By ] [ X(s)
_Cz I - Dzwe_rs _DZLI Z(S) — 0
~KQ —K [je tI"AtdtR U(s)
and its characteristic function
sl —A —B, e _B,
Xt’CI(S) = det _CZ / - Dzwe_fs _Dzu
_RQ -K for e~ (sI-A)t 4R /

sl—A —B,e % B, | ~ (sI—A
:det([ - DZWe_“] — |:Dzu:| R[Q [Fe o A)tdtR]>.

Closed-loop characteristic function (contd)

By LCME,
(Q [FeG-AtgR] = (sl — A)[Q R] [5’ A

—-C, | —D,,e "

SO
Bu o ~e I—A _BW —1Ts
a2 |t (a4,

zu

/0 B”K~ sl—-A —B,e '
= ———det 0 / DZUK det —Ts
det(sl =A) | o R o A —C I —=Dave

5 pey Xe(S)
det(s ) Get(sl — Ay

and closed-loop characteristic roots are in

spec(A+ BK) U (roots of x¢(s)\ spec(/z\)).

_Bwe—rs :|

_ DZW e—‘L'S

|

|

Design steps (with many detail devils)

D
L= J

GZW GZU
-— Gyw Gyu
y .- - ] u

1. Determine what 7 roots of y.(s) are selected for shifting by feedback
2. Solve LCME
A By ~ i
@R[ o
for given /i and spec(A)
3. Design K for %(t) = Ax(t) + (QB, + RD,,)u(t)

4. implement

u(t) = R(Qx(t) + /ti eA(t_’)Rz(r)dr)

Special cases
Consider the LCME

@ R][é gzﬂ:[m R,

- ZWIO — QBW:eA’R — R:e_AIQBW —

QA+ e A QB,C, = AQ.

- [G Dw]=0=
R=eAQB, and QA= AQ.

— fi=n = solvable by @ =/ and A = A results in FSA
f

— i< n = solvable by a partial pole placement version of FSA




Example 1

Let _
G0 -[3 81 [ ]+ [§] wo
or x(t) = —x(t) + x(t — 7) 4 u(t). Its characteristic function

_ A—TS
Xxz(s) = det {sj—ll el } =s+1—e"".

Example 1: “bad” open-loop roots

Let s = 0 + jw. The characteristic equation, s +1 — e~ = 0, implies that

1+0+jo|=1/(1+0)+w?=e"7",

which is
— unsolvable if 0 > 0
— must have w =0ifo =0
And indeed, x.(0) =0, so
— s =0 is the only unstable (i.e. in Cp) root of the retarded y(s).

As such, we may
— endeavor to move only the root at the origin by feedback

i.e. we have i = 1.

Example 1: LCME

Now, the retarded
QA+ e AQB,C, = AQ and R=eA"QB,

read ; y y
—Q+eAMQ=AQ and R=e¢""Q.

As Ais a scalar, we choose A= 0, yielding
-Q@+Q@=0 and R=Q,

solvable by any @ # 0. Choose Q@ = R =1 (simple).

Example 1: design of K and u

Hence,
X(t) = AX(t) + (QBy + RD,,)u(t) = u(t)

is a plain integrator, can be stabilized by u(t) = —kp%(t), which assigns its
closed-loop pole to s = —kp. Thus,

u(t) = R<Qx(t) + /t i eﬂ(t_’)Rz(r)dr>

u(t) = —k, <x(t) + /ti x(r)dr),

(because z = x in this case) and the closed-loop characteristic function is

reads

s+1—e77*
XT,C|(S) - (5 + kp) S )

whose all roots are in C \ Co.




Very special case

Let D,, =0,
[« i [0 % - * x|
0 = 00 - *

A= @ - , and A;:=B,C=|: - Do

00 - * 00 0 *
(00 0 x| 00 0 0 |

In this case

_ _ —1s
re(s) =det | T TA TBETT N et — A= Ave ™) = det(sl — A)

-G /

is a standard polynomial. If 7 = n, we can take @ = / and solve LCME

Example 2
X1 1 _es| X Xn-1| 1 _¢s | Xn 1 N

e b Db
With

Xl(t) X2(t)

t) = : eR" d t) = : e R"
=1 and (0= G

xn(t) u(t)

we get
| Jn/s en

G = {I,,/s 0 ] ’

where 01 ---0
In = [0 €1 €n—1 ] =

A-A=eA,
iteratively.
Example 2: LCME
With A = n, . ~
A=e AT
Because J,e; =0 and J,e; = ¢;_q1 forall i =2,...,n,
— ith column of A can be determined from columns 1,...,i—1.
Let n = 3:
0 * =* ) 1 % %
1. Aeg =0 = A= |0 % x| = e AT=]0 % x
0 * =* 0 * *
N ) N [0 1 ) 1 —t
2. A =eA¢ = A= |00 x| = eAT=|0 1
[0 0 0 O
) . ) [0 1 —7¢
3. Ag=e4e, = A= |00 1
(00 O

Example 2: design of K

- 01 —¢ 1 —t 31%/2
R=e*Q=exp|[—|00 1 |z]=|0 1 -1
00 O 0 0 1

Thus,

and
. 1 —t 37%)2 312/2
B=QB,+RD,,=|0 1 -1 en=| -t
0 0 1 1
SO
_ 01 —< 312/2
X(t)=100 1 [x(t)+ | —t |u(t)
00 O 1

If xz.a(s) = (s +a)3, then

K=-[a® a?2ta+3) a((ta+3)2-3)/2].




Outline

Loop shifting

Internal stability

where
I —P y| |/ Vo
e )= le) o]
The closed-loop system is well-posed if Jo > 0 such that

/ —P(s)

et g

] = det(/ — P(s)R(s)) #0 Vs € Cq

and internally stable if

[_’R _,P]_l[é] (1 P]= [f’?](/—PR)—l[/ P € Hx.

Loop transformations

Vo P
i internally stable
i
— 4 systems (vo, vi) — (Y, u) are stable
y RO vi
Vo P
— internally stable
)
= 4 systems (vo, v;) — (), u) are stable
R
y u v

Loop transformations

internally stable

T

4 systems (vo, v;) — (), u) are stable

internally stable

T

4 systems (vo, vi) — (y, u) are stable

Vi

where Vo = vo — Ilv; and y = y + lu.




Loop transformations

where

and

internally stable

i

4 systems (Vo, V) — (i, ¥) are stable

Loop shifting
If N € Hy and the loop of R and I is well posed, then

is well posed and internally stable.

This transformation makes sense if the

— transformed system has more favorable properties than the original one.

Loop shifting: design

Two stages:
1. design R for P:= P+ in

2. implement

for

Loop shifting: to remember

The equivalence

involves signal transformations

=l 0] e [2] =l T

Not always
_ Hgood” y 2 Hgood” y

— “good” response to ¥, == “good” response to v,
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