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Previously on TDCE. ..
Stability of

P:(s) = Dy, + [ ¢, Dywe ™ ] [

sh—A —Bye ™ 17'[B,
_Cz /mr - Dzwe_rs Dzu

can be linked with roots of the characteristic function

sl—A —B,e "
Xz(s) = det [ G I-D,e } and

in Co whenever p(D,) # 1.

Outline

Direct method

Continuity
If

x<(s) = det SI__CZA | :BDM;:/:; and p(D.y) <1
then

Supy, (s)=o Res

is a continuous function of t for all T > 0.

Hence, as 7 > 0 changes
— roots migrate LHP — RHP or RHP — LHP only through jR




Idea and terminology

Two steps:
1. analyze roots of yg(s) in Co

2. increase t and count imaginary crossings by roots of y.(s)

— if roots cross from left to right — switch
— if roots cross from right to left —— reversal

Assumptions

Consider

xz(s) = Qo(s) + Qu(s)e™**
such that
Aj: deg Qo(s) > deg Qi(s),

lim Ci(s)
s—o0 Q(S)

Abo:

<1,

A3: Qo(s) and @y(s) have no common roots in Co,
Ay Qo(O) + Ql(O) #0.
If

Qo(s) = qgons" + ...+ go1s + goo and Qi(s) = qias” + ...+ q115 + g10

then A says that |qon| > |g1n| and A4 says that goo # —qio.

Pure imaginary roots

Satisfy

_elto Q1 (Ja))
Qo(jw)

Q(jw) + Q(jo)e ™ =0 —

Magnitude relation:

@1 (jw) ’
Qo(jw)

independent of t, finite number of roots, say w; > 0.

=1 = ¢(0) = Qjw)Q(-jo) - Q(jo)Q(-jw) =0

Phase relation:
tw = arg Q1(jo) — arg Qo(jo) + (2k — 1) for some k € Z

always solvable in .

Crossing directions

Lemma
Let w; > 0 be a solution of ¢(w;) = 0. Each pure imaginary point jw; is

1. a switch iff sign¢(w;) changes from minus to plus as @ increases,
2. a reversal iff sign ¢(w) changes from plus to minus as w increases,

3. a tangential point (no roots cross the imaginary axis) otherwise.

In particular,
de(w)

dw
d¢(w)

dw ‘w:w,-

> 0 — switch
wW=w;j

< 0 = reversal




Crossing directions: proof

Directions from o (w) = sign Re % ‘

Along any root of y(s),

s=jw’
_dxe(s)  dQo(s)ds  d@i(s)ds _, s [ ds
0= dt  ds dr | ds dei° ~ Quls)e <Tdt+s>'
Hence, using Q1(s)e™ ™ = —Qo(s)
ds _ sQi(s)e”** _ (Qé(s) _ Qils) t) -
dr Qy(s) + Qi(s)e ™ — tQi(s)e ™ Qo(s)  Qu(s)

Since signRe z~! = sign Re z,

s () 2.
[ (Qliw) Qo)
o (go_ow) B §A_(Jw)>]
(@6~ )|

= signRe

= sign Re

—

which does not depend on .

because Re L =0

Jw

because w > 0

Crossing directions: proof (contd)

Multiplying what's under “sign” by Qo(jo)Qo(—jw) = Q1(jo)@1(—jw) > 0,

o(w) = signRe {j <on(ja)) Qo(—jw) — 1uljo) Ql(_j“’)>]

d(jo) d(jo)
= sign Re {nggw) Qo(—jow) — dQ;C(jw)Ql(—ja))] )

Because sign Re z = sign(z + 2),

o(w) = sign (dQ;)((ja)) Qo(—jw) — deSw)Ql(—ja))
+7d Qoﬁ;jw) Qo(jw) — dQ(zjo) Ql(j;jw) Ql(ja))>
= sign dd;ig))

Qualitative properties of ¢(w)

>0, by A,

¢(a)) = (q(2)n - q%n)a)zn +e

4

/SN

¢ ()

reversal switch tangential point reversal  switch

— the largest crossing frequency is always a switch

— switches and reversals alternate

w

Crossing delays

At each w;, .
Tixk =Tio+ —2k, keEN
w;

]

The number v; of Cq roots of y;(s) as t passes each t;:

vj_1 +2 if switch
vj = qvj_1—2 if reversal

Vi1 if tangential point

and

— x<(s) is Hurwitz in each 7 € (tj, 7j41) with v; = 0.

Moreover,
- w1 > W — % = T1,k+1 — T1k < Tjk+1 — Tik = % forall i >1
meaning

— Jjx € Z4 such that v; > 0 for all j > j, and we stop.




Example 1

Let
xz(s) =s? +0.1s+ 1+ goe *°, g0 > 0.

Set vp = 0 because yo(s) = s% + 0.1s + 1 + gy is Hurwitz.

Now

¢(w) = (—w? + j0.1o + 1)(—w? — j0.10 + 1) — g3y
= (0 —0.995)> + 1 — 0.995% — g3,

and ¢(w) = 4w (w? —0.995) = 0 <= w? = 0.995.

Phase relation:

arg Q1(jw) — arg Qo(jo) = arg gio — arg(l — »* + j0.1w)

B {arctan 2'21_‘"1 ifo<w<1
- 0.1w -
arctan 50 — 7 ifw>1

Example 1: if 0 < g19 < v/1 — 0.9952 ~ 0.0999

No crossing frequencies and
— xz(s) is Hurwitz for all ¢ > 0 (delay-independent stable)

because vg = 0.

Example 1: if g;p = v/1 —0.9952 =~ 0.0999

Double positive root w3, = 0.995 and
P(w) = (w? —0.995)? > 0
does not change sign at @ = w1, == tangential point. Hence,
vj=0, foralljeZ,

Phase relation (as w12 < 1):

1 0.1
T = —— (arctan 024 (2K — 1)n> ~ 1.62495 + 6.31476k
w1,2 a)1’2 -1

Hence
— x<(s) is Hurwitz iff © # 1.62495 + 6.31476k for k € Z ;.

Example 1: if /1 —0.9952 < gjp < 1

Two positive real roots of ¢(w),

w? =0.995 + \/0.9952 ~14+¢}, & wj=0.995— \/0.9952 — 1+ g%

where
— w1 > 0.995 is switch
— 0 < wy < 0.995 is reversal.

By phase relation,

1 <a cta 0.1 n 2k if 0.1 <gip<1 >
T = — r n
T w0 =1 |(2k—1)r if vI— 09952 < gyo < 0.1

and

1 0.1602
= — tan —— + (2k — 1 .
Tok - <arc an P + ( )n)




Example 1: if g;9 = 0.4 (satisfies v/1 — 0.9952 < g1p < 1)
Now w1 ~ 1.1757 and w» ~ 0.7795 and the phase relation yields

71, ~ 0.2537 4 5.3441k = {0.25,5.6,10.94, 16.29,21.63,26.97, .. .}
for switches and
Tok ~ 3.7785 + 8.0602k = {3.78,11.84,19.9,27.96,36.02, .. .}
for reversals. All crossing delays:
{rj} ={0,0.25,3.78,5.6,10.94, 11.84,16.29,19.9, 21.63, 26.97, 27.96, .. .}

so that
{vj} ={0,2,0,2,4,2,4,2,4,6,4,...}
and
— x¢(s) is Hurwitz iff = € [0,0.2537) U (3.7785,5.5978).

Example 1: if g1 > 1

One positive real root of ¢(w),

w? = 0.995 + 1/0.9952 — 1 + g, > 0.995

and it is switch. The phase relation yields

1 0.1
Tk = — (arctan 5 2y 2(k — 1)71).
wi —1

w1

Hence,

—  xz(s) is Hurwitz iff = € [0, a%l arctan

0.1w
w%—i)'

Necessary condition

Roots can cross the imaginary axis only in pairs. Therefore,

— if xo(s) has an odd number of RHP poles, y(s) is unstable for all .

Lemma
If

xo(s) =s" + )(0,:1—15"_:l + -+ 4 X01S + Xoo,

then y(s) is not Hurwitz for all T > 0 whenever ypo < 0.

Nyquist connections

T

The characteristic quasi-polynomial is y;(s) = =M, (s) — Naw(s)e . If
gi0 = 0.4, then y(s) is Hurwitz iff € [0,0.2537) U (3.7785,5.5978).

=0
— =4
—-v--7=8

T=11

Crossing frequencies are crossover frequencies of G,,(s). Arguably,
— Nyquist is more intuitive
— delay sweeping is easier to algoritmize




Example 2

Remember (Lect. 3)

D,
z w 1 —_
with G(s) = = [aea s a]

GZW GZU s ae _a
-— GyW Gyu ——————
y u
so that (es )

oa(e* 7 —1 _
P:(s) = P and  y¢(s) =s—ae*"".

The root of y;(s) at s = « is a removable singularity of P(s),

a-s _q
lim Pe(s) — lim L8 )___@
s—a s—wa § —e?—s 1+«

so does not affect stability. Still,
— what is range of delays for which P; is stable?

Example 2 (contd)

Rewrite

poy_ M€ e ()

s—ae®s  s—a+a(l—e* )  1+¢(s)

where

_ a0—s 1
o(s) := alie :/ ae@9)tdt
0

Ss—«

is holomorphic and

sup |p(s)| = sup‘ / (= s)tdt“‘< sup / el dt

Re s>0 Re s>0 Re s>0
_ —Rest _ ot
—sup/ae e dt—/(xe dt = e* — 1 = ¢(0).
Res>0.J0 0

Hence, ¢ € Hoo and ||¢]|co = €* — 1. By the Small Gain Theorem
— Prisstableife* -1 <1 <= a <In2~0.693.

Example 2 (contd)

For delay sweeping,

xc(s) =s —ae¥e™ "5,

Aj14 hold, ¢(0) = w? — a?e®* = w; = ae® (switch), and

kw1 = arg jo; — argae® + (2k — 1)z = % —0+(2k—1)n

I
_ (4k-1)m
L Y

The smallest positive solution:

3 ‘
‘[:’[1:[*::2aea:1

0 o« o

Stable iff

. >1 < o <o, ~129313~1.87In2 (solves a.e* = 1.57)

Multiple delays
Pure imaginary roots of
x2(s) = Qo(s) + Qi(s)e™™ + Q@ux(s)e 2™
are also roots of
e ¥ yz(=5) = Qa(—s) + Qu(—s)e”™ + Qo(—s)e”***
and hence roots of

72(s) = Qo(=5)x(s) — Qa(s)e™** yxz(~s)

= Qo(—5)Qo(s) — Q2(—5)@2(s) + (Qo(—5)Qu(s) — Qu(—5)Qu(s))e ™.

Qo(s) Qi(s)

which is a single-delay quasi-polynomial.




Multiple delays: artifacts

The magnitude relation for j;(jw) reads
|Qo(—j)xe(j0)] = | Q(jw)e ™ ye(~jo)]

or, equivalently,
(1Qo(je)| — |Q2(jo) )| xz(jew)| = 0
i.e. there are potentially additional pure imaginary roots (artifacts) in j.(s),
which are
— frequencies where |Qp(jow)| = | Q2(jw)|.

At each pure imaginary root jow; of ¥(s) such that |Qo(jw;)| # |Qx(jwi)|,
— crossing directions of y.(s) and j(s) coincide if |Qy(jow;)| > |Q2(jewi)|
— crossing directions of y;(s) and j.(s) opposite if |Qo(jw;)| < |Q2(jw;)

Multiple delays: example

Let
Xr(s) = s+ e~ TS + e—2rs,

for Hurwitz xo(s) = s + 2. Potential artifact frequencies solve
|Qo(jo)| = |Q(j0)] = |of=1.
so we should only be suspicious about @ = 1. Now,
d(w) = (1 —0?)? - (1 + 0?) = w?(®* - 3)
has only one positive root, w; := v/3 and it is a switch of #.(s). Because
|Qo(jer)| = V3 > 1 = [Qa(jer)|

it is a switch of y(s) as well. Hence,

— x(s) is Hurwitz iff = € [0, 3%)

Outline

Rekasius transformation

Key observation

Let

S+«

s+a

The locus of €77 in C as t sweeps R, coincides with that of Ry(jw) as «
sweeps R. Moreover, at every w; € Ry \ {0},

Ru(s) :=

= . s Tiw;
Ry (jw;i) = e " «—= «; = w; cot '2 -

Hence, pure imaginary roots of characteristic functions y.(s) and yq(s) of

D R
L L
z w z w
and
sz qu sz qu
-— G}’W G}’U - -—— GyW G}’U ——————
y - u y .- u

respectively, coincide. But yq(s) is a plain polynomial!




Crossing directions

Lemma

Let s; and sy be roots of y.(s) and yq(s), respectively. If jw;j # 0 is a
root of both these functions, then

. dsr . dsa
sign Re — = —sign Re — .
T Is=jw; o Is=jw;

Example
Let
xz(s) =5 +0.1s+1+40.4e "
4
— 3 1)s240.1 1.4
24 01s+1404 sta s + (¢ +0.1)s* +0.1(a + 6)s + 1.4«
S+o St+o
U

xa(s) = s34+ (¢ 4+ 0.1)s® + 0.1(« + 6)s + 1.4c
Nonzero imaginary roots iff
7.9 ++160.01
l4a = 0.1(¢ +6)(¢ +0.1) = (@jo=—-—77"—"7"—.

2
Imaginary roots

s12 = j3v/0.1(ct + 6)| =gy , ~ j{0.7795,1.1757}.
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