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1/0 stability
L, stability

An LTI
— G is Lp-stable iff its transfer function G(s) is in Huo.

If G(s) = D+ C(sl — A)~!B, then
— G € Hy iff spec(A) € C\ Co  (plus stabilizability and detectability)

Can say the same for

“1
Cesq[slh—A  —Bue ™ By
P‘r(s) yu + [ C D}’W i ] -G, Iy, — D,,,e7 % :| |:Dzu :| !

Unlike rational case,

— potential complications in {s € Cq | |s| — oo}.



1/0 stability
Characteristic function

Defined as
(s) i= det sl—A —-B,e*
Azl5) = ae —-C, | —Dy,e %

d(s)

represents free motion of
x(t)| | A Bw x(t)
z(t) | | C Dy | | 2(t—1)
from initial conditions (x(0),Zy) € R” x {[—7,0] — R™*}. Solutions of

xz(s)=0

known as modes.



1/0 stability

Quasi-polynomials

Always (here Qo(s) = det(sl — A))

xz(s) =

1M+

Classification:

retarded if deg Qo(s) > deg Qi(s), Vi € Z1.«

neutral if deg Qo(s) = deg Q;(s) for some j € Z;
advanced if deg Qo(s) < deg Q;(s) for some j € Z;_ 4
single delay if k =1

(multiple) commensurate delays if k > 1
incommensurate if Qo(s)+ > ; Qi(s)e™* with "4Q

i

Q;(s)e_i’s, deg Qo(s) > deg Qi(s), Vi € Z1.

(not here)

(not here)
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Quasi-polynomials: examples
With
re(e) e | A TR T

Input delay (assuming P(s) = D + C(sl — A)~1B)
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1/0 stability
Quasi-polynomials: examples

With .
ree) = e | T A TR L]

Input delay (assuming P(s) = D + C(sl — A)~1B)

AlB 0
0o |/

Ginpd(s): |:P(5) 0:| N |:g g (l)]
\

o _ Ra—TS
xz(s) = det [SI 0 A Ble ] = det(sl — A)
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Quasi-polynomials: examples (contd)
With

sl—A —-B,e *°
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b
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X’(S)_d‘“[ e 1—De_’5]
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Quasi-polynomials: examples (contd)
With

sl—A —-B,e *°
xz(s) = det { ¢, I-Dye } .

Guaneo®) = | g 71 | = {
b

sl—A —Be™®
X’(S)_d‘“[ e 1—De_’5]

2C|2D Z,

- R(s)=-1 = xe(s)=1+e7
— R(s)=-1/(2s+1)
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Quasi-polynomials: examples (contd)
With

sl—A —-B,e *°
xz(s) = det { ¢, I-Dye } .

Gt [0 2] - |

2R(s) Zm

2C|2D Z,

4

sl—A —Be™®
X’(S)_d‘“[ e 1—De_’5]

— R(s)=-1 = x(s)=1+e77
— R(s)=-1/(2s+1) = x(s)=(s+0.5)+0.5e"**
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Quasi-polynomials: examples (contd)
With

sl—A —-B,e *°
xz(s) = det { G, |- Dyye |

General 2-order (for some « € R)

0 1 0 13'0
—qoo —qo1|—qio 1:1
Gs)=| 1 0 | 0 00
0 a« | 0 00
1 0 000

(2

21s

x2(s) = 5% + qo1s + qoo + (—as + gio + aqoo)e *° + aqroe”
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Quasi-polynomials: examples (contd)
With
sl —A —-B,e %

XT(S) = det —C, | —Dye*s

Retarded with D, # 0
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1/0 stability
Asymptotic root properties

As |s| — oo, modes approach

x x x

x Ims % " Ims

x x x

x x x

x x x

x x x

x x x

x x x

x x %

x x x
Inja | * Inja| Injas| * Res * Res

T * T T * *

x x x

x x x

x N x

x x x

x N x

x x x

x N x

« . x

neutral, solutions of e** = ; retarded, solutions of se®® = q;

In|a] L 2k + arga; _In(27k) — In|zai| L 2wk 4 arga; — %
T . T T . T



1/0 stability
Neutral chains at large enough |s|

Two observations:
1. |s| = oo, but |e” | is bounded.

2.
sl—A —-B,e ™

—C, | —Dye ™
= det(s/ — A)det(/ — D,,e * — C,(sl — A)"1B, e ™)
#0 —0

xz(s) = det



1/0 stability
Neutral chains at large enough |s|

Two observations:
1. |s| = oo, but |e” | is bounded.

2.
sl—A —-B,e ™
XT(S) = det _Cz | — Dzwefrs
= det(s/ — A)det(/ — D,,e * — C,(sl — A)"1B, e ™)
#0 —0
Hence,

In|A;(D
— neutral chains m) Res = M
T
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Stability and roots of y.(s)

If
-1
_ sl, — A —B,e " B,
Pr(S) yu + [ C DyWe i ] —Cz Imr - zwe_rs :| l:Dzu :|’
then
— xz(s) =0 for some s € Co = P: & H (normally)

Associated with

A —sl, By, B,

rank |: CZ DZW - erslmr Dzu

}<n+mr

and
{A —sl, B., -‘
rank C, Doy —e%lm, | <n+mg
¢ Ton ]



1/0 stability

Stability and roots of y.(s)

If
-1
_ sl, — A —B,e " B,
Pr(S) yu + [ C DyWe i ] —Cz Imr - zwe_rs :| l:Dzu :|’
then
— xz(s) =0 for some s € Co = P: & H (normally)

— e(s)#O0forallse Ty = P, € Hy

Associated with

A - S/n BW BU

rank |: CZ DZW - ers/mr Dzu

}<n+mr

and
{A —sl, B., -‘
rank C, Doy —e%lm, | <n+mg
¢ Ton ]



1/0 stability
If p(D,,) > 1

Neutral chain of

sl—A —Bye ™
xz(s) = det [ _C, |—D,, e }

in Cg. Hence,

sly— A —B,e™ ]1[&]
TS

P‘E(S) = Dyu + [Cy Dyweits ] I: —CZ /m'[ — DzWe_ Dzu

is not in Hy (normally).
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If o(Day) < 1

_ _ —Ts
bels) = [SI_CA /_Bowee—rs } and Gzu(s) = Daw + Co(sl — A)"'Bu,

we have
/ 0
Pels) = [—cz(s/ ) /}
o sl —A 0 I —(sl — A)~B,e"*s
0 I — Gy (s)e™ ™ 0 /
Hence,
_ I (sl —A)"1B,e ™
oci(s) = | o A BT



1/0 stability
If p(D,,) <1 (contd)
Because
I — Gou(s)e ™ =1 —Dye™ ™ — Cy(sl — A)_lBWe_”,
we have that

= limsup ||(/ — Dae ™) 71|

s€Co,|s|—o0

= max|[(] = D, &)t
@EDH( &)l

limsup
s€Co,|s|—o0

sl—A —B,e ™ |°
—C, |—D,e s

<

and
— x<(s) #0for all s € Cg = P, € Hy like in rational case
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If p(D,,) < 1: example

Let o
0|xe* —a
1 o« g
G(s):[z:a S_a“]: 10 1
° 110 o
so that (" 1)
o(e* s —
Pels) = s —ae%s
and
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If p(D,,) < 1: example (contd)

Because
xe(o) = —ae* % =0,

we may expect that P;(s) has a pole at s = «.
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1/0 stability

If p(D,,) < 1: example (contd)

Because
xe(o) = —ae* % =0,

we may expect that Pr(s) has a pole at s = «. However,

oa—s _
lim Pe(s) = Jim XD
so s = « is not a pole.
PBH controllability:
A—sl B, B, ] _{—s e —a}
C; Daw—e€"l Du ||, 1 —e® 1 —u




1/0 stability

If p(D,,) = 1: example

Let
| =s/(s+1) —=s/(s+1) ]| _
G(s) = [ 1/(s+1) 1/(s+1) ] -
so that 1
)= e
and

=5
Xz(s) = det [S+11 1 +ee—s } =s+1+se”.

is neutral.



1/0 stability
If p(D,,) = 1: example (contd)

Have 1
Je(s) =0 = —eT=1+_ = |e_512‘1+

Let s =0 + jo with 0 > 0.

— If 0 > 0, then contradiction:

Re(1+

1
1>e_°:’1+ . ’2
o+ jw

— If 0 =0, then contradiction:

Hence,

— there are no rootsin o >0

1
s

T
a—i—jw)’ '+02+a)2




1/0 stability
If p(D,,) = 1: example (contd)

There is a neutral chain of modes {s;} such that
si+1+se =0, with lim|s;| = 0.
11— 00

Now, —s; € Cqg and

1 1
P (o) — _ =1+s;
w(—si) —si+1—sieS  —si+1+45s?/(si+1) I

and
,|im |P-[(—S,')’ =00 — 'Dr g Hoo-
1—00



1/0 stability
If p(D,,) = 1: example (contd)
There is a neutral chain of modes {s;} such that
si+1+se =0, with lim|s;| = 0.
i—00

Now, —s; € Cqg and

1 1
P.(—s;) = = =1 S:
o(=si) —s; +1—sjesi —s,-—|—1—|—s,-2/(s,-+1) L

and
lim |Pr(=s))| =00 = P; ¢ He.
1—00

As a matter of fact

1
(s+1)(s+1+se9)

P:(s) = is an H, function.
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If p(D,,) = 1: on the safe side

Anyhow,
— p(Daw) =1 = practical instability!

Thus,
— we're only interested in cases with p(D,,,) < 1 in control applications.
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Nyquist criterion: setup

Important:

— p(Daw) <1 <= Gu(0) <1
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Nyquist criterion: example

Let o 1|0 0
Glo)= | L 0L[-04i1) 1 [—0.4 1]
1 0] 0 0| s2+01s+1|-041
10 koo
Then :
- T7=0 |
1 | 1 | 1 |

Open-Loop Phase (deg)
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Nyquist criterion: example

Let o 1|0 0
Glo)= | L 0L[-04i1) 1 [—0.4 1
1 0] 0 0| s2+01s+1|-041
10 koo
Then :
mlF-a--T=2 \‘ |

Ope

-900 7120
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Nyquist criterion: example

Let

o 1] 0 0

~1 -01|-04'1 1 _04 1

G(s) = 1 0 | 0 0| s2+01s+1 [—0.4 1]
177070 70
Then '

n-Loop Gain (dB)

Ope

-900 <720 -540 -360 -180 0
Open-Loop Phase (deg)
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Nyquist criterion: example

Let

T 24+01s+1|-04 1

0
'l 1 -04 1
0

Then

T "v--7=8 i
PRt
.
L0 N
, N
7 A
7 b
7 N
7 N
7 N
g P .
2] \
= /) \
z N
S e N
g o + " + Ny + -
= ’ ~
. .
2 v N
S . <
’ s
7’ ~ o
, Sees
4 Ssao
D A S S S S S Sl A
.
-
Ty = - 4
-
-
k4
-
| | | | | |
900 720 360 180 0
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Nyquist criterion: example

Let o 1|0 0
Glo)= | L 0L[-04i1) 1 [—0.4 1]
1 0] 0 0| s2+01s+1|-041
10 koo
Then :
- T=11 ‘ |
1 | 1 | 1 |

Open-Loop Phase (deg)
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Nyquist criterion: example

Let 0o 1] 0 i0
6(s) 1 —01|-041| 1 —04 1
Y711 0 [0 0| $£210ls+1|-041
17700 70
Then '
1211 TZO ‘ ‘
——A--T=2
—_—>—T7=4
--y--7=8
=11
/"’
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