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Discrete-time delay element



Delay element

Discrete-time delay element

Minimal realization

D(z2)=z"l,=|0 0 Im| O
0 O 0 |/n
Ilm 0 0 010



Delay element

Discrete-time delay element: state
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State propagation:
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Delay element

Discrete-time delay element: state

l’;“z’:'{mh’m = l’:’ﬂm‘"m’ts
R R D e i
State propagation:

x[t+1] x[t]
ult — 7 +1] o/ -0 ult — 1] 0
: oo ult—t+1 :
D, : ult — 1] 00 --- | : 0
ult] 00 ---0 ult — 1] /

y[t] = [ I 0 0 ] x[t]

i.e. the state x[t] is the history of its inputs in Z;_; ;1.
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Continuous-time delay element



Delay element

Continuous-time delay element

Transfer function:



Delay element

Continuous-time delay element

Transfer function:

State is the history of u in the whole [t — 7, t], i.e.
Uy : [-7,0] = R™ such that 4:(s) = u(t+s), Vse[-z,0].

(set of all & is infinite-dimensional space)



Delay element

Continuous-time delay element: frequency response



Delay element

Continuous-time delay element: frequency response

N (T N

o ft+T t— t t—
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Delays as socializers

1/O delays
If Pis LTI, then

P. = D;,PD; = PDy,+v, = PD, = {

aka dead-time systems.



Delays as socializers

State of dead-time systems: discrete insight

Transfer function

A:B 0 0

0°0 /-0

Al B Do :

P 71,’: — : . .
(2)z [%m] 0000 - I
0:00 - 0

| C:DO0 0 0

and its state

x[t]= | ult—7+1] | € R"TT™,




Delays as socializers

State of dead-time systems

State of P, = PD, at a time instance t is

(xp(t). ) € R” x {[~7.0] — R™}.



Delays as socializers

Dead-time systems: frequency response

Standard plots:
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Delays as socializers
Internal delay: 1-dimensional wave equation

Reads
0?w(x, t) _ 2 2w(x, t)
ot2 dx?
(c > 0 is wave propagation speed), where

forO<x<Landt>0

— w is a variable of interest

px = —poc?dw/dx is the pressure of the air in a duct (o is the air density)

Boundary control:

ow(0,t)
“or )
Environment:
Iw(x, t) dw(L, t)
= — Zmi - Z DY)
pult) == eZm | T ATy

where
— Zm = pocC propagation impedance

— Z; end impedance operator



Delays as socializers

Wave equation: model

Laplace wrt t:
22 W(x,s) = s>W(x,s)

with
sW(0,s) = U(s) and sZ;(s)W(L,s)+ cZndxW(L,s)=0

where 9, f := 3f /dx and 02f := 0°f/0x>.



Delays as socializers

Wave equation: model

Laplace wrt t:
22 W(x,s) = s>W(x,s)

with
sW(0,s) = U(s) and sZ;(s)W(L,s)+ cZndxW(L,s)=0

where 9, f := df/dx and 92f := 3°f/dx>. Second-order ODE solution:

ek | =en([are o)) [awioh |

- [z <)ot

where
esx/c + e—sx/c esx/c _ e—sx/c

cosh(sx/c) = — and sinh(sx/c) = 5



Delays as socializers
Wave equation: model (contd)

Boundary condition sZ; (s)W(L,s) 4+ cZmdxW(L,s) = 0 reads then

cosh(sL/c) sinh(sL/c) U(s) —
1209 201 [ S0S) el | Lenwno.s | =°
Hence, :=Vo(s)
B 1+ R(S)e72(L/C)S L ZL(S) — Zm
cdW(0,s) = — 1 — R(s)e 2Lt/o)s UGs). where R(s) == Z1(8) + Zm

(reflectance).



Delays as socializers
Wave equation: model (contd)

Boundary condition sZ; (s)W(L,s) 4+ cZmdxW(L,s) = 0 reads then

2u(s) 7] [GL/O) sinh(sL/c)} [CBXU(S) ]:o.

sinh(sL/c) cosh(sL/c) W (o, s)
Hence, =Vo(s)
_ 1+R( Je2(L/e)s Zi(s) — Zm
cdxW(0,s) = R(s)e 2o U(s), where R(s) ACEYA

(reflectance). Thus,

ety ] - [608 2e8] L v



Delays as socializers

Wave equation: transfer function of u+— pg

Go : ur pg has

1+ R(s)e™**
=—W(s)lm = — %5 —=< Zm:
Go(s) o(s) 1— R(s)e"?s
where "
T:=—>0

C

(travel time).



Delays as socializers

Wave equation: transfer function of u+— pg

Go : ur pg has

1+ R(s)e™**
=—W(s)lm = — %5 —=< Zm:
Go(s) o(s) 1— R(s)e"?s
where "
T:=—>0

(travel time).
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Magnitude (dB)

Delays as socializers

Wave equation: complexity

90 [=

90 |,

1 00
Frequency (rad/sec)

Z[_(S) = 0, R(S) =-1

Phase (deg)

Magnitude (dB)

90,

10° 10!
Frequency (rad/sec)

Zi(s) =s/(s+1), R(s) = -1/(2s + 1)



Delays as socializers

Wave equation: transfer function of u +— py
Gy : u+ px has
e N 4 R(s)e"™*

GX(S) = 1 _ R(S)e—(fl+f2)5

m»

where
X 2L — x
71 := — and 1 :=
c c

(travel times of forward and reflected waves).



Delays as socializers

Wave equation: transfer function of u +— py
Gy : u+ px has
e N 4 R(s)e"™*

GX(S) = 1 _ R(S)e—(T1+‘E2)S

m»

where
X 2L — x
71 := — and 1 :=
c c

(travel times of forward and reflected waves).
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Uniform interconnection

Time-delay systems so far

— pure delay: D,
— input delay: P; = PD; for a finite-dimensional P

— internal delays, like

1+ RD;

Gy = — T
T 1 RD,

T
Z, oreven Gy= ——F——"27_



Uniform interconnection

Isolating delays

for delay-free G. The “plant” ur y is

Pr = Fu(G, Dz) = Gy + Gy D (I — Gy Dr) 71 G,



Uniform interconnection

Isolating delays

for delay-free G. The “plant” ur y is

Pr = Fu(G, Dz) = Gy + Gy D (I — Gy Dr) 71 G,

Fits all we studied so far. ..



Uniform interconnection

For multiple delays, with diag{Dn}

then




Uniform interconnection

For multiple delays, with diag{D,,}

then




Uniform interconnection

For multiple delays, with diag{DT,.}

If B _
G = PatRDy
1- RDTl-i-‘L'z
then
Hence: _
01 0:Zn
R O0OO0:0
G = Gwave,x — O 1 0 3 Zm



Uniform interconnection

State-space representation

Let

Involved relations:
x(t) = Ax(t) + Byw(t) + Byu(t)
z(t) = Gx(t) + Dyyw(t) + Dyyu(t) and  w(t)=z(t — 7).
y(t) = Gyx(t) + Dyww(t) + Dyyu(t)



Uniform interconnection

State-space representation (contd)

{28] - [? gzﬂ L()t((_t)f) } + {g] u(t)
][ x(t)

y(t) = [Cy Dy, At —1) ] + Dy, u(t)

called delay-differential equation (DDE, subclass of FDE). Its state at each t

(x(t),Z) € R" x {[~7,0] = R™ }.



Uniform interconnection
State-space representation: special cases

Let

— D,,, =0, then
x(t) = Ax(t) + Acx(t — t) + Byu(t) + Bru(t — 1)

(A, = B, C, and B, :== B,,D.,,) known as retarded DDE;



Uniform interconnection
State-space representation: special cases

Let

— D,,, =0, then
x(t) = Ax(t) + Acx(t — ) + Byu(t) + Bru(t — 1)
(A, = B, C, and B, := B,,D.,,) known as retarded DDE;
— 3JE; € R™" such that B,,D,,, = —E;B,, then
x(t) + Ecx(t — ) = Ax(t) + Acx(t — 1) + Byu(t) + Bru(t — 1)

(Ar =B, C.+ E.Aand B, := B, D., + E.B,) known as neutral DDE.



Uniform interconnection

Transfer function

sl— A —B,e T ]1 [ B, }

Pr(s) = Dyu + [Cy Dywe™™* ] [ —C, | —D,,e "

each element of which is a

— quotient of quasi-polynomials (powers of both s and e~ 7%).



Finite-dimensional approximations
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Finite-dimensional approximations



Finite-dimensional approximations

Approximating pure delay

3 increasing sequence {w;} such that

arg R (jo;) — arge ™ = 7 4+ 2k or




Finite-dimensional approximations

Approximating pure delay

3 increasing sequence {w;} such that

arg R (jo;) — arge ™ = 7 4+ 2k or

Hence,
|Dz(jwi) — Re(jwi)| = |De(joor)| + |Re(jooi)| = 14 | Re(joi)|

and
HDT — Relloe = €r > 14sup|Re(jwi)| > 1= [[D: — 0]/
ieN

i.e. never better than R; = 0 (makes no sense).



Finite-dimensional approximations
Padé equality

Given ¢(s), analytic around s = 0, construct

Pm(s) _ pms™ +---+ P15+ po

R —
mn(s) Qn(s)  gns"+-+qis+1

(i.e. choose p; and g;) to

— match first n+ m+ 1 terms of Maclaurin series of ¢(s)



Finite-dimensional approximations
Padé equality
Given ¢(s), analytic around s = 0, construct

Pm(s) _ pms™ +---+ P15+ po
Qn(s)  Gns"+--+aqis+1

Rm.n(s) =

(i.e. choose p; and g;) to
— match first n+ m+ 1 terms of Maclaurin series of ¢(s)

This reads

¢(5) - Rm,n(s) = %Y + y1S+---+ Vn+m5n+m + Vn-‘rm—lanrmi1 + -
=O0(s™"1) ass—0

or, equivalently,

#(5)Qn(s) — Pm(s) = O(s™ 1) as s — 0.



Finite-dimensional approximations

Preliminary: multiplication of polynomials

Consider A(s) = aps" +---+ais+ap and B(s) = byps™ + -+ -+ bis+ bo. If

then

C(s)

)
1

Cm

Cm+1

Cn

Cn+1

L Cn+m |

= A(s)B(s) = chyms" "+ +as+

ao
ai

dn—m

dn—m+1

an




Finite-dimensional approximations
Padé equality in matrix form (general)
Relation ¢(s)Qn(s) — Pm(s) = O(s™+"*1) reads

1
[ o - O ) 0 e 0i=1 0 -+ 07| @
¢ ¢ - O 0 e 010 =1+ 0 :
S : ; : : Do O
P Pmo1 $o_ ! 0 0:0 0 - —11]gmu
¢m+1 ¢m ¢1 ¢O 0 3 0 0 0 : :O’
G
¢n ¢n71 ¢n7m ¢n7m71 ¢01 0 0 0 Po
: P1
_¢n+m;¢n+m—1 ¢n ¢n—1 ¢m‘ 0 0 0 i
L Pm |
where ;
»((0
g =0




Finite-dimensional approximations

Padé equality in matrix form (m = n)

0:—-1 0
0:'0 —1---
o 0 0
$1:0 0
¢ni 0 0

,ql,

1

L

Po
P1

Pn




Finite-dimensional approximations

Padé equality in matrix form (m = n)

0 --- 0:—-10

$o -+ 0.0

0
~1..- 0
0 -1
0 0
0 0 |
1

bi = .

Aan.

1

,ql,

Po
P1

Pn




Finite-dimensional approximations

Key step
Define ¢
vi(t) =

(¥:(0) =0 and ¥;(1) = ¢; for all i € N) and then

a1

Yonlt) Vanat) - Yult)

1(t) Uoia(t)  Wa(t) o (D] ]
s0=| @ |=]| A
£a(t)

n

Last n rows of Padé equality read £(1) = 0.



Finite-dimensional approximations

Key step
Define ;
Vi(t) := %
(¥i(0) =0 and ¥;(1) = ¢; for all i € N) and then
(1) Veat) ) e ] |
E(e)=| = : : EUR .
E”(t) w2n(t) w2n—1(t) l/fn(t) q.n

Last n rows of Padé equality read £(1) = 0. Also,
vi(t) = ‘/Ifi—&-l(t) = (1) = é,-H(t) —  &(t) = g,gnff)(t)

We thus look for
— 2n-order polynomial £,(t) such that £()(t)=0att=0and t =1
forall i € Zg..n_1.



Finite-dimensional approximations

Key step
Define ;
Vi(t) := %
(¥i(0) =0 and ¥;(1) = ¢; for all i € N) and then
(1) Veat) ) e ] |
E(e)=| = : : EUR .
E”(t) w2n(t) w2n—1(t) l/fn(t) q.n

Last n rows of Padé equality read £(1) = 0. Also,
vi(t) = ‘/Ifi—&-l(t) = (1) = é,-H(t) —  &(t) = g,gnff)(t)

We thus look for
— 2n-order polynomial £,(t) such that £()(t)=0att=0and t =1
forall i € Zg.p—1. Itis at"(t — 1)" for some o # 0.



Key step (contd)
Thus, coefficients satisfy

n .
t2n i

En(t) = o+ oy @ =et"(t = 1)",

— (2n—1)

By the binomial theorem,

Hence,

a=1/(2n)! and gq; = (—1)’(

Finite-dimensional approximations

vt € [0,1]

(2n— i)l n!

(2n)! =Y 2n)! (n— N)I/!



Finite-dimensional approximations

Key step (contd)

Thus, coefficients satisfy

n .
t2n i

En(t) = +qu;:at”(t—l)", vt € [0,1]
= .

By the binomial theorem,

Hence,

(2n— i)l n!

a=1/(2n)! and gq; = (—1)i<,-1> (2(’72;):)| - (_l)im

With a little more algebra,



Finite-dimensional approximations

Padé approximant

Using the substitution s — —ts,

e "~ Ry(ts) = CZS((_TZ;) where Q,(s) = <n> (2:2;):)| s/
n 0 H



Finite-dimensional approximations

Padé approximant

Using the substitution s — —ts
- Qn(—75) - <n> (2n—i)
e ¥~ Ry p(ts) = ——2, where Q,(s) = — 4
First 6 of them:

1
Qi(s )—1-*—2
_ 1 1 2
Qz(S)—1+§S+ES

1 1 1
=14 = — 43
Qs(s) +2s+105 +1205

13 1 s
Q4()—1+§S+%S +874 +@

1 1 1 1 1
QRs(s)=1+-s+_-s*+ -5+ st >

2°T9 72 1008 30240

1 5 1 L. 1 1,
T B .
Qo(s) =1+ 55+ 25"+ 555 + 255" + 155205+ 565280 °




Finite-dimensional approximations

Properties

Lemma
Qn(s) is Hurwitz for all n € N.



Finite-dimensional approximations

Properties

Lemma
Qn(s) is Hurwitz for all n € N.

Lemma
le™ 1 — R, n(jo)| < 2.02|Hapt1(jw)| for all w € R, where

_ (S/wn)2n+1
H2n+1(5) - B2n+1(5/a’n)

where (2n)1(2n + 1)1\ 1/(2n+1)
n)'(2n+ 1)! n
“n = (2 <>)

and By(s) is the k-order Butterworth polynomial, |Bi(jw)|? = 1 + w?k.

Remark: Note that

A n 4
{wn} = {2.8845,4.2823,5.7251,7.1814,8.6435,...} and lim <" = ~ ~ 1.4715.
e

n—oo N



Example

Finite-dimensional approximations

1+ R(s)e™**

[4,4]- and [12, 12]-Padé approximants of Gy(s) = 1 R(s)e—rs o€

40T
20+
ok
20f

Magnitude (dB)

40 k

90

Phase (deg)
o

-90 £y

8OFT

-80

Error magn. (dB)

160 |,

10" 10° 10!
Frequency (rad/sec)

Z;(s)=0,R(s)=-1

Phase (deg) Magnitude (dB)

Error magn. (dB)

L4 F

80k

-160 by
107

R(s)e~*s

1

10° 10!
Frequency (rad/sec)

Zi(s) = s/(s +1), R(s) = ~1/(2s +1)
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