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Time delays in sampled-data systems

Continuous-time delay element

Given 7 > 0,

y=Du: y(t)=u(t—1): o D, e

These dynamics are
— linear time invariant
— stable
— infinite dimensional

The transfer function of the delay element,
De(s)=e7"

is non-rational and belongs to Hy, (holomorphic and bounded in Cy).

Discretization of input-delay systems
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Assume that P is a finite dimensional LTI system, whose impulse response

p(t) = Ce*tB1(t).
The impulse response of P, = PDy is
pe(t) = p(t — 1) = CAEIBI(t — 7).

The impulse response of the discretized system

h h
;3h[i]:/o pr(ih—t)dt:/o p(ih —t — 7)dt

and it can be nonzero only if ih — 7 > 0.




Discretization of input-delay systems (contd)
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Assume that 1 = vh — 0 < vh for some v € N and 6 € [0, h). In this case

h h )
ph[/]:/ p(ih—t—vh+9)dt:/ CeAlh=vh=t+0) py(jh —vh—t + 0)dt
0 0

and we have that if

I <v: ﬁh[l] =0 D
0 0
i=v: ppli] = C/ A0-4tB = C/ AtdtB
0 0

h h
P> v Bl = CeA(:vl)h+0/ A0 445 — C(eAh),u1eA9/ At
0 0

A B

State-space realization
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Thus, B _
| x[t +1] = Ax[t] + Ba[t — v]
' y[t] = Cx[t] + D[t — v]
under -
A B | [ Ay, AgBy
CD|  |cC CBy |’
where

(A B ] [ /teASdsB}:[/ O]exp([é\ ’ﬂ::).

0

This is the cascade of the v-delay and delay-free system with the realization
(A, B,C,D).

“Physical” realization

Note that x[i] # X[i] := x(ih) if 6 # 0. Indeed, if C =/, then y = X and
x[t] = x[t] + Bga[t — v].
Hence,
-0
x[t] = X[t] — Byt — v] = x[t] — / eAtdtB [t — v]
Jo
and

X[t + 1] = AR[t] + Bgi[t — v + 1] 4 (AgBn — AnBg)i[t — v]

0 h
AX[t] + / AtdtB a[t — v + 1] + / eAtdtB [t — v].
0 0

By Bo

Dimension of discrete delay

Given v € N,
Uy, = 5\)“ : U])[t] — u[t — l)] [T SR ] ﬁv ........ O .

Its impulse response is §[t — v]/,, the transfer function D, (z) = z~" I, and
the Hankel operator has the matrix representation

vth column

0O -~ 0 /I, 0 -]
0 -« [, 0 0 -

. _ : Lt . . :

|[Dv]] Iy -+ 0 0 O --- | vthrow
0O --- 0 00 ---

Its rank is mv, so D, is mv-dimensional, where m is the dimension of w.




State-space realization of discrete delay

A natural one:

(Tu[t—v+1] 0/ -0 ult —v] 0
: I N i
we—1 | |oo I : Tl |
B, - ult] 00 0 ult — 1] /
ult —v]
wl=[10 - 0] u[t_:wrl] ,
u[t.—l]

which is both reachable and observable.

Realization of discretized input-delay systems
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( ABO-- 0 9
0:0 1/ 0
h 0:0 0 -+ |/ 0
(0100 - 0] B
y[t]=[CiD 0 0 | x[t],
where x,[t] = [X'[t] @[t—v] T[t—v+1] --- U’[t—l]}/and the

spectrum of the “A” matrix comprises spec(A) and a mode at the origin of
multiplicity mv.

“Physical” realization, again

( AiBy B -+ O 0
0'0 | 0 0
lt+1]= 00 b o x4+ | | aft]
) 0:0 0 / 0
P - (0.0 O 0 ]
Ap él)
yit]=[Ci0 0 --- 0]x[t],
. G

where %,[t] = [X[t] @[t —v] @[t —v + 1] -- @[t — 1]] and R[i] = x(ih).
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State-feedback for time-delay systems




Setup

Assume for simplicity that © = vh (i.e. 8 = 0) and consider

X[t + 1] = Ay [t] + By i[t]

where
x[t] (A B O - 0:0]
aft —v] 00/ ---0:0
%p[t] == : and [A)B)]:=]" D
it — 2] 000 - [0
| aft—1] | (000 -+ 0:/]
under o h
[A B]:=[efh / eMdtB .
0
The goal is to

— design state feedback with pole placement for this system.

State feedback structure

The state feedback control law

x[t]
alt] = FR [t + Forltl = [Fx Fo -+ F1 ] ae - L
aft — 1]

reads v
alt] = ) Fidlt — i) = Fex[t] + Frr[t].

i=1
This is a dynamic controller (X, r) — d. In the z-domain it reads

(-2 R ot

and its transfer function

K(z)= (1 ZFZ_’) [F Fr].

is even not necessarily stable.

= FX(2) + F,R(2)

Reachability of (A,, B,)

Theorem L
A € C is an unreachable mode of (A,, B,) iff it is an unreachable mode of

(A, B), where h
(A B]:=[e* / AdiB ]
0

Proof: Follows by

A—Al B 0 0 o
0 —Al I 00
(A, —Al1B,] = : e
0 0 0 - /o
0 0 0 - —Alll

which is block lower-triangular, with nonsingular (2, 2) block. O]

Reachability of (A,, B,) (contd)

Thus,

— (A,, By) is reachable provided the delay-free (A, B) is controllable and
sampling is not pathological.

Hence,

— arbitrary pole placement is possible.

But,

— does it make sense to move all open-loop poles?
After all,

— mv out of n+ mv of them are already dead-beat,

which would make sense to keep. This prompts to rethink the procedure.




Preliminary: partial pole placement
Consider
x[t + 1] = Ax[t] + Bult]

for x[t] € R” and assume that only /i < n eigenvalues of A need be shifted
by feedback. Suppose there is T such that

TAT‘lz[A 0 ] and TB:{ B }
X Astay Bstay

such that Ay € [R(”:H)X(”*’"’) contains eigenvalues to be kept untouched.
If we choose u[t] = F [/ 0] Tx[t], then the closed-loop “A" matrix is

LA 0 L [A+BF 0
Ag=T71 T:Tl[ ]T
‘ |:X Astay:| X Astay

always keeps spec(Astay) C spec(Aq). In fact
— we only need T := [I 0 ] T € R™" to implement this law.

Partial pole placement: equation for T

Because

TA:[A 0 ]T
X Astay

we have that
TA=[A 0| T=A[l 0] T=AT.

So all we need is to solve for T & Rxn
TA=AT and rankT =
for any A such that spec(ﬂ) C spec(A). Then
ult] = FTx][t]
guarantees that

spec(A+ BFT) = spec(A+ TBF) U (spec(A) \ spec(A)).

Partial pole placement for (A,, B,)
]

Partitioning 'IN_:[TX T, --- To T7 | and choosingf\zﬂ, we have:
(A B 0 0]
0 0/ 0
T|: | =[TA B T, T3 T)]
0 0O / 4,
|0 00 0
= [AT« AT, AT, AT, ATy]
AT

This yields To = ATy, T3 = ATo = A2Tq, ..., Ty = AT,_1 = AV"1 T3,
AT, = T4B, and AT, = T,A.

Possible choices are T, = AY, T, = A*’"1B, and T; = B.

State feedback solution

Thus, y o L
T:[A" A1B ... AB B}
and the resulting feedback gain

F=[F Fy -+ BB R|=F[A” A7'B ... AB B],
where F assigns the spectrum of
A+ TB,F = A+ BF,
which is a delay-free problem, solvable if (A, B) is reachable. The resulting
v .
ali] = ﬁ(AVx[i] +> A1Bii —j]) + Fyri]
j=1

assigns the n + mv closed-loop eigenvalues to spec(A+ BF) U {0}™ then.




Control law: interpretation

The signal
v ' i+v—1 ' '
Rorli] i= AV%[i] + Y AT1Bii — j] = AX[i] + > ATV Bilj - v]
j=1 j=i

is the v step ahead prediction of X[/ + v] for the dynamics
X[i 4+ 1] = Ax[i] + Ba[i — v],

i.e. under ideal conditions, w/o disturbances / uncertainty, X [i] = X[i + v].
The control law

v
ali] = ﬁ([\%?[/] +> ABali - j]) + Forli] = Eofli] + For]i]
j=1
is then known as predictor based.

Remark: The result remains qualitatively the same if 8 # 0, except for more cumbersome
derivations and the fact that X, [/] predicts x(ih + t), between sampling instances ih.
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State-feedback for time-delay systems: closed-loop dynamics

Adding load disturbance

( AiB O - 0 B 0
0:0 | 0 0 0
Slt+1 =00 0 e SR+ | | dle || ale]
00 0 I 0 0
10:0 0 0 | 0] L
( y[t]=[Ci0 0 --- 0]%[t]. B,
where x,[t] = [X'[t] @[t —v] T[t—v+1] - U’[t—l]]l, as previously

(the first row reads X[t + 1] = Ax[t] + Bd[t] + B[t — v], as expected).

Similarity transformation

Introduce the matrix

A AV-1B AB B AV —A-1B Al-"B —A"VB

0 0 0 0 o 0
T=1:1 = 5

0: 0 / 0: 0 I 0

0. 0 0. © 0 /

(mind that A = e*" is non-singular). In this case

Xor[t]
aft — v+ 1]
X[t] := Tx[t] = : ;
aft — 2]
a[t — 1]

where Xy [i] := AYX]i] + Z}’Zl A~1Bii[i — j] is the predicted X[t + v].




Similarity transformation (contd)

Moreover, it can be verified that

A00 - 0 A’B. B
0:0 |/ 0 0 0

TAT =00 0 o o, TBy=1| + |, TBy=|: ]|,
0:0 0 / 0 0
1000 0] 0| 1]

and

[Ci0 0] T '=[CA™ -CA'B —CAVB]
Also,

FT"'=F[l 0 - 0].

which results in @[t] = Fx,[t] = FXy[t], as expected.

Closed-loop dynamics

A00 - 0 AB B
0.0 / 0 0 0
Re+1=| 00 0o DR+ | [ dle | | le]
0:0 0 / 0 0
(0100 0 | 0| ]
ylt]=C[AV -A1B —A2B ... —AVB]x[t]
[ dl]=[Fi0 0 ... 0 |X[t] + F,rlt],

where components of X from 2 to v 4+ 1 are unobservable from .

Closed-loop dynamics (contd)

( A+BF00 -~ 0 A'B. BF
0 0/ 0 0 0
Xt+1] = T B 3 o N I 1 B N1
0 100 / 0 0
| F 00 0| 0] R
ylt] = C[ A j_A—lé ~A?B ... —AVBA[H
{ []:[ﬁ o O]X[t] + Frrlt].

whose modes are those of spec (A4 BF) and mv dead-beat ones.

Closed-loop transfer functions

and




Example: DC motor with rigid mechanical load Example 1: disturbance response simulations

Consider by now familiar Let o = e~/ ~ 0.819 (keeps the open-loop stable pole untouched). Then:

1 o
s(s+1)

—
=

y(t)

P(s) =

y(t)

The design of F is the pole placement to the roots of y¢(z) = z(z — a) for

the discretized delay-free plant, like in Lect. 6. Below we study \\
— disturbance response (d(t) = 6(t)) under various delays t — vh and «.

o
>
o

o

u(t)
u(t)
u(t)

o
o
o
 —
o
o
-

Example 1: disturbance response simulations Example 1: disturbance response simulations

Let « = 0 (dead-beat strategy). Then: Let @ = z =~ —0.936 (canceling lightly-damped sampling zero). Then:

— —
M M
> >

y(t)

— — —
= M ™
> > >

u(t)
u(t)
u(t)

u(t)
u(t)

o H = 0 e 0 AH e 0 —‘HHHHH [N I_IUF 20 10nn I'IUI‘IU|-|ur|LF . ‘—lununu'—'u'_'u'_'u'_
HU t | t H t IR Hutt t
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LQR for time-delay systems

Sampled-data LQR problems

Consider the input-delay dynamics

x(t) = Ax(t) + Bu(t — 7), x(0) = xo
z(t) = Gx(t) + Du(t — 1)

where z(t) is the regulated signal, whose “smallness” quantifies the control
performance. The sampled-data LQR problems are still:

— supposing that the signal x(t) is measurable at t = ih,
— under whatever appropriate constraint on the waveform of u(t),

— design u(t), asymptotically stabilizing the system and minimizing

WM:AHAWWt

Note that

— we start measuring at t = 0, so that u(t) =0 for t < 0.

Decomposition of the regulated signal
If t < 7, then x(t) = e“txp, so that
z(t) = C,e*txo

is independent of the control law.
If t > 7, then

z(t) = Cox(t) + Dyu(t — 1) = Coxpr(t — ) + Dou(t — 1),
where
t
Xpr(t) := x(t + 1) = eAx(t) + / A=) By(s)ds.
t—t

Thus, the cost function

T o0 T
213 = [ lCe®salPde + | (e v)de = [ CoetrolPt + 1
0 0 0

where 7, (t) = Coxpr(t) + D, u(t) depends on u(t). The first question is
— can the evolution of x,, be described in the standard state-space form?

2
29

Evolution of x,(t)

By Leibniz integral rule

d (20 b(1) 9 db(t) da(t)
dt/a(t) f(s,t)ds_/am a—tf(s,t)ds+Ff(b(t),t)— d f(a(t), t)

we have that
Xor(t) = Ci(e’th(t) + /t; eA(t_S)Bu(s)ds>
= e"Tx(t) + /t At =9) By(s)ds + Bu(t) — e**Bu(t — 1)
t—t
= A<eA’x(t) - /t Alt=9) Bu(s)ds) + Bu(t)
= Axyr(t) + Bu(t)t_r

under the initial condition x,(0) = €*%xp. This is a

— standard (delay-free) state equation.




Equivalent delay-free LQR

Thus, the problem reduces to the sampled-data LQR for
Xpr (t) = Axpe(t) + Bu(t),  xpr(0) = e*"xg
{zpr(r) = Cax(t) + Dzu(2)
which is a delay-free problem, whose solutions we already know.
Whatever sampled-data problem is solved for this setup, we then need to
— replace xp(ih) — e"x(ih) + /lh AUh=t) By (s)dt

ih—t
— calculate the optimal cost for the original problem as

T
x4 (/ AtCLCeMtdt + eA/’XeAT>xo,
0

where X is the corresponding Riccati solution (depends on the setup).

Sampled-data LQR with H,,,
If u(t) = a[i] = const for all t € [ih, (i + 1)h] and T = vh — 6, then

ih
Xpr(ih) = €A x(ih) + / A=t By (t)dt
ih—t
v—1 (i—j)h+h
= e""x(ih) + Z/

j=1/(i=jh

A=t By (t)dt

(i—v)h+h )
+ / A=) By(t)dt
ih—t

v—1 _.p
=Mz + ) / A=V 4B [ — j]
j=170

h
+ / AT 04tBi[i — v]
0
v—1 o ~ ~
=M x[i] + Y A Bili — j] + TP Byili — ).
j=1

Sampled-data LQR with optimal hold

In this case u(t) = FelA+BR)(t=ihx]i] for all t € [ih, (i + 1)h]. Hence,

v=1l (i—j)hth
Xor(ih) = X" x(ih) +> / Ah=t) By(t)dt
‘= =ph

(i—v)h+h )
+ / A=t By(t)dt
ih—t
v—1  (i—j)h+

=M%+ /(i—j)h

j=1

h
cAlih—t) g o(A+BF)(t—(i=j)h) 4+ x[i — Jj]

(i=v)h+h
+/ A1) BEe(ATBF)(t=(i=v)h) gt 3 — 1]
ih—t

v—1 h
— sl + Y AN [ A DB e 5
j=1 0

h
. eA(rh)/ ANH0—1) BE(A+BF) gy 1 ]
9

Sampled-data LQR with optimal hold (contd)

By the logic of deriving Van Loan’s formulae,

h
A(h—t) RE(A+BF)t 45 _ A  BF 0
/Oe BFe dt [l 0]exp<[0 A+BF]h>{l

=0 es([ 6 4 er |7) |7

_ o(A+BF)h _ JAh

and we end up with

v—1
Xpr(ih) _ eAT)?[I'] + Z Aj*l(e(A+BF)h N A) )_([i _J]
j=1

+ Av—l(e(A-i—BF)h _ eA(h_Q)e(A+BF)9) )_<[I — V].
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