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Dynamics and complexity

Causal systems may be classified as
— static!, those where the past does not affect the present and the future

— dynamic, those where it does.

The complexity of dynamic phenomena is naturally expressed in terms of
— the “size of their memory,”

i.e. the amount of information required to store the past.

The notion of state space, that we start studying today, plays an important
role in characterizing this size.

1 Aka memoryless.

Dynamics and complexity (contd)

An LS| system G : u+ y is completely determined by its impulse response,

ylt] =) glt — sluls].

seZ

Static LSI systems have the impulse response g[t] = k§[t], dynamic systems
have g[t] # O for at least some t > 0. A relevant question is

— can memory be quantified in terms of g[t]?

For example, let

gl = o b1l — 1 = el = (o b0l = -]

gl =slt-3= | ] gl = 10t 1= [l

Which of them has the largest memory?

Outline

Linear algebra preliminaries (self study)




Notation and terminology

A matrix A € R"™™ is an n X m table of real numbers,

dil d12 - dim
ar1 a2 --- dim

A= T 7 o] = lag)s
dnl dan2 °°° dnm

accompanied by their manipulation rules (addition, multiplication, etc). A
matrix A € R"*™ is said to be

— square if n=m, tall if n > m, and fat if n < m;

— diagonal (A = diag{a;}) if it is square and a;; = 0 whenever i # j;
— lower (upper) triangular if a;j = 0 whenever i > j (i < j);

— symmetric if A= A’, where the transpose A’ := [aj].

The identity matrix /, := diag{1} € R™" (if the dimension is clear, just /).
It is a convention that A® = | for every nonzero square A.

— trace of a square A € R™" is tr(A) = >_7_;aji.

Rank

The rank of a matrix A € R"*™, denoted rank A, is the number of linearly
independent columns of A. Clearly, rank A < min{n, m}. We say that

— Ais a full-rank matrix if rank A = min{n, m}

(square full-rank matrices are also termed nonsingular or invertible)
— A is a reduced-rank matrix if rank A < min{n, m}
— A has full row (column) rank if rank A = n (rank A = m)

The rank of a matrix may be seen as its complexity measure.

Properties:
— rank A equals the number of linearly independent rows of A
— rank(AB) < min{rank A, rank B}
— rank A = rank(SAT) if A€ R™*™, rankS = n, and rank T = m
— A has full row rank iff there is no n # 0 such that  A=10
— A has full column rank iff there is no n # 0 such that Ap =0

Rank decomposition

Let Ae R™™. If rank A = r, then there are rank-r matrices B € R™" and
C € R™™ such that

A= BC.
Example
Rank-1

1111 1

A=|2222|=|2][1t111]
3333 3
\Y

Lemma

Let A = BC be a rank decomposition of a rank-r matrix A. By € R™" and
Cy € R™™ are rank-r matrices satisfying A = By Cy iff

G=CT! and Bi=TB

for a nonsingular T € R"™*".

Linear equations

Solve in x € R™ the equation Ax = b for given A € R"*™ and B € R".
— Ax = b is solvable iff rank A = rank [A b }
— Ax = b has a unique solution iff rank A = rank [A b ] =m
— Ax = b has infinitely many solutions iff rank A = rank [A b ] <m

Example
Let (here n =3 and m = 2)

10:1 10 x1 1
[A}b}: 0 x:0 — O |x=|lax | =10
101 10 X1 1

and rank A=rank [A b ] forall @ € R. Two cases are possible:
a#0 = rankA:rank[A b]zQandx:[(l)] is unique;
O(:O:>rankA:rank[A b}zlandallx:[l]soIveAx:b.

X2




Eigenvalues and vectors
Given A € R"*" its eigenvalues are the solutions A € C to
xa(A) :=det(Al —A) = A"+ y, A" P+ A F 0 =0

(characteristic equation). There are n (not necessarily distinct) eigenvalues
of A and spec(A) denotes their set. If A; € spec(A) is such that ImA; # 0,
then A; € spec(A) too. But A= A" = spec(A) C R.

— the spectral radius of A is p(A) := maxy,cspec(a)lAil-
Right and left eigenvectors of A; € spec(A) are nonzero vectors such that
Ani =ik <= (Al = An; =0 and 7ni(Ail —A)=0 < /A= L17
respectively. Note that
AR =nidk and gl AR = Akl Vk € N

so A; € spec(A) == Ak € spec(AK), keeping left and right eigenvectors.

Similar matrices

A1, Ay € R"™" are said to be similar if there is a nonsingular T € R™*" for
which
Ay = TA T L

The mapping A — TAT ! is known as the similarity transformation.

— similarity does not affect the spectrum,

K7a7-1(A) = det(A — TAT 1) = det T(A] — A) T~ = det(A] — A)
= xa(A);

— similarity is preserved under matrix power, for every k € N,
(TAT W= TATITAT ... TAT L = TAA. .. AT L = TAKT
— ifdetA#£0, then TAIT L. TAT 1 = TA AT 1 =TT 1 =1, ie

(TAT )t =T7A71T7 L

Cayley—Hamilton

In essence, each square matrix satisfies its own characteristic equation:
XA(A) = A"+ xn 1 A" U 1A+ xoln = 0.

Important consequences:

— Ak for all k > nis a linear combination of A, i =0,....n—1, like
A" = —xp A" = — 1A= xoln
An+1 _ 71”71/\177.”7){1/\27)(0/4
— X,771(X,771An ! + -+ XlA + XOIH) - XIAQ * /(OA

= (2 = an2)A" e (fne1x1 — X0)AF Xn_1x0ln

— A7l if exists, is also a linear combination of A, i =0,...,n—1:

1
A1 (xal+---+ An—1A"2 4 A"_l).

)

Matrix functions
Let f(x) = > icz, fix' be analytic. Its matrix version f(A) is defined as
F(A) =) A

I€Z+
Properties:

— similarity is preserved under function mapping,
F(TAT 1) = > f(TAT 1) = T(Z f,-A") Tl =TFAT Y
i€Z+ iEZJr
— if A; is an eigenvalue of A with the eigenvector 7;, then
F(A = Y A =Y fmdi=n; > fiXi = n;f(A));
iczy =/ iczy

— f(A) is singular iff f(A1;) = 0 for some A; € spec(A);
— A commutes with any its function, Af(A) = f(A)A.




Matrix exponential

The matrix exponential is defined (here t € R, we shall need it later on) as
At 1 2 1 3
exp(At) =™ =+ At + E(At) + g(At) +--
Properties:
_ (eAt)' — At
— e is invertible for all A€ R™" and t € R, with (et)™! = =4t
— AB = BA = (AtB)t — (AteBt (e.g. true for all A if B = f(A))

_ ediag{Aj}t diag{e’l"t}

A 100 1t t2/21 .. t"1/(n—1)!

0OA1---0 01 t - t"2/(n=2)!
—ep| | = : et

000 ---1 oo o0 - t

000 A oo o0 - 1

Sign-definite matrices

A symmetric matrix A= A" € R"™" is said to be
— positive definite (A > 0) if x’Ax > 0 for all x # 0,
— positive semidefinite (A > 0) if x’Ax > 0 for all x,
— negative definite (A < 0) if X’ Ax < 0 for all x # 0 (or if —A > 0),
— negative semidefinite (A < 0) if x¥’Ax < 0 for all x (or —A > 0).

Clearly, A>0 = det A # 0. In fact,

— A>0 (> 0) iff all its eigenvalues are positive (nonnegative)

Given two matrices A= A" € R™" and B = B’ € R"*", we say
— A>BifA—-B >0,

— A>BifA-B>0,

— A< Bif B—A> 0 (equivalently, A— B < 0),

— A< Bif B—A>0 (equivalently, A— B <0).

Sign-definite matrices (contd)

Example
Let A= [f‘l ]1] for some o € R, then

-1
X' Ax = [xl xz] [_al 1 ] {2} :ax12—2x1x2+x22

= (a — 1)x? + (x1 — x2)?

and if
a > 1 then xX’Ax > 0 unless x; = x» = 0, for which XAx=0 = A>0
a = 1 then x’Ax > 0 unless x; = xo, for which xX’Ax =0 == A>0
o < 1 then x’Ax might be both positive (e.g. if x; = 0 # x2)
and negative (e.g. if x; = xp # 0) — AZ0
\V4

Block matrices

Let A€ R"™™ and let Z}):l n;j = n and Zﬁ:l m; = n for some n;, m; € N.
Then A can be formally split as

Ain A - A
Axn An - A1
A= : : :M = [Aj]
Avl Av2 Avu
for Ajj = [ajj,x] € R"*™i with entries ajj i = apq, Where p = er;ll ne+ k
and g = Jr;ll m, + . For example, we may present
1 2:3:4
A—l5 673 _[All A1z A13}
Az A Az

for A11 = [% %], A12 = [%], A13 = [g], A21 = [9 10], A22 =11, A23 =12.
This split is not unique and is normally done merely for convenience.




Vector and matrix norms

Norms serve to measure sizes of vectors and matrices. We need
— Euclidean vector norm, ||v|| := (27:1|v;]2)1/2 for a given v € C"
— spectral matrix norm, ||A|| := \/p(A’A) for a given A € C™™
— Frobenius matrix norm, ||Al|¢ := /tr(A’A) for a given A € C"*™
Properties:
— [JAll = max,cem =1/ Av|
(i.e. the spectral matrix norm is induced by the Euclidean vector norm)

— ||AB|| < ||Al|||B]| for all A€ C™™ and B € C™*P (not true for [|-||¢)
= Al < [[Allr < Vrank A[|A]]

A rough, but nevertheless useful, bound:
— |le?t|| < ellAllt for all ¢+ > 0.

Block matrices (contd)

We say that a block matrix A = [Aj] is
— block-diagonal (A = diag{A;}) if v = u and Aj; = 0 whenever | # j
— block lower (upper) triangular if A;j = 0 whenever i > j (i <)

Operations on block matrices are performed in terms of their blocks, like

[All A1 } n {511 B2 ] _ [A11+511 A1r + Bin }
Ao A Bo1 Boo A1+ Bo1 Axp+ B |

[An A12 ] [311 B2 ] [A11B11 + A12B21 A11Bio + A12Bx» }
A1 Az | | Bor Bao A21Bi1 + AxBo1 AxiBio + AxBa |-

Sum, product, inverse of block-diagonal (block-triangular) matrices remain
block-diagonal (block-triangular). Hence,

— functions of block-diagonal (block-triangular) matrices remain such.

Also, rank [ A11 Az | > rank Ay; and rank H“ ] > rank Aj, i € Z1..
21

Outline

State space

Matrix representation

We know that a causal m x p LS| G : u+ y can be described as

ult — 2]
B u[t — 1]

yieh | gl2] g[1] gf0] 0 - uft]
ylt+1] - g3 gl2] g1] gl0] --- | | ult+1]

[G] (matrix representation of G)

The response y starting from a given time instance t can be presented as

y[t] glt] gl2] gl3] -] [ult—1]
Y[t+1] _ g[2] g[3] g[4] u[t—Z] +f(u[t],u[t—|—1],...)

y[t_+2] g[_3] g[_4] g[_5] U[t_—3]

past present+future




Hankel operator

The semi-infinite matrix

gll] &[2] &l3]
g2 &3] gl4]
H-T =
el = | g13] gla] glo
is the matrix representation of the

— Hankel operator Hg : Upast = Ypresent+future

associated with G. The Hankel operator represents the memory of G.

Systems having
— finite-rank Hankel operators are said to be finite dimensional

and n = rank[Hg] is known as the dimension of G.

Hankel operator of Gy, with gi[t] = at " 1b1[t — 1]

In this case
b ab a’b ---

ab &b a’b ---
[Hal = a’b a°b a*b ---

and its jth column

ajf_lb b
a’b ab i1

altlp | — | a%b

Hence, [Hg,] has rank 1 (provided b # 0, of course) and the system G; is
1-dimensional.

Hankel operator of G, with g»[t] = (by + by t)1[t]

If by # 0 (otherwise it's the previous case), then

bo+ b1 bo+2b1 bg+3by ---
H _ by +2by bg+3by by+4by ---
[He.] = bo+3b1 bo+4b1 bg+5by --- |’

its first two columns are linearly independent, and its jth column, j > 3,

by + jb1 by + by by + 2b;
bo+(+1)b bo + 2b; : bo + 3b1
Ut - -+ | 2T G-

bo+(j+2)by | — | bo+3by

Hence, rank[Hg,] = 2 and the system G, is 2-dimensional.

Hankel operator of Gs, with g3[t] = §[t — 3]

In this case

IIHG3]] =

- O = OO
- O O+~ O
- O OO
- O O O o

has rank 3. Hence, the system Gj3 is 3-dimensional.




Hankel operator of Gy, with ga[t] = 11[t — 1]

In this case
1 1/2 1/3 1/4 ---
1/2 1/3 1/4 1/5 ---
[He]=|1/3 1/4 1/5 1/6 ---
1/4 1/5 1/6 1/7 ---

is an infinite-rank matrix (i.e. all its rows are linearly independent). Hence,
the system G is infinite dimensional.

State vector

If the rank of (infinite-dimensional) Hg is finite, say n, factorize

O1

O
[Hel = Oi [Ri R Rs ---] = 0OgRg

(O; € RP*™ and R; € R™ ™ for each i € N), where O¢ and R are rank-n
matrices having n columns and n rows, respectively. The n-dimensional

u[t — 1]

t—1
X[t] = RG Z{ig% :;Rt_su[s]

is called the state vector of G at t.

State vector (contd)

The state vector is the history accumulator. Indeed,

y[t] O1 glo)] o 0 - ult]
yle+1] | _ 82 «[t] + gll] glo] 0 - | |u[t+1]

y[t_+2] g[_2] g[_1] g[O] U[t_+2] ’

meaning that no knowledge of u[s] for s < t is required to calculate y[s] for
s > t if x[t] is known. This also suggests that

— causal systems may be viewed as mappings (x[0], u) — y
for u and y on Z, rather than u +— y for u and y on Z, with the
— initial condition x[0] explaining the effect of prehistoric inputs

(having a starting point may be intuitive in control applications, this is the
time moment where the control law is applied). Causal systems with zero
initial conditions may be viewed as operators v+ y for uand y on Z,..

Structure of O¢ and Rg

Rank-n and the Hankel structure of Hg guarantee the existence of matrices
AeR™" B e R™™, and C € RP*" such that

C
CA
Oc=|c,p| and Re=[B AB AB ...],

so that g[t] = CA* 1B forall t > 1,

CB CAB CA’B --. C
2 3B ...
CAB CA“B CA°B | CA [B AB A2B }

[Hel = | caz caB catg ... | = | ca?

and t—1 t—1
x[t] =) AT Bu[s] = A'x[0] + Y A" 1°Buls].

s=—00 s=0




Structure of O¢ and Rg for gi[t] = a* *b1[t — 1]

In this case

b ab a°b --- 1
ab a%b &b --- a
[Hed = b a%b a*b - | | &2 (b ab &b -

Obviously, A= a, B= b, and C =1 do the trick.

Structure of O¢ and R for g»[t] = (by + bit)1[t]
In this case (again, by # 0 is assumed)

[ bg+b1 bg+2by bg+3by ---
b bo +2b1 bg+3by bo+4by ---
[He] = by +3by bo+4b1 by + 5by

[ b1 by + b1
b1 bo+2by [0
1

123 .-
b1 bo+ 3b1 111 --.

and we can choose

11 0
A:[Ol], B:[l}, and C=[by bo+bi].

Structure of O¢ and Rg for g3[t] = [t — 3]

In this case

IIHG3]] =

SO R OO
O O+ O
- O O O
- O O O o
- O = OO
- O O = O
O O O =
O O =
o = O
= O O
o O o

and we can choose

000 1
A=[100|, B=|0]|, and C=[00 1].
010 0

Consequences of structure of O¢ and Rg

1. The state vector can be propagated recursively (convenient):

>1

t t—1
x[t+1] =) A"*Buls] =Y A" Buls] + Bult]

S=—00 sS=—00
t—1
=AY A"1"*Bu[s] + Bult]
s=—00

= Ax[t] + Bul[t].

2. The output at each t is a linear function of current state and input:

t t—1
vt =" elt — sluls] = € S~ A" *Bu[s] + g[0]ult]

= Cx[t] + Dul[t],

where D := g[0] is the feedthrough term.




Realizations
Thus, we end up with the following description (with D := g[0]):
| x[t + 1] = Ax[t] + Bu[t], x[0] = xo
y[t] = Cx[t] + Dult]

called the state representation of G and the quadruple (A, B, C, D) is called
the state-space realization of G.

This is a compact form of

y[0] C D 0 0 -- u[0]
yil| | cA cB D 0 - | |uf1]
vl | T lca2 [T | caB B D - | | u[2]
or t—1
y[t] = CA'xo + C Y~ A™'*Bu[s] + Dult].
s=0

Similar realizations

The rank decomposition [Hg] = Og R is not unique. All rank-n factors of
[Hc] are OcT ! and TR for a nonsingular T € R™", viz.

C cT!
071 CA | CT-YTAT 1)
G p— pr—

CA? CTYTAT1)?

and
TRc = T[B AB A2B ] = [TB (TAT‘l)TB (TAT‘l)zTB }

In other words, given an n-dimensional system G,

— all its n-dimensional realizations are (TAT*, TB,CT ', D)
for detT # 0, where (A, B, C, D) is any particular n-dimensional realization.
The realization (TAT 1, TB, CT 1, D) is said to be similar to (A, B, C, D)
and its state vector is Tx[t] for all t. The impulse response is not affected
by T, as CA'B = CTY(TAT 1)t TB for all t € N.

From state space to transfer function
Assume zero initial condition and write

gx[t] = Ax[t] + Bult] _ zX(z) = AX(z) + BU(z)
y[t] = Cx[t] + Dult] Y(z) = CX(z) + DU(z)

Hence, the transfer function

Al B
_ _AM1lp .
Properties:

[A[B] _[TAT'|TB

Clp) [ cTt|D

— G(z) = D+ C(zI — A)~1B is always proper (strictly proper iff D = 0)

— if D=0, the pole excess is the smallest k € N such that CAK"1B #0
(think of the impulse response, with g[1] = CB, g[2] = CAB, g[3] = CA’B, etc)

] for every nonsingular T

System interconnections in state space
If
xilt + 1] = Aixi[t] + Biui[t],  xi[0] = xoi
/ { yilt] = Cixilt] + Dui[t]
for i = 1,2, then interconnections of G; and G, follow the steps below:
1. determine what inputs / outputs to equate and then eliminate

2. unite state vectors x; and x»

Example

The cascade GGy : u+—> y implies that uy = u, up = y1, and y = y», so
X2[t + 1] _ Ay B (G XQ[t] n B>Dy u[t]
Xl[t + 1] 0 A1 Xl[t] By

X2 [t]
xut]

GQ Gl .

yitl=1 G DG }[ ] + (D2Dy) ult]

(up[t] = Cixi[t] + Diut]), with corresponding initial conditions. \V/




System interconnections in state space (contd)

Example y c u
Consider now the feedback interconnection, =
— h=y=xn Gy

— un=uty
Assuming D; = 0 for simplicity, the system G : u +> y has the realization

] [rme =0 ][] [% ]

i =[G o}{xl[t]}

Xg[t]
because
— wt] = yn[t] = Gx[t]
— ul[t] = u[t] + C2X2[t] + D, C]_X]_[t]
— y[t] = Gixlt] Y4

Outline

Structural properties of state-space realizations

Reachability and controllability

Consider the state equation
x[t + 1] = Ax[t] + Bu[t], x[0] = xo

for A € R"™" and B € R™™,

Definition (reachability from the origin)

A state x¢ is said to be reachable if, given xp = 0, there exist a time tr € N
and a control signal u[t], t € Zg. +—1, such that x[tf] = x¢. If every state is
reachable, we say that the system or (A, B) is (completely) reachable.

Definition (controllability to the origin)

An initial state xp is said to be controllable if there exist a time t; € N and
a control signal u[t], t € Zg. +—1, such that x[tf] = 0. If every initial state is
controllable, we say that the system or (A, B) is (completely) controllable.

Reachability: the upper bound on t

Lemma
If xr € R™ is reachable in tf > n steps, then it is reachable in n steps.

Proof: By Cayley—Hamilton, A"t/ = 7:_01 aj,,-A”_l_" for some «; ;. Thus,
k-1 k-1 €Zo,n—1 k1 €Zp. .n+k—1
X[n + k] _ ZAn—i-k—l—iBu[l-] _ ZAn—i-k—l—iBu[l-] + ZAn-i-k—l—j BUD]
i=0 i=k j=0
n—1 k—1n—1
=> ATYBuli+ K+ > Y eem1—j,i AT Bulj]
i=0 j=0 i=0

n—1 ) k—1 n—1 .
= Z AnllB<u[i + k] + ZO{klj’,’u[j]> = Z Anililgﬁ[l']
i=0 =0 i—0

afi

So if x[n+ k] = x¢, then the very same x¢ is reachable in n steps by 4. [




Reachability and the controllability matrix

The matrix
Mc::[B AB ... AN—lg]EIRnan

is known as the controllability matrix associated with (A, B).

Theorem
(A, B) is reachable iff rank M. = n (i.e. M. has full row rank).

Proof: We know that M Un
uln —1]
n—1 :
=Y A"iBylil=[B AB --- A"1B :
x[n] ; uli] [ ] u[1]
- u[0]

if: rank Mc = n =— xf = M.U, is solvable in U, for all xr € R".

only if: rank M < n = dn # 0 such that M. =0 = n'x = 0 for all
xf = McU, (i.e. reachable) = x¢ = 1 is not reachable.

The proof follows as reachability in n steps is equivalent to reachability. [

Reachability from an arbitrary initial condition
Lemma
If (A, B) is reachable, then every xr is reachable from all initial conditions xg.

Proof: Let xf and xp be arbitrary and define x; := xf — A"xp € R". Because
(A, B) is reachable, there is u[t] = ui[t], t € Zo..n—1, such that

n—1
x1=x— Axg = ZAniliiBul[I‘].
i=0

But this implies that x; is reachable from xg:

n—1
xf = Axg + Z A1 B ]
i=0
The result follows by the arbitrariness of x; and xg. O

Controllability and the controllability matrix

A corollary of the last lemma is that
— reachability = controllability.
The other direction, reachability <= controllability, is not necessarily true:

Example
Let _
: 111 11
[AlB} = [0 0.0} - ranko—rank[O O} =1,
meaning this (A, B) is not reachable. But the dynamics

{xl[t +1] = xq[t] + xo[t] + u[t], x1[0] = x0.1

x[t+1] =0, x2[0] = xo,2
can be controlled to the origin in one step, by u[0] = —xp1 — x02. Hence, in
this case (A, B) is controllable. \V4

Controllability and the controllability matrix (contd)

Theorem
(A, B) is controllable iff rank M. = rank [ A" M, |.

Proof: An initial condition xg # 0 is controllable iff

n—1
0=A"% + Y A"'BUli] = MlU,=-A"%
i=0

is solvable in U, <= rank M. = rank [—A”xo M. } Because

[—A”Xo Mc] = [A” Mc] [_6(0 IO ] and rank{_go IO ] = mn+1,

rank M. < rank [—A”xo M. } < rank [A" M. } holds for all xg, whence
sufficiency follows. If rank M. < rank [A” M. } then there is n # 0 such

that rank M. < rank [A”n M. } Hence, xo = —n is not controllable and
we have necessity. O




Controllability and the controllability matrix (contd)

Example L 11
Returnto[A.B]:{O 0.()].Inthiscase
11 , Cfr1inon]
MC—[O 0] and  [A" M =14 0/0 0
" rnk11 —rnk-1111 =1
Mool =" 0000] ™

as expected.

If det A # 0, then rank [A” M. } = n irrespective of M, so that
rank M. = rank [A" M. } < rankM.=n

and reachability <= controllability.

Other reachability and controllability criteria

Theorem
(A, B) is reachable iff either of the conditions below holds:

1. rank M. = n

the controllability Gramian W [k] := Z,l'(:_ol ABB'(A"Y >0, Yk >n
rank [A— Al B ] =nforall A € C (PBH: Popov-Belevitch-Hautus)
spec(A + BF) can be assigned arbitrarily by a choice of F

e

Remark: It is readily seen that W[n] = McM.. If Ais Schur, then W,[oo] exists and
satisfies the Stein (discrete Lyapunov) equation W, [oo] — AW, [oc]A” = BB’. Moreover, in
this case W [oo] = RGR%.

Theorem
(A, B) is controllable iff either of the conditions below holds:

1. ranko:rank[A” I\/IC]
2. rank [A—Al B]=nforallAeC)\{0}

More about PBH
If rank [A — Al B } < n for some A, then there is n # 0 such that

" [A-Al B]=0 < 0A=i)A('B=0)
Hence, PBH might fail only if A € spec(A). Moreover, in this case
n'(A+ BF) = A1,

meaning that A € spec(A + BF) for all F. As such,

— eigenvalues of A at which PBH fails are called unreachable modes

of (A, B).

Observability

Consider the state equation with zero input

{x[t +1] = Ax[t].  x[0] = xo
y[t] = &1

for A€ R™" and C € RP*".
Definition (observability)

An initial state xg is said to be observable if there exists a time t; € N such
that xp can be reconstructed from measurements y[t], t € Zg_¢—1. If every
initial state is observable, we say that the system or (C, A) is observable.




Observability: the upper bound on t;

Lemma
If xo € R" is observable in tf > n steps, then it is observable in n steps.

Proof: By Cayley—Hamilton, A"tk = Z,f’z_ol Bi.iA! for some By ;. Thus,
n—1 . n—1 ' n—1

yln+kl = CA™kxg = CY  BriAxo =Y BriCAxo = > Brivlil
i=0 i=0 i=0

for every xp. Hence, measurements y[t] for t > n are linear combinations of
measurements y[t] for t € Zy..,—1 and contain no new information. ]

Observability and the observability matrix

The matrix
C

CA
My = . e RPN

CAnfl
is known as the observability matrix associated with (C, A).

Theorem
(C, A) is observable iff rank M, = n (i.e. M, has full column rank).

Proof: Let Yy := [y'[0] y'[1] --- y'[n—1] ]/. The first n measurements
satisfy Y, = Myxp. We have then:
if: rankM,=n = Y, = Myxg € R” has a unique xqg satisfying it.

only if: rank Mc < n = dn # 0 such that Myn =0 = y = 0 under
both xg = 0 and xp = 1 and we cannot tell whether measurements
are caused by n or by 0. Hence, xp = 1 is not observable. 0

Other observability criteria

Theorem
(C, A) is observable iff either of the conditions below holds:

1. rank M, = n

2. the observability Gramian W,[k] := S 5"} (ATY C'CA' > 0, Yk > n

A— Al
C

4. spec(A + LC) can be assigned arbitrarily by a choice of L

5. (A, C") is reachable

3. rank [ ] =nforall A€ C  (PBH: Popov—Belevitch-Hautus)

Remark: It is readily seen that Wy[n] = M/M,. If A is Schur, then W,[oc] exists and
satisfies the Stein (discrete Lyapunov) equation W,[oo] — A’ W,[oo]A = C'C. Moreover,
in this case W,[oo] = 0% 0¢.

More about PBH

A—Al

If rank [ c

] < n for some A, then there is n # 0 such that

A—Al
[ c }nzO <~ (Ap=An)A(Cn=0)
Hence, PBH might fail only if A € spec(A). Moreover, in this case
(A+ LC)n = An,

meaning that A € spec(A + LC) for all L. As such,

— eigenvalues of A at which PBH fails are called unobservable modes
of (C, A).




Stabilizability and detectability

Definition (stabilizability)
A pair (A, B) is said to be stabilizable if there exists F such that A+ BF is
Schur, i.e. spec(A + BF) € D; (equivalently, p(A+ BF) < 1).
It can be shown that the

— pair (A, B) is stabilizable iff rank [A— A/ B ] =nforall A € C\D;
(no unstable unreachable modes).

Definition (detectability)
A pair (C, A) is said to be detectable if there exists L such that A+ LC is
Schur, i.e. spec(A+ LC) € D; (equivalently, p(A+ LC) < 1).
It can be shown that the Al
— pair (C, A) is detectable iff rank [ _C } =nforallA € C\D;

(no unstable unobservable modes).

xability and similarity transformations

SimiNIar~ity~transformations do not affect reachability, observability, et cetera.
If (A,B,C,D):=(TAT L, TB, CT~1, D), then

Minimality

Definition
Let G be an n-dimensional LSI system. lIts realization is (A, B, C, D) is said
to be minimal if its state vector x[t] € R".

Theorem
A realization is minimal iff it is both reachable and observable.

Proof (outline) : Follows from the rank decomposition

C
CA
[He] = OGRs = CA2 [B AB A°’B ],
and observability and reachability criteria. ]

If a realization (A, B, C, D) of G is minimal, then
— Zzyis a pole of G(z) <= 2z, € spec(A)

— M.=TM, not similar

— W [t] = TW][t]T forall t € Z, not similar
5 5 Tt o0

—[A—A/B}_T[A—A/B][ 0 l]foranxect

— A+BF=T(A+BF)T Yif F=FT! similar

- M, = not similar

— W, [t] ( YW,[t]T L forall t € Z not similar
A— A—Al]

—[ ¢ ] [ ][ . }T forallA € C

— A+IC=TA+LOT ifL=TL similar

Outline

Lyapunov stability




Lyapunov stability

Definition (Lyapunov stability)

An equilibrium xeq of autonomous dynamics x[t + 1] = f(x[t]) is said to be
stable if for every € > 0 there is § = §(€) > 0 such that || x[0] — xeq|| < &
implies that ||x[t] — xeq|| < € for all t € N.

Definition (asymptotic Lyapunov stability)
An equilibrium xeq of autonomous dynamics x[t + 1] = f(x[t]) is said to be
asymptotically stable if it is stable and lim¢_,o||X[t] — Xeq|| = 0.

Example (pendulum

)
Assuming no friction: %

stable equilibrium unstable equilibrium

Lyapunov stability: LS| case
If f(x[t]) = Ax][t], then the (asymptotic) stability property is independent of
the choice of the equilibrium and the system x[t 4+ 1] = Ax[t] is

— stable iff spec(A) € Dy and all eigenvalues on T, if exist, are simple

— asymptotically stable iff spec(A) € Dy

Although Lyapunov stability notions are concerned with unforced dynamics
only?, they are connected with i/o stability of systems. Namely, we have:

Theorem

If x[t+ 1] = Ax[t] is asymptotically stable, then the system G having the
transfer function G(z) = D + C(zl — A)~1B is {,-stable for all B, C, and
D. The converse is true if (A, B) is stabilizable and (C, A) is detectable.

2Equivalently, only with the effect of the past on the evolution of the state.

Internal stability via Lyapunov stability

Internal stability requires GoF, (r,d) — (e, u), to be stable. Let

| x[t + 1] = Ax[t] + Bup|t] nd K- X[t + 1] = Akxk[t] + Brelt]
y[t] = Cx[t] ' ult] = Cixk[t] + Drelt]

Taking into account that up, = u+d and e = r — y, we end up with

|- [*ae W L [ 8][4

)=l one &L+ Lo oLt

(convince yourselves that this is true).

Internal stability via Lyapunov stability (contd)

A— BD,C BC(
Acl':|: x k

_B.C AL ] is Schur = the system is internally stable.

Lemma
A can be made Schur only if (C, A, B) is stabilizable and detectable.

Proof: If (A, B) is not stabilizable, then there are A;, |A;| > 1, and n; # 0
such that n/A = A;n} and n;B = 0. But then

A— BD,C BCy
[771' O] —_B.C Ay = [ni'A_n:'BDkC nj‘BCk] :)L,-[ni- 0]
implies that A; € spec(Aq) and Aq is not Schur regardless the controller K.
Similar arguments apply if (C, A) is not detectable. O
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