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Signals

reflect evolving information:

4.2469 | € to I representative exchange rates in Feb—Mar, 2020
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Discrete signals

Signals

reflect evolving information:

4.2469 | € to I representative exchange rates in Feb—Mar, 2020
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Mathematically, signals are
— functions of independent variables, like time
— discrete signals are functions Z D 1 — [" (F is either R or C)

— denoted as f[t] (square brackets differentiate from analog signals)



Discrete signals

Examples of discrete signals

Some are discretized versions of analog signals:

Campus temperatures on Feb 9, 2020 afternoon (coldest in 9"wn)
4:5°COHMUHHUH{USHHUN[[UJHHSLHHUjmUgﬁm;trMTTGTOTTHTGTJTMT?L
HHWMHWLHHUﬁ[[LUmLUxmUQHTmjsmHSUHHGUHHJGW

Some are intrinsically discrete:

Israeli legislative elections turnout
86.9%
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Discrete signals

Basic discrete signals

— pulse: f[t] =4[t] = T
~ step: f[t] = 1[f] = iR TARRRRTARRRRRA]

le ..... if [A| <1
— exponential: f[t] = A'1[t] =

] -
— ramp: f[t] = t1[t] = ceeerzenntt T

— sinusoid!: f[t] = sin[wt + ¢] = h‘lml Tmm‘l“l 'TmT. A

o
—
—]
Pu—
pa—
—

!Periodic, not necessarily with T = 277/w, only if @ = 27« for some & € Q (rational).



Discrete signals

Size matters

Spaces (boundedness measures):

KI(Z) = {f Z — T Hf”l = Z|f[t]| < OO}

teZ

0(Z) = {f Z—F|||f|2:= (Z|f[t]y2)1/2< oo} (bounded energy)

teZ

loo(Z) := {f Z = F || fllee = igﬂg [ft]] < oo} (bounded amplitude)

with €1(Z) € £2(Z) C Loo(Z) and ||f]l1 > ||fll2 = ||flco.



Discrete signals

Size matters

Spaces (boundedness measures):

0,(Z) = {f L Z = F||fll =) |fltl < oo}

teZ

0(Z) = {f Z—F|||f|2:= (Z|f[t]y2)1/2< oo} (bounded energy)

teZ

lo(Z) = {f cZ = F | ||flloo :=sup|f[t]| < oo} (bounded amplitude)
teR
with £1(Z) C £2(Z) C €o(Z) and ||f|j1 > ||f]]2 > ||f]]co-

Examples:
El, Ez, and Eoo if ‘M <1
— f[t] = At 1[t] belongs to { only £+ if [A] =1

none of them  if [A| >1

1
— f[t] = mﬂ[t] belongs to £2 and £, but not to £



Discrete signals

Shift operator

Let f : Z — F. Define the forward-shift operator g as satisfying
gf[t] = f[t +1], VteZ.
Naturally, g'f[t] = f[t + i] and the backward-shift operator g~ satisfies
g H[t]=f[t—1], VieZ

Shifts do not change norms, viz. ||g'f||e = ||f||e for all bounded f and i € Z
(if f : Z4 — F, then the statement above is true only if i € Z ).



Discrete signals

Difference operator
The difference operator g — 1, for which
(g — 1)f[t] = [t + 1] — f[¢],

may be thought of as the discrete counterpart of the derivative (and so may
the backward difference 1 — g~ = (g — 1)g1).



Discrete signals

Difference operator
The difference operator g — 1, for which
(g — 1)f[t] = [t + 1] — f[¢],
may be thought of as the discrete counterpart of the derivative (and so may

the backward difference 1 — q_1 =(q— 1)q_1).

We then say that
— fy is faster than 6 if

I(q = Dhlle > l[(g = D2l

in whatever appropriate signal norm. This measure should be taken with a
grain of salt though, only as a rough estimate.



Discrete signals

Pace of signals: example

The signal

9.2°

(@]

4.5

o0

Campus temperatures on Feb 9, 2020 afternoon (coldest in 9"wn)
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Campus temperatures on Mar 12, 2020 afternoon
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Discrete signals

Discrete signals as vectors

Unlike continuous-time signals, their discrete counterparts may be
— viewed as (almost, they may be infinite dimensional) plain vectors,

namely

f1-2]
f[-1]
[f1=1 flo] |. eg. [0] =
f[1]
f2]

and 1] =

OO R OO -

Such a representation may be a convenient way to think of discrete signals,
all vector manipulation rules / measures apply, even if vectors are infinite.



Discrete signals in the frequency domain
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Discrete signals in the frequency domain



Discrete signals in the frequency domain

Discrete-time harmonic signals

where 6 is the frequency, |y| is the amplitude, and ¢ = argy is the initial
phase, is called the discrete harmonic signal. By Euler’'s formula,

Re(yel?) = |y|cos[0t +¢] and Im(yel®t) = |y|sin[0t + ¢].

Hence, the discrete harmonic signal may be thought of as a plain sinusoid.



Discrete signals in the frequency domain

Discrete-time harmonic signals

where 6 is the frequency, |y| is the amplitude, and ¢ = argy is the initial
phase, is called the discrete harmonic signal. By Euler’'s formula,

Re(yel?) = |y|cos[0t +¢] and Im(yel®t) = |y|sin[0t + ¢].

Hence, the discrete harmonic signal may be thought of as a plain sinusoid.

Two qualitative deviations from the continuous-time case:
— yel®t might not be periodic (if 277/6 is irrational);
— because
ej(9+2ni)t _ ejOtej2zrit _ ejet, VieZ

we may only consider 6 € [—m, 7] and the highest frequency is |6| = 7.



Discrete signals in the frequency domain

Pace of harmonic signals
If £[t] = yel®t, then

j i 2y|
(a= DT = lye* (e — 1) = [y V2= Zcosd = N[~

Because this is a strictly increasing function of |6| € [0, ], we conclude that

),

provided both 0; and 6; are in [—m, ]). Thus, the fastest discrete harmonic
signal is

— yel®it s faster (slower) than yel®t if |6 > |02 (161] < 6>

ye Tt = y(—1)".



Discrete signals in the frequency domain

Discrete-time Fourier transform (DTFT)

Given f : Z — F", its discrete-time Fourier transform

F{f} = F(el?):= > fle]e ",

teZ
for the angular frequency 6 € [—m, ] (in radians per step).

Remark: If the range of 6 is extended to the whole R, then F(&?) is 27-periodic as a
function of 6.



Discrete signals in the frequency domain

Discrete-time Fourier transform (DTFT)

Given f : Z — F", its discrete-time Fourier transform

F{f} = F(el?):= > fle]e ",

teZ
for the angular frequency 6 € [—m, ] (in radians per step).

Remark: If the range of 6 is extended to the whole R, then F(&?) is 27-periodic as a
function of 6.

Strictly speaking, §{f} exists as a function of 8 only if
— fe€li(Z) (or f € £2(Z), if a weaker convergence is used).



Discrete signals in the frequency domain

Discrete-time Fourier transform (DTFT)

Given f : Z — F", its discrete-time Fourier transform

F{f} = F(el?):= > fle]e ",

teZ
for the angular frequency 6 € [—m, ] (in radians per step).

Remark: If the range of 6 is extended to the whole R, then F(&?) is 27-periodic as a
function of 6.

Strictly speaking, §{f} exists as a function of 8 only if
— fe€li(Z) (or f € £2(Z), if a weaker convergence is used).

Inverse DTFT: 1 /7 -
SLF} = 1] = 271/ F(&)etdo.

—7T



Discrete signals in the frequency domain

DTFT: interpretation

It follows from
L /ﬂ F(e?)e?'do
flt] = .
=5, | FEe

that f[t] is a superposition of elementary harmonic signals e®t. The signal
— F(el) is the frequency-domain representation (or spectrum) of f[t].
F(ei%) quantifies the contribution of el to f[t].

Hence, spectrum offers a

— viewpoint on f, where fast and slow components are separated.



Discrete signals in the frequency domain

DTFT: interpretation (contd)

“slow” f[t] (|[(g — 1)f|» = 0.137): “fast” f[t] (||[(g — 1)f|/» = 0.652):

flt]

114
..,,M‘M,,.... ‘

t t




Discrete signals in the frequency domain

DTFT: interpretation (contd)

“slow” f[t] (|[(g — 1)f|» = 0.137): “fast” f[t] (||[(g — 1)f|/» = 0.652):

f[f]‘ f[f]‘
-u*TTI{ {ITT!!--.
| |
) )
[F(e)] IF(e”)]




Discrete signals in the frequency domain

DTFTs in the vector form

The equality
eJ‘9 Z ftle™ —iot
tcZ
can be equivalently written as

ot

e 10

F(e%) = v'(0)[f]. where? v(0):=| 1 | and[f]=

elf

o216

As a matter of fact,
— v(#) = [f] for the harmonic f[t] = e¥*.

2Mind that (-)’ means complex-conjugate transpose.

f[;2]
fl—-1]

f[0]
f[1]
f[2]




Discrete signals in the frequency domain

DTFTs of some discrete signals

t] /:(ej9) condition
B[] = <ereerrferssseere 1
1] = i 1 —1e—19 g %Z: 5(6 — 2i)

REU[H] = o T Hle—ﬁ 4] <1
eifot — = 27y " 8(6 — 6o — 2mi)

i€z



Discrete signals in the frequency domain

Properties of DTFT

Linearity: for all constants o1 and ay,

S{Oﬂ i+ ah} = Z(alfl[t] + Otzfg[t])efjot

teZ
=1 Y Altle P+ o) hftle
teZ teZ
=a1§5{fA} + wF{h},

provided both §{f} and F{f2} exist.



Discrete signals in the frequency domain

Properties of DTFT

Linearity: for all constants o1 and a»,

Sloafy +aoh} = Z(alﬂ[t] + azh[t])e 10t

teZ
=1 Y A[tle ¥+ ) Hft]e I
teZ teZ

= a15{A} + a2§{h},

provided both §{f;} and §{f} exist.

Time shift: for every T € Z,

Fa =Y flt+tle ¥ =" flt]le P70 = &7 " f[t]e 0

teZ teZ teZ

=75 {f}.



Discrete signals in the frequency domain

Properties of DTFT

Time reversal: if g[t] = f[—t], then

Flep () =D fl-te ™ =3 fle = F{}(c ).

teZ teZ



Discrete signals in the frequency domain

Properties of DTFT

Time reversal: if g[t] = f[—t], then

3} () = fl-t]le 0 =3 et = F{r}(e ).

tezZ teZ

Convolution: for given f and g, define their convolution sum f % g as

(fx)[t] == flt —slgls] = Y _ flslglt —s].

seZ seZ

Assuming F{f} and §{g} exist,

Sifxg} = ZZ flslg[t — s]e 19t = Z Z fls]e—1g[t — s]e30(t=9)

teZ scZ seZ teZ
= Z f[s]e 19 Zg[t — s]e 10(t=s) — Z f[s]e 19 Z g[t]e 1%t
seZ teZ seZ teZ

= 5{f} g}



Discrete signals in the frequency domain

Because F(ei?) = v/(8)[f].

where v;(6) = el for all i € Z. Now,

v(6)v'(6)

_i6
1|

eje

1 e—j0 e—2j9

j0

2j0 el

eJe 1 efje

Properties of DTFT: Parseval

F(e)F(?) = [FTu(O)V' (B)If].



Discrete signals in the frequency domain

Properties of DTFT: Parseval (contd)

Taking into account that

. o ifk= m
/ ek dg = { T k=0 / v(0)V'(0)d6 = 271,
-7

0 otherwise -
we have:
[ IFeyRae = [ pro@n )i = 17 [ vo)e)er
= 22 [T = 20 312

and we end up with Parseval’s equality:

1T
1115 = o '/ﬂF(eJQ)\de =:[|FI3.



Discrete signals in the z-domain
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Discrete signals in the z-domain



Discrete signals in the z-domain

z-transform
Given f : Z — [", its (bilateral or two-sided) z-transform
3{fy=F(z):=) flt]z"
teZ

for all z € C for which the series converges. This transform
< applies to a substantially wider class of signals than DTFT
Z facilitates tracing stability and causality in the transformed domain

~ but does not have a clear interpretation, unlike DTFT



Discrete signals in the z-domain

z-transform

Given f : Z — [", its (bilateral or two-sided) z-transform

3{f}=F(2):= 2 flt]z~t
tez
for all z € C for which the series converges. This transform
< applies to a substantially wider class of signals than DTFT
Z facilitates tracing stability and causality in the transformed domain

~ but does not have a clear interpretation, unlike DTFT

History:
— Witold Hurewicz (1947), notation was already “z”
— Yakov Z. Tsypkin (1950), called it discrete Laplace transform
— John R. Ragazzini & Lotfi A.Zadeh (1952), coined the term



Discrete signals in the z-domain

RoC of z-transform

The set of z € C for which )", f[t]z~" converges is known as the region
of convergence (RoC) of the z-transform. Technically,

— zisin the RoC of f if f[t]z~* belongs to £1(Z),
e if D7 If[t]] - |z|7F < o0, If
— |z| < 1, this requires that f does not grow "too fast” as t — +oo and
decays “sufficiently fast” as t — —oo

— |z| > 1, this requires that f does not grow “too fast” as t — —oo and
decays “sufficiently fast” as t — +oo

Less draconian if f[k] is bounded for all k and
— f[t]=0for all t € Z4,.+,, then RoC = C
— f[t] =0 for all t <0, then typically RoC = C \ Dy for some a > 0
— f[t] =0 for all t > 0, then typically RoC = Dy for some o > 0

Remark: F(z) can be defined outside its RoC via the (dirty) trick of analytic continuation.



Discrete signals in the z-domain

z-transforms of some discrete signals

[t] F(z) RoC

I m— 1 C

1[t] = e LI Zfl C\ Dy
£1[t] = ezl ﬁ C\ b

sin(¢)z% +sin(6 — ¢)z
z2 —2cos(0)z +1

|
—.

sin[0t + ¢]1[t] = I.

[
V4
Atﬂ[t]: I ) G:\[DVH
z
—Atﬂ[—l - t] = WW z— A [DM|
21[¢] B z =z D\ D
- - A
b1 — o] peentttt] Z-A z—p ] |A]

if 1A <[]



Discrete signals in the z-domain

Properties of z transform

Counterparts of properties of DTFT, proofs are similar (or straightforward):
Linearity: 3{a1fi + aofa} = a13{fi} + a23{f2}, for all constants a3 and ay,
safe in RoCg M RoCy,.

Time shift: 3{q"f} = z"3{f} for all T € Z.

Remark: By the shift property, z can be interpreted as the transformed-domain counterpart
of the forward shift g and, also with linearity, (z — 1)—as that of g — 1, i.e. the derivative.

Convolution: 3{f * g} = 3{f}3{g} safe in RoC¢ N RoC,.
Time reversal: if g[t] = f[—t], then 3{g}(z) = 3{f}(z"') in 1/RoCs.
z-scaling: if g[t] = A'f[t], then 3{g}(z) = 3{f}(z/A) in |A|RoCr.

fls] ift=vs

0 i1 vs' then 3{g}(z) = 3{f}(2") in RoCs.

Upsampling: if g[t] = {



Discrete signals in the z-domain

Properties of z transform (contd)

If f[t] =0 for all t <0, then the following two results hold true.

The initial value theorem:

0] = ZILrgO F(z).
Proof: follows directly from F(z) = f[0] + f[1]z~! + f[2]z72 + - -- 0

The final value theorem: if the limit in the left-hand side below exists, then

tll)ngo fit] = ZIi_r)nl(z —1)F(2).
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Discrete systems

1/O systems
Discrete systems are understood as signal processors, i.e. mappings u +—> y
and their action is written as y = Gu (not a product!). Signal
— u is known as the input

— y is known as the output

Mathematical models are still

— descriptions of systems in a mathematical language.



Discrete systems

(Very) naive epidemic spread model

Let
— i[t] be the number of infectives in the population at day t (output)
— bp > 0 is the number of infected by each infective per day, on average

The model:
it + 1] = i[t] + bpi[t] = (1 + bp)i[t].



Discrete systems

(Very) naive epidemic spread model

Let
— i[t] be the number of infectives in the population at day t (output)
— bp > 0 is the number of infected by each infective per day, on average
The model:
it + 1] = i[t] + bpi[t] = (1 + bp)i[t].
Epidemic development:
1. if there is no input, i[t+1] =i[t] =0



Discrete systems

(Very) naive epidemic spread model

Let

— i[t] be the number of infectives in the population at day t (output)

— bp > 0 is the number of infected by each infective per day, on average
The model:

it + 1] = i[t] + bpi[t] = (1 + bp)i[t].

Epidemic development:

1. if there is no input, i[t + 1] = i[t] = 0,

2. if there is an input (patient zero), then i[0] =1 (so u = §) and

8618804k br~1

ift] = (1 + bb)t ~ 2,149,63| oot

0 2123

i.e. for this by in 23 days the whole population is infected (and counting).



Discrete systems

SIR epidemic spread model

Let
— s[t] be the number of susceptibles in the population at day t
— i[t] be the number of infectives in the population at day t

— r[t] be the number of removed in the population at day t
The SIR model:

s[t + 1] = s[t] — bs|t]i[t] s[0] = so
it + 1] = i[t] + (bs[t] — a)i[t] i[0]=1
r[t + 1] = r[t] + ai[t] r[0]=0

for some infection rate b > 0 and recovery rate a > 0. Epidemic only if



Discrete systems

SIR epidemic spread model

Let
— s[t] be the number of susceptibles in the population at day t
— i[t] be the number of infectives in the population at day t

— r[t] be the number of removed in the population at day t
The SIR model:

s[t + 1] = s[t] — bs|t]i[t] s[0] = so
i[t + 1] = i[t] + (bs[t] — a)i[t] i[0] =1
r[t + 1] = r[t] + ai[t] r[0]=0

for some infection rate b > 0 and recovery rate a > 0. Epidemic only if

Ry=2 by~1

bsp 8,618,804

RO::T>1 — i[t]}:

1,679,769 IR AS K]

0 22 40

SO bb ~ a(Ro — 1) = b(]. — ]./R())So.



Discrete systems
Basic properties
— A system G is said to be linear if
G(ajur + apun) = a1(Guy) + a2(Gup)

for all admissible signals w1, up and all scalars a1, @2 (superposition).



Discrete systems
Basic properties
— A system G is said to be linear if
G(a1ur + aoun) = a1(Guy) + a2(Gup)

for all admissible signals vy, up and all scalars a1, @ (superposition).

— A system G : u+> y is said to be shift invariant if any time shift of its
input u[t] results in the same time shift of its output y|[t], i.e. if

G(qu)=q(Gu) = G(q'u)=q'(Gu), VieZ.



Discrete signals Discrete signals in the frequency domain Discrete signals in the z-domain Discrete systems
Basic properties
— A system G is said to be linear if
G(a1u1 + a2U2) = al(Gul) + O(Q(GUQ)

for all admissible signals w1, up and all scalars a1, @y (superposition).

— A system G : u+> y is said to be shift invariant if any time shift of its
input u[t] results in the same time shift of its output y[t], i.e.if

G(qu)=q(Gu) = G(q'u)=q'(Gu), VieZ.

— A system G : u > y is said to be causal if y[t] at every t can depend
only on u[s] for s < t and strictly causal if only for for s < t.



Discrete signals Discrete signals in the frequency domain Discrete signals in the z-domain Discrete systems

Basic properties
A system G is said to be linear if
G(a1u1 + a2U2) = al(Gul) + O(Q(GUQ)

for all admissible signals vy, up and all scalars a1, @ (superposition).

A system G : u+> y is said to be shift invariant if any time shift of its
input u[t] results in the same time shift of its output y[t], i.e.if

G(qu) = q(Gu) = G(q'u) =q'(Gu), VieZ.

A system G : u > y is said to be causal if y[t] at every t can depend
only on u[s] for s < t and strictly causal if only for for s < t.

A system G : u > y is said to be {,-stable (mostly p =2 or p = o0) if
uely, = yet, and |yl <vllul,p

for all u and some y > 0 independent of u (BIBO stability for p = o0).



Discrete systems

Kernel representation

Note that

ult] =) " 8[t — suls] = (8 * u)[t].

seZ



Discrete systems

Kernel representation

Note that

ult] =) " 8[t — suls] = (8 * u)[t].

seZ

If G: uwrs yislinear, then (ignoring convergence issues)

ylt] = (Gu)lt] = (6 8T — sluls]) e = S_(G6lt — sleluls]

= glt.sluls]

seZ
where

glt, s] == (G8[t — s])[t],

which is the response of G, at the time instance t, to the unit pulse §[t — s]
applied at the time s (the impulse response of G).



Discrete systems

Kernel representation

Note that

ult] =) " 8[t — suls] = (8 * u)[t].

seZ

If G: uwrs yislinear, then (ignoring convergence issues)

ylel = (Gu)lt] = (6 Y 8lt — sluls] ) [e] = _(G8[t — s])[¢]uls]

seZ seZ

=" glt.sluls]

seZ
where

glt,s] == (G8[t — s])[t],

which is the response of G, at the time instance t, to the unit pulse §[t — s]
applied at the time s (the impulse response of G). This is knows as

— the kernel representation of G.



Discrete systems

Kernel representation

Note that

ult] =) " 8[t — suls] = (8 * u)[t].

seZ

If G: uwrs yislinear, then (ignoring convergence issues)

ylel = (Gu)lt] = (6 Y 8lt — sluls] ) [e] = _(G8[t — s])[¢]uls]

seZ seZ

=" glt.sluls]

seZ
where

glt.s] :== (G8[t — s])[t].
which is the response of G, at the time instance t, to the unit pulse §[t — s]
applied at the time s (the impulse response of G). This is knows as
— the kernel representation of G.
It implies that the behavior of a linear system is
— completely determined by its responses to unit pulses.



Discrete systems

Causality in terms of the impulse response

If G:uw y and g[t,s] is its impulse response, then

t—1 00
ylt) =) glt.slulsl= > glt.sluls] + glt.tlult] + > glt.s]uls]
se”Z S=—00 s=t+1
past present future

and G is
— causal <= gJt,s|] =0 whenever s >t

— strictly causal <= g[t,s|] = 0 whenever s >t



Discrete systems

Shift invariance in terms of the impulse response

If G:uw y and g[t,s] is its impulse response, then
— G(qu) at the time instance t reads

> glt.sluls+11 =) glt.s — 1]u[s].

seZ seZ

— ¢g(Gu) at the time instance t reads

> glt+1,5]uls].

seZ

Hence, G is shift invariant iff g[t,s — 1] = g[t + 1,s], Vt,s € Z, or iff

glt.s|=g[t+1,s+1 = gt.s|=g[t+is+i], VieZ.



Discrete systems

Shift invariance in terms of the impulse response

If G:uw y and g[t,s] is its impulse response, then
— G(qu) at the time instance t reads

> glt.sluls+1] =) glt.s — 1]uls].
seZ seZ
— ¢g(Gu) at the time instance t reads
> glt+1,5]uls].
seZ

Hence, G is shift invariant iff g[t,s — 1] = g[t + 1,s], Vt,s € Z, or iff
glt.s|=g[t+1,s+1 = gt.s|=g[t+is+i], VieZ.

Thus, for linear shift-invariant (LSI) systems
— it is sufficiently to consider g[t] := g[t, 0],
which is the response of G at the time instance t to the pulse applied at 0.



Discrete systems

Kernel representation of LSI systems

If G: uw yis LSI, then its impulse response g[t,s|] = g[t — s]| and

v = glt—sluls] = y=g+u
seZ
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Kernel representation of LSI systems
If G: uw yis LSI, then its impulse response g[t,s|] = g[t — s]| and
ylt] =) glt—sluls] <= y=gu
se”Z
If G is causal, then g[t] =0 for all t <0 and

t

yltl= > glt—suls]

S§=—00

If, in addition, u[t] =0 for all t < 0, then

ylt] = glt —s]uls].
s=0



Discrete systems

Kernel representation of LSI systems
If G: uw yis LSI, then its impulse response g[t,s|] = g[t — s]| and
ylt] =) glt—sluls] <= y=gu
se”Z
If G is causal, then g[t] =0 for all t <0 and

t

yltl= > glt—suls]

S§=—00

If, in addition, u[t] =0 for all t < 0, then

ylt] = glt —s]uls].
s=0

The convolution representation implies that the behavior of LSI systems is

— completely determined by its response to the unit pulse applied at 0.



Discrete systems

Examples of LS| systems

1. static gain has g[t] = ké[t] = + and acts as

y[t] = sz kb[t — s]uls] = kult].
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Examples of LS| systems

1. static gain has g[t] = ké[t] = + and acts as

y[t] = sz kb[t — s]uls] = kult].

2. 2-step delay has g[t] = 6[t — 2] = —+—]~ and acts as

y[t] =2 sez 81t — s = 2]u[s] = u[t - 2].



Discrete systems

Examples of LS| systems

1. static gain has g[t] = ké[t] = + and acts as

ylt] = D scz k8[t — s]uls] = ku[t].
2. 2-step delay has g[t] = 6[t — 2] = —+—]~ and acts as
Y1 = Yoz 81t — 5 — 2luls] = uft — 2.

3. integrator has g[t] = 1[t] = w31 acts as

yltl = Yoz Ut — sluls] = 3o uls].




Discrete systems

Examples of LS| systems

. static gain has g[t] = kd[t] = + and acts as

ylt] = D scz k8[t — s]uls] = ku[t].
. 2-step delay has g[t] =4[t — 2] = —+—]~ and acts as
Y1 = Yoz 81t — 5 — 2luls] = uft — 2.

. integrator has g[t] = 1[t] = wreen [ 3ndl acts as

yltl = Yoz Ut — sluls] = 3o uls].

. backward difference has g[t] = §[t] — §[t — 1] = —h— and acts

as

y[tl = 2 sez ([t = s] = Ut — s = 1])uls] = u[t] — [t - 1].



Discrete systems

£ -stability of LS| systems

If G:uw yis LSl and g[t] is its impulse response, then it is
— Loo-stable iff g € £1(Z), i.e.iff Y, ,|g[t]] < co.
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£ -stability of LS| systems

If G:uw yis LSl and g[t] is its impulse response, then it is
— Loo-stable iff g € £1(Z), i.e.iff Y, ,|g[t]] < co.

A consequence is that

— systems with decaying impulse responses are not necessarily stable.



Discrete systems

£ -stability of LS| systems

If G:uw yis LSl and g[t] is its impulse response, then it is
— Loo-stable iff g € £1(Z), i.e.iff Y, ,|g[t]] < co.
A consequence is that

— systems with decaying impulse responses are not necessarily stable.

Example
Consider the (causal) system G with

glt] = m“[t]

This function is not in £1. To see instability, consider its step response:

t t 1 t+1 1
ylt1 =Y glt - s]i[s] :Zm :Z; > In[t + 2]
s=0 s=0 s=1



Discrete systems

The Frequency Response Theorem

If G: uw yis LSl and stable, then the DTFT of its impulse response g|t]
exists and the response to the harmonic input u[t] = yelt is

vl = gle = slyel® =" glslye® =) = (D glsle %) yel?"

seZ seZ seZ
= (G(ejg)y)ejet.



Discrete systems

The Frequency Response Theorem

If G: uw yis LSl and stable, then the DTFT of its impulse response g|t]
exists and the response to the harmonic input u[t] = yelt is

ylt1=>glt —slyel = > g[s]yel?=2) = (Zg[S]e‘jes) yel’!

seZ seZ seZ
= (G(ejg)y)ejet.

This is also a harmonic signal, whose
— amplitude is |y||G(ei?)], i.e. scaled by a factor of |G (ei?)]
— initial phase is argy + arg G(ei?), i.e. shifted by arg G(ei?)



Discrete systems

The Frequency Response Theorem

If G: uw yis LSl and stable, then the DTFT of its impulse response g|t]
exists and the response to the harmonic input u[t] = yelt is

ylt1=>glt —slyel = > g[s]yel?=2) = (Zg[S]e‘jes) yel’!

seZ seZ seZ
= (G(ejg)y)ejet.

This is also a harmonic signal, whose
— amplitude is |y||G(ei?)], i.e. scaled by a factor of |G (ei?)]
— initial phase is argy + arg G(ei?), i.e. shifted by arg G(ei?)

The function
— G(e)%) = F{g} is dubbed the frequency response of the system G.

It is a periodic function of 6 and thus may be considered for 6 € [—x, 7].



Discrete systems

LSI systems in the frequency domain

If G: ur~ yis LSl and stable and §{u} exists, then
vt =3{exu} =Fe}s{u} —  Y()=G(%)U(),

where G(ei?) is the frequency response of G.



Discrete systems

LSI systems in the frequency domain

If G: ur~ yis LSl and stable and §{u} exists, then
vt =3{exu} =Fe}s{u} —  Y()=G(%)U(),

where G(eje) is the frequency response of G. Thus,
— spectra of signals passing through an LS| system reshape,

This property, aka filtering, is key in many control (and signal processing)
applications. Like in the continuous-time case, we may define

— low-pass filers, with associated bandwidth
— high-pass filters, with associated cut-off frequency

— band-pass filters, with associated band



Discrete systems

LS| systems in the z-domain
If G:uw yisLSlI, then
3yt =3{gxu} =3{g}3{u} = Y(z)=G(2)U(2)

for all z € RoC, M RoCg. The function
— G(z) = 3{g} is dubbed the transfer function of G.



Discrete systems

LS| systems in the z-domain

If G:uw yisLSlI, then
3yt =3{gxu} =3{g}3{u} = Y(z)=G(2)U(2)

for all z € RoC, M RoCg. The function
— G(z) = 3{g} is dubbed the transfer function of G.

The following are counterparts of continuous-time definitions / facts:
— if G is causal, then the RoC of G(z) is normally C \ D, for some «,

— if G is finite dimensional, then G(z) is rational, i.e.

for some polynomials N(z) and D(z),

— a rational G(z) is said to be proper if deg D(z) > deg N(z),
— a rational G(z) is said to be strictly proper if deg D(z) > deg N(z).



Discrete systems

Examples of LSI systems (contd)

1. static gain has g[t] = kd[t] = + so

G(z) =3{ké} =k and G(e?) =F{k8} = k.
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Examples of LSI systems (contd)

1. static gain has g[t] = kd[t] = + so

G(z) =3{ké} =k and G(e?) =F{k8} = k.

2. 2-step delay has g[t] =§[t — 2] = —-F‘ so

G(z) = 3{q %} = 2—12 and  G(el) = §{q 25} = e 2.
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Examples of LSI systems (contd)

1. static gain has g[t] = kd[t] = + so

G(z) =3{ké} =k and G(e?) =F{k8} = k.

2. 2-step delay has g[t] =§[t — 2] = —-F‘ so

G(z) = 3{q %} = 2—12 and  G(el) = §{q 25} = e 2.

3. integrator has g[t] = 1[t] = SRR 11 P

z j0 ej9
G(z2) =3{ = ;=7 and G(") = C(D)|maw = 5 —7-



Discrete systems

Examples of LSI systems (contd)

. static gain has g[t] = kd[t] = + so

G(z) =3{ké} =k and G(e?) =F{k8} = k.

. 2-step delay has g[t] =4[t — 2] = —-F‘ so

G(z) = 3{q %} = 2—12 and  G(el) = §{q 25} = e 2.

. integrator has g[t] = 1[t] = SRR 11 P

z j0 ej9
G(z2) =3{ = ;=7 and G(") = C(D)|maw = 5 —7-

. backward difference has g[t] = 8[t] — §[t — 1] = —h— so

G()=3(6-q 76} = 2+ and G(e)=F(s-q 15} ==

z—1




Discrete systems

Transfer functions and causality

If G: uw yis LSl and such that

— its transfer function G(z) exists and its RoC is C \ D, for some a > 0,
then

— G is causal iff G(z) is proper

— G is strictly causal iff G(z) is strictly proper

— the pole excess of G(z) equals the number of delays between v and y



Discrete systems

Transfer functions and causality

If G: uw yis LSl and such that

— its transfer function G(z)
then
— G is causal iff G(z) is pro

exists and its RoC is C \ Dy for some « > 0,

per

— G is strictly causal iff G(z) is strictly proper

— the pole excess of G(z) equals the number of delays between v and y

Examples:

1. if g[t] = 8[t + 1] = =ne]

, then G(z) = z is not proper

2. if g[t] =6[t —2] = SO A" 7 G(z) = L is strictly proper

22

3. if g[t] = At1[t] = ‘HH , then G(z) = . i 3 is proper
4. if g[t] = —M1[-1—t] = TW[A— then G(z) = . i 5 is proper




Discrete systems

Transfer functions and causality

If G: uw yis LSl and such that

— its transfer function G(z)
then
— G is causal iff G(z) is pro

exists and its RoC is C \ Dy for some « > 0,

per

— G is strictly causal iff G(z) is strictly proper

— the pole excess of G(z) equals the number of delays between v and y

Examples:

1. if g[t] = 8[t + 1] = =ne]

, then G(z) = z is not proper

2. if g[t] =6[t —2] = SO A" 7 G(z) = L is strictly proper

22

3. if g[t] = At1[t] = ‘HH , then G(z) = . i 3 is proper
4. if g[t] = —M1[-1—t] = TW[A— then G(z) = . i 5 is proper

(RoCy = RoCy = C, RoC3 = C \ D}, and RoCyq = D).




Discrete systems

Transfer functions and £,-stability

If G: uw yis LSl and such that

— its transfer function G(z) exists and its RoC is C \ Dy for some a > 0,
then

— G is causal and £,-stable iff G(z) is bounded and holomorphic C \ Dj.

The space of all such transfer functions is known as H.,. The RoC of every
G € Ho must contain C \ Dj.
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Transfer functions and £,-stability

If G: uw yis LSl and such that

— its transfer function G(z) exists and its RoC is C \ Dy for some a > 0,
then

— G is causal and £,-stable iff G(z) is bounded and holomorphic C \ Dj.

The space of all such transfer functions is known as H.,. The RoC of every
G € Ho must contain C \ Dj.

Examples:
1. if g[t] = é[t+ 1], then G(z) = z isn't in Hy (holomorphic, unbounded)

2 if g[t] = 8[t — 1], then G(z) = % is in Ha

3. if g[t] = At 1[t], then G(z) = Zf is in Ha iff [A] <1

A



Discrete systems

Transfer functions and £,-stability

If G: uw yis LSl and such that

— its transfer function G(z) exists and its RoC is C \ Dy for some a > 0,
then

— G is causal and £,-stable iff G(z) is bounded and holomorphic C \ Dj.

The space of all such transfer functions is known as H.,. The RoC of every
G € Ho must contain C \ Dj.

Examples:
1. if g[t] = é[t+ 1], then G(z) = z isn't in Hy (holomorphic, unbounded)

2 if g[t] = 8[t — 1], then G(z) = % is in Ha

3. if g[t] = At 1[t], then G(z) = Zf is in Ha iff [A] <1

A
If G is finite dimensional, then

— G € Hx <= G(z) is proper and has no poles in C \ Dy
— G is {y-stable <= G is {-stable



Discrete systems

Steady-state response to a step input
Let G : u— y be LSl and £ -stable. The response to u[t] = up1[t] is

t

vl =Y elt — sluotls] = S glt —sluo = 3 glsluo
=0

seZ s= s=—00

Hence,

tIer;oy[t] = Zg[s]uo = Zg[s]lfsuo = G(1)uo,

seZ seZ

where the series converges because g € £;.



Discrete systems

Steady-state response to a step input

Let G : u— y be LSl and £ -stable. The response to u[t] = up1[t] is

t

ylt] =) glt = sluolls] = Zg[t —sluo = glsluo

seZ s=—00

Hence,

lim y[t] = > glsluo=>_gls]1*uo = G(1)wo.

seZ seZ
where the series converges because g € £1.The quantity
— G(1) = G(z)|,=1 is called the static gain of G.
In parallel to the continuous-time case, it equals the frequency response at
the slowest frequency, i.e. G(1) = G(&?)[4_,.



Discrete systems

Matrix representation

The kernel representation y[t] = > .., g[t, s]u[s] can also be written as

y[t;l] g[t—lz,t—l] g[t—:l,t] g[t—lz,t+1] u[tz—l]

yitl =1 eltt=1  glt.d] gt e+1] - ut]

y[t+1] e glt+1,t—1] glt+1,t] glt+1,t+1] - || u[t+1]

system matrix of G, [G]

ie. [yl = [CIIul-



Discrete systems

Matrix representation

The kernel representation y[t] = > .., g[t, s]u[s] can also be written as

y[tz—l] g[t—lz,t—l] g[t—:l.t] g’[t7£4t+1] u[t:fl]

il | =] elte-1 et g1 o || uld

y[t+1] e glt+1,t—1] glt+1,t] glt+1,t+1] - || u[t+1]

system matrix of G, [G]

i.e. [y] = [G][u]. Causal systems have lower-triangular system matrices.



Discrete systems

Matrix representation

The kernel representation y[t] = > .., g[t, s]u[s] can also be written as

y[tz—l] g[t—lz,t—l] g[t—:l.t] g[tfl:4t+1] u[t:fl]

yiel =1 elte=1  gltd]  gleo 1] ut]

y[t+1] e glt+1,t—1] glt+1,t] glt+1,t+1] - || u[t+1]

system matrix of G, [G]

i.e. [y] = [G][u]. Causal systems have lower-triangular system matrices. If
G is LSI, then its system matrix is Toeplitz:

g0 gl 1) gl 7]
(1= | elll &0 &l 1] -
gl sl slo]




Discrete systems

Matrix representation: examples

1. integrator has g[t] = 1[t] = S
: Do !
100 1 0 0 -
[G] = 110 = 11 0 -
111 1.



Discrete systems

Matrix representation: examples

1. integrator has g[t] = 1[t] = S
: Do !
100 1 0 0 -
[G] = 110 = 11 0 -
111 1.

2. unit delay has g[t] =4[t — 1] = + so

[6] =

o = O
= O O
o O O
Il
o O O
o O =
o = O
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