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Frequency-domain analysis
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Once a sampled-data controller / estimator is designed for given generalized
plant G (includes the model of the plant, disturbance /noise models, control
goals and weights, et cetera), we might be interested to check properties of
the resulted system. Toward this end, the way in which the spectrum of an
exogenous signal of importance, say §&;, is transformed to the spectrum of a
regulated signal of interest, say &, offers an invaluable insight.

Frequency-domain analysis: H,, loop shaping

Design setup:

and then

s
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and then
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Frequency response of sampled-data systems: a “natural” approach




Frequency response interpretation

Remember from Lecture 1:

Let u(t) = upel®t, then (the Frequency Response Theorem)

Y(t) = / g(t — S)Ua)ej“’sds — /g(s)uwejw(t—s)ds
R

R
:/g(s)ej“’sdsua,ej‘”t = [G(ja))uw]ej"’t,
R

so that the response to a harmonic input is also a harmonic signal with the
same frequency, whose magnitude / direction are shaped by G(jw). Usage:

— performance analysis of LTI systems

— system identification from harmonic inputs

Discrete version: a[i] = u@eje" — yi] = [G(eje)uQ] elfi

Frequency-response gain

In both analog and discrete cases, the frequency response “gains” are
|G(jw)| : R — RT and Hé(eje)H [~ ] — RT

and they quantify the maximal amplification of a pure harmonic signal by a
given LTI system. This

— is a very useful analysis tool (especially, as graphic visualization)
— adds insight to the Ho, norm (as ||G|lcc = sup, ||G(jo)||)

We would like to have a
— similar tool for analyzing sampled-data systems.

Potential trouble toward this end is frequency aliasing, which mixes various
input frequencies up in the response. But, at the same time, we know that
lifting reclaims shift invariance. . .

Response to harmonic signals in the lifted domain

The signal -
i[i](x) = tg(z)el®,  for ifg : [0, h) — F"

appears to be a natural generalization of discrete harmonic signals in the
lifted domain. lts application to a stable shift-invariant lifted system G with
the impulse response g[i] results in

Il = 3 &li — pe™ =" gljliige® ) = |3 gljle ™% tpel®”
JEZ jez jez
= [G()g)e®,

which is a harmonic signal again (assuming convergence). In other words,
the Frequency Response Theorem holds in the lifted domain as well.

Frequency-response gain of lifted systems

Similarly to the frequency-response gains of analog or discrete systems, we
may define now the lifted frequency-response gain as

16l : [~ 7] = RT

(we shall denote it ||G(ei?)| for simplicity hereafter).

This appears natural and technically clean, but
— what is the meaning of all this?

How can we interpret the lifted Frequency Response Theorem? How can we
use the lifted frequency-response gain (apart from expressing the Hy, norm
in terms of it)? Can it be efficiently calculated?




Examples of lifted harmonic signals

Let

1. u(t) = upe!™", then
alil(z) = uwoejwo(ih+r) = Uy el ™" el (@oh)i.

2. U(t) = Uw,ejwlf, where w; := wg + 2TJT/ and | € Z (With eja)/h _ ejwoh)'
then
a[il(z) = uwlejw/(/h+r) = Ul ei(@oh)i.

3. U(t) = U@ + g, e@t, then
ﬁ[i](t) _ uwoeja)o(:tht) + uw/eja)/(lh+‘f) _ (uwoejwor + uwleja)/‘f)ej(a)oh)l‘

All these different analog signals result in lifted harmonic signals with

— the same frequency 6 = woh and different dy.

(Rather) general lifted harmonic signal

Let i[i] = tgel?’ for some iy such that its Fourier series

j 6 2
p(7) = Z ¢ et where w; := -+ Tni
icZ

converges. This lifted signal & corresponds then to

jo;t
u(t) = E c; e/,
ieZ
which is a
— linear combination of harmonic signals with all aliased frequencies

w.r.t. the sampling period h. This, in turn, implies that the

— lifted frequency response reflects responses to all possible combinations
of harmonic signals at all aliased frequencies.

This is natural / reasonable, but might not be quite handy (too much info).

Frequency-response gain of lifted systems (contd)

The frequency-response gain ||G(ei?)|| may be viewed as

— a way to meaningfully quantify the lifted frequency response at each 6.

This, however, might not be the case. ..

Frequency-response gain of lifted LTI systems

Remember (Lecture 6, Slide 29), that if G is the lifting of an LTI G, then
/ . 16

o @ """"""""" "

LA N

w_»> w_1 0 o w1 ) 0 0
\ —
\\\
0 wn 2wy 3wy || 0 wn 3wy

Thus,

2 || G (ei?)]| represents only a segment of what we can see in ||G(jw)]|.




Example 1

Consider the problem of designing a causal A/D converter S minimizing
HSBVg(Dh - HZOHS)HZ,

where Dy, is the h-delay operator and h is the sampling period. The solution
is trivially
S = Savg
because! Savg(Dh — HzonSavg) = 0 (this property is called consistency). In
this formulation
— Savg serves as a weight
— Dy, is added to render the result causal (smoothing formulation).

We may then be interested to investigate properties of the error system

Ge=1- HZOHSavg~

"From Lecture 2, Sog = U Hjon, where U is the backward shift, and HjouHzon = h
and then S,sDh = US,vg, by shift invariance.

Example 1: frequency-response gain
In the lifted domain,

e 10

ée(ejg) =1~ q\DZOH(eje)\Davg(eje) =1- h

‘bzm (eje )Cb%H(GJG)

As HéH <y — 00 < y2l, we have that ||ée(ej9)|| < yp iff

e el
(1= 5 Pron(e)d%0u(e)) (1 = - Dron(e?)Piu(e?))
1 . N AN .
=1+ 7(1 —e 0 eje)d)ZOH(eJe)d);OH(eJe) < ygl

h

or, equivalently,

1—2cosf . .
R q)ZOH(ng)q)ZOH(ng) < (762 - 1)/-

Example 1: frequency-response gain (contd)

If |6] > % then 1 —2cos6 >0 and

v N . h(y2 —1)
1G] < vp = Ibuon(e)P =h< 72—
Thus, ||Ge(el)|| = /2(1 — cosf) € [1.2]. If ] < %, then 1 —2cos0 <0
and b2 - 1)
u s O\ vy —1
[Ge(&)]l < vo = Paon(e)dLo() = T2

but since ®,0,(ei?)d%,,(ei?) is a rank-1 operator, this is possible iff yg > 1.
Thus, ||Ge(ei?)||2 = 1 in this case. Summarizing:

o . i <
1&)2 =1 F16] <
2(1 —cosf) if|0] >

1

w|Q w[q

0 /3 T 6

which makes little sense, as S = 0 yields || Ge(ei?)||2 = 1 for all 6 (better).

Example 2
Consider now the Sampling Theorem SHC Hg;nSjjp with

Psinc(jo) = h—py,wy) (@) and  Vip(jo) = T py,wn) (@)

We know (Lecture 6, Slide 13) that this SHC is LTI and in this case

Ge(ja)) =1- 1][—a),\‘,an\l](("))’

so that _
|Ge(e¥)]| = 1.

This is no better than the reconstruction with the zero SHC, which is again
an absurd . ..




Computational issues

Let

and S and H be zero-order sampler and hold with

V(t) = Yo(t)ljo,n(t) and ¢(t) = do(t)ljo,n(t)

(general enough), such that vo(t)D1 contains no Dirac impulse terms.

Computational issues (contd)

Following the developments of Lecture 9, Slide 32, the lifted version has the
plant

[ Gu(z) Ga(2) }
G21(Z) G22(Z)

where A = eAh,
h
B : L™ — R" CH/ =B (0)do
0
Ci:R"— P 7 Gy
T
Dy L™ — 1P ¢ Dyg(r) + Ci/ ) B;{(0)do
0

- , N B B, } N VN

G D =Wy | Do |, | » =1 < ®g, Dry = VgDyydg, and
(G B ) =0 (& Bl |52 | = | 52 | b0 D = bobimdo
z71W, and g are the lifted transfer functions of S and .

Computational issues (contd)

&0 N S &

T]_l(Z) T12(Z)

— T21(Z) 7__22(2) ............

)7 i

T z‘lk(z) 4444444444444444444444

Then
A B, Cx B:
Ge(z) = | Bk G2 Ak + Bk D22 Ck | Bk Doy
C1 D12CK ‘ Dll
A B, Ck I 0
y L BxCo Ak + BkD»Cy |0 B B
:D11+[C1 D12] K2 K K22 K K |:D211:|

/ 0 0 0
0 Ck

Computational issues (contd)

In other words,

ée(z) = 511 + Ceée(Z)B/e.

The compilation of || Ge(ei?)]| is then an
— iterative procedure at each 6,

which includes calculations of matrix exponentials at each step and is thus
computationally quite involved.




Summary

Thus, the frequency response gain of sampled-data system is
A< not quite informative

A hard to compute.

This justifies a quest for alternatives. ..

Content

Frequency power response

An alternative

Let G be a linear system with a scalar input. Its frequency power response
(FPR) at a frequency w € R is defined as

FPRo(o) = im o

.
1(Gera) (1) 2.
;

where 0, (t) := e/®! is the elementary harmonic with the frequency w. If G
is time invariant,

.
THG(Jw)awllzdt = |G (jw)|%,

FPRo(w) = Jlim 57

consistently with the standard frequency response gain. If G is h-periodic,
IG) (& + h)ll = |G TM)(t)[| = [[(G) ()" = [[(Ge*) (2]
so that Lo
FPRa(0) = 1 [ (Gou)(0)Pdt

Why ?

The quantity

h
FPRo(w) = ;[ 1(Gaw)(0)dt =

may be more informative, because it
— does not mix input frequencies,
— does account for output aliasing.
In addition, it may be

— way easier to compute.

1

h

h
/0 (Gatw)" (Garw)(£)dt




Propagating y(t) = et in SHC

Let S, K, and H be shift invariant and that the sampling is uniform. Then
1= [ i - 9)esds = [ p(e)e P 0de = ot ujo),
R R
from which i[j] = VK (el*MW(jw), and then

u(ih+ ) = Z¢((i —h+ 1) VKMV (jo)
= 39U+ 1) DR (jo)
JEZ
= /Mg (. YK (MW (jw).

Propagating y(t) = ¢! in SHC (contd)

Applying the Key Lifting Formula (with w; :== w + ZT” i,

1 . . o
b+ 7) = 7 S (i) R (o).
JjEZ
from which (as el®" = el®ihi for all i,j € Z)

u(e) = 5 3 St R W(jo)

FPR in model matching

Consider the error system
Ge = K — HKS.

. . 1 o
Its response to e/t is e(t) = et K (jw) — 7 Z O(jowi)el”t K(eM W (jo),
so that icz

FPRe() = / H 9K (jw) — 72¢(Jw, it K (MW (jw) H

2
dt

N /11/ HKU‘”) ~\h Z‘D(Jw,-) R(ejwh)\ll(jw)>e127”it
0 1 ez
= [|Kio) - & 9i0)R (&)W (o)

L LY etk o)

. iez\{0}

27T -
(because \TheJT’t are orthonormal).

FPR in model matching (contd)

If all components are SISO,

FPRe(w) = |K(jo) — *CD(JQ))K(erh)\U(Ja))‘
F Y (@) RNV (o)P

icz\{0}

If w is in the baseband, i.e. w € [—wy, wy], the second term above shows

— the contribution of the aliased frequencies to the error.




Example 1: error FPR

Consider again Ge = 1 — Hzo0nSavg, Where

. 1— efja)h ) 1— efja)h
('DZOH(JO)) = T and Wavg(_]a)) = T
In this case
4+ w’h®—6 h) + 2 cos(2wh -
FPR, () — +w cosga)2 ) + 2cos(2wh) o 1
w*h
0 /3 kg 2 3 wh

and FPRe(w) < 1 iff |wh| < Z, which is logical.

Example 2: error FPR
Consider Ge = 1 — HgincSiip, Where

Psinc(jo) = h[_py,wy](@) and Vi (jo) = T_ey,0n (@)

In this case

FPRe(a)) =1- ﬂ[,wN’a)N](a)) — =1

2
1

0 T 2 3 wh

and it is logical as well.

Example 3: error FPR

Consider now Ge = 1 — Hzo1Siq1, where

) 1 — e iwh ]
(DZOH(J(U) =——— and \U;d|(Ja)) =1.
jo
In this case
2si h o
FPR () = 2 — 25M(@h) woec

wh

2
1

0 0.6037 s 2w 3 wh

and FPRe(w) < 1 iff |wh| < 0.6033557, which is better than with S,,.

Example 4: error FPR

Finally, consider Ge = 1 — HeonSiql, where

2(1 — cos(wh))

Deon(jo) = 25 and Vi (jw) =1.
In this case
5 4 1 4 w—oo. 5+ cos(wh)
FPRe(w) = 3 2 + (§ + a)2h2> cos(wh) B
2
0 w  1.2567 2 3 wh

and FPRe(w) < 1 iff [wh| < 1.25584m, which is way better than with Hzon.
As a matter of fact, FPRe(w) < 1 iff [wh| < 0.98587, so the error is below
—3dB virtually up to the Nyquist frequency.




State-space computations State-space computations (contd)
. . Thus,
§°. .................... _\,-'_ 7\_ ................... é !
1(2) _12(2) Ge(2) = T11(2) B o
e Tn(z) Tn(2) A > Ck ol/ O
2 g o BkC Ak + BkDxnCx 0 |0 By B
. + [ G Dio 0 0 All 0 {1]
.................... z‘lK(z) ] 0 —1T0 0 D>y
0 Ck 00 0
. . . N ——
We know that in the lifted domain be(2) Ro(2) ¥o(2)
BAC i +B§Cg C (/) EO P Hence, in the time domain
Ge(Z) = D11 + [Cl D12 ] K/ 2 K g 2K 0 OK |: /1 :| . —
C Doy Ge = Ti1 + HeKaSe
0 Ck 0 O
. . . _ ) and we can apply the formula in Slide 27, with some more work, to compute
We also know that Ti1(z) = Dy1 + Ci(zl — A)~1B;. FPR....
Content Special case
2 SR o D
y g u % y T u
Let
Frequency power response in a special case G(s) =
(i.e. their (2,2) parts coincide) and assume that the sampled-data controller
is designed by the Youla parameter in an observer-based parametrization to
render the controller strictly proper in the lifted domain (as in Lecture 12).




Error system
It can be shown (cf. Lecture 9, Slide 7) that G, : & — &, is

Controller
u y
J Ge = N11 — N12QocNo21,
€ n where, introducing By := B; + L,D>1 and Cr := C; + D12oF,,
:
=) | Ar =L, G, |~L,Da: B,
N(s) = | Muls)iNa(s) | 1 0 A B 10
Where Nai(s): 0 GG | . Du D
) Xo(t) = Axo(t) + Lye(t).  xo(ih) =0 0 G Dy | 0
S a0 = Fuxalt)
1 ey The question now is
Fudand L, are such that A :== A+ B,F, and AL := A+ L, C, are Hurwitz, — how to compute its frequency power response, FPR, ?
an
A+ B,F,+L,C, ‘ -L, B, This is not a sample-and-hold circuit (Qo is not a sampled-data element),
J(s) = F, 0 / and it has a plenty of structure to exploit. ..
-C, I 0

hSTPBC representations of N(z) and Q.(z)
As follows from Lecture 11, Slide 46, a hSTPBC representation of N(z) is

FPR in the lifted domain
Let Ge : & — &, be an h-periodic error system and Qve be its shift-invariant
lifting. We know that ‘4
Y (5. — [AF —L,/C vy (. —LyDny=,. By 1HI( >-
si(t) _ ejwt — gi[i](f) _ ejwrejwhi —- dw(t)ejwhi EXN(Z' ‘L') = [ 0F AyL y]XN(Z, 7.’) + [ éL 21]_ (z, r) —+ [ 0 ]H(Z, T),
zXn(z;0) — Xn(z; h) =0
olzit)=[Cr G ] Xn(z; 1) + D11Zi(z; T) 4+ D1oH(z; 1)

[O G, } )?N(z; 7)+ Dzléi(z; 7)

S

and that 5 _ o
Soli] = [Ge(&") d]e" N
and then N Ezi7) =
1 rh 1 rh . 1 . and of éoo(z) is
PPRe0) = 1 [ eo(®lfde = 5 [ Ef0l(o P = £ IEfolI? d
EXQ(Z; 1) = AXo(z; 1) + LyE(z; 1), zXo(z;0) =0
H(z; 1) = FuXo(z; 1).

1, o .
TN

where L := L]0, h), as usual. Thus, we shall endeavor to
— determine the response of the lifted frequency response of Ge 10 Ggp.




hSTPBC representation of Ge(z)

Representing Ge as an hSTPBC is then a matter of plugging in appropriate
signals and aggregating states. In addition, a similarity transformation with
I -1 —I I 0 |

T=|0 1 0 and S=T1'=|0 [ 0

o/ I 0 —1 |

may be applied to simplify it a bit, leading to Ge(z) of the form

(%Xe(Z; 7) = AXe(z; 7) + BeZi(z; 1), zXe(2;0) + TeXe(z; h) = 0
éo(z; 7) = Ce)v(e(z; 7) 4+ Dlléi(z; 7),

Response of G(e®") to &,

Now, derive the response of Ge(el®") to X.(el®"; 1) = el®. By the formula
from Lecture 10, Slide 15, we have (with = := elohy TeeAeh):

~ ioh. j Aet—=—1
:o(er ,‘L’) = D17 + Cee el’:e

h
% (ejwh/t e(_ja)l—Ae)UdO, . TeeAeh/ e(ja)/—Ae)Udo,> Be
0 T
= Dllejwr + CeeAetEe_]'
X (Zel@!=A)T (] 1 T)elM) (jo! — Ae) 1B,
= D117 + Ce (71 — AT =1 (1 + 1)) (jo! — Ae) ' Be

- - T11(w)
_ [pi0T] _ aj@h AeT 11
[7] e e ] [5—1(/+'re)(jw/ —Ae)_lBe]

b . . .
where the relations [ eli®/=4)0dy — (e(J“"_Ae)b — e(J“’l_Ae)a) (jol —Ae)™

a
and Di; + Ce(sl — Ae)*lBe = Dy; + Gi(sl — A)*lBl = T11(s) were used.

where
AF 0 0 1 0 o
CURHE RN
e 1 T e
& oG 0 1 0
Some algebra
Now,
! | / eja)h/ _ eA,:h eALh eAh
Ze=e® 4+ 0 —1 0|t = 0 eloh] —eAh 0
0 [/ 0 0 eALh eloh|

so that, denoting Of(z) := (z/ — eA*")~1 and ©,(z) := (zI — eAN) 1,
é,:(ejwh) ép(ejwh)(e_jwfeAh _ I)eALhéL(ejwh) _éF(ejwh)e—jwheAh
. = 0 @L(ej“’_”) 0

0 7e—jwheALheL(ejwh) e—jwh/

and then

=M1+ Te) = (901 — ey

~ O -

(I —e@heA [0 1 1].

Response of G(el®") to &, (contd)

With some more (straightforward) algebra we end up with

éo(ejwh; ‘L’) — [eja)rl CaeAar(l - e—(ja)I—Aa)h)—lBa ] |: Tll(ja)) :| ,

Gs(jo)
where
‘ Ar 011
]| 0l
3. —-Cr G
and
AL 0 |BL A. 0 B
G(s)==| 0 A[B|—| 0 A [B|e*h
I —1]0 e —eAN] 0




Finally, FPRe(w) . ..

It is readily verified that

h e—ja)h, o A
[; Loxees [ Lo et )ar

hl - Ca(jo! — Ay)7L(] — e i®hetahy
! |

B ) foh T Cl CeftdrT
Thus,
FPRe(w) = % [ ThGo) G2 (o) ] {G;%a)) @Ga((eﬁz)] [lel(giuw)) ]

where G,(s) := C,(sl — A;) !B, and

_A

ey <(81 0] (s ([ 755 ]0)) [ 2]

Example: “H, loop shaping”
Consider design problem with the generalized plant as in Slide 3 with
1
P(s) = 5 Wi(s) = k, and W,(s) =1,

but let us use the H, optimization instead of Hy, (and ignore the fact that
the cost is infinite then, because G, (s) is not strictly proper). It results in
the analog case in

k2
K(s) = ok
Consider then the frequency response analysis of the sensitivity function, i.e.
—Vk
1 —pewi(s) ] _ [SA0 vk
T)=11 _p(symi(s) | = | VAL O
' Vkll 0

with which G¢(s) = S(s) = 1+P(i)K(s) = s((ss:f)/;) in the analog case. In this

setting |S(jw)| < 1/v/2 whenever o < v//10 — 3k ~ 0.4028k (bandwidth).

Example: FPR of the sampled-data redesign

Redesigning this controller along the line of Lectures 10 and 11, with

A=0, B,=-Vk, F,=Vk C,=Vk and Ly:—\/E,

yields
o O+ 3520% + 253(5 + 2)
FPRe(®) = (@2 127
4523 cos(®) — 2:2(&% — %) sin(®)/d
(&2 + 52)2

B (1 — cos(®)) sinh()
(&2 + 52)(cosh(s) — cos(d))

where s := kh and & := wh. Expectably, limg_,o FPRe(®) = 0, which is a
consequence of the fact that Tp(s) contains an integral action.

Example: FPR of the sampled-data redesign (contd)
For k = 1:

0.1009 0.3086 e e

/4 ¢
....... |S(jw)[? with analog design
—— FPR.(®) with h=0.1
—— FPRe(w) with h=1
——— FPRe(w) with h =10

and, expectably,

— closed-loop performance deteriorates as h grows. . .
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