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Digital redesign revisited

Digital redesign: methodology (classical control)

G S g,

1. design a “good” analog K
2. find K such that IC ~ HIS for given S and H

Bad news: there's hardly any theory to support it in classical control, just
plenty of rules of thumb. ..

Good news: they normally do the trick, if sampling rate is “fast enough”. ..

Modern approach: more rigor

Some possible directions:

1. optimal approximation of K:
minimize || — HKS|| or minimize ||(KX — HKXS)P||

(the latter may be viewed as approximating the loop) for some choice
of norm. Both can be cast as standard Type | sampled-data problems
with the generalized plants

Tk -1 (kP -1
ga_{/ 0] or ga_[? 0]‘

If P and K are stable, the internal stability of this standard problem is
equivalent to the stability of XC. This approach does not guarantee the
closed-loop stability of the original problem though ...




Modern approach: more rigor (contd)

Some possible directions:

2. optimal approximation of the closed-loop behavior:
minimize || 5 (G, K) — F (G, HKS) ||

This problem can be cast as a standard Type | sampled-data problem
too, now with the generalized plant

—_ ‘Fl(gslc)_gzw _gzu

ga gyw g yu

The internal stability of this standard problem requires the internal
stability of (G, HKS). Therefore, the approach does guarantee the
closed-loop stability of the original problem ... But the order of the
redesigned controller might be much higher than that of K.

Type IV: a new hope

G R Ll g

1. design a “good” analog K
2. find S, K, and H such that K ~ HKS (in a broad sense)

Incorporating A/D and D/A converters into the redesign process may
— result in better performance (control-oriented S and H)
— substantially simplify the procedure (shall see it)

— be feasible technologically (silicon revolution)

Type IV: approaches

We may still endeavor to achieve

1. optimal approximation of I, like
minimize [|(K — HKXS)P||
2. optimal approximation of the closed-loop behavior, like
minimize || 7 (G, K) — F (G, HKS) ||

Both would be similar to Type | redesign procedures... But we saw in the
last part of Lecture 10 that in Type IV setting we can

3. extract sampled-data controllers from a parametrization of admissible
analog controllers

by imposing the strict causality condition on the lifted controller. This idea
fits perfectly into the redesign philosophy and worked well in the H, design.
So let us try it on other redesign problems.
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Stability-preserving redesign




Observer-based Youla-Kudera parametrization

All internally stabilizing analog controllers can be parametrized as
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J
€ n
=S
where
A+ ByFu+L,C, |-L, By
J(s) = F. 0o I/
-G, I 0

for any F, and L, such that A+ B,F, and A+ L, C, are Hurwitz, and Q is
an arbitrary stable system. This form can be viewed as an

— augmentation of an observer-based stabilizing controller

(with innovations € = y — C,x; and control u = F,x, + 7).

Observer-based Youla-Kuéera redesign
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The redesign steps follow those of the H, design:

Qe

1. lift the parametrization
2. find admissible Q's that render ]-](j, @) strictly causal

“Admissible” here means such that Q is stable.

Strict causality of .F(j, é)

We know (Lecture 10, Slide 46) that

— F(J, Q) is strictly causal iff the feedthrough part of Q equals that of
the (2,2) part of 7! = Lpg=tet.

Because

Jt=|-¢
Fu

’

A |-B, L,
0
/

/
0

the feedthrough part of O must be the lifting of

o : { Xo(t) = Axo(t) + Lye(t), xq(ih) =0
- noo(t) = FUXQ(t).

Moreover, since Qoo is static and bounced, it's always stable and then
— Qis stable iff (strictly causal) O := O — O, is stable.

All admissible Q's

Thus,

— all admissible O's that render Fi(J, Q) strictly causal are of the form
Q = Oy + s, where Q. is an arbitrary stable strictly causal system.

In other words, assuming that we consider only controllers with finite state
dimension,

— all admissible Q's that render Fi(7, Q) a sampled-data controller are
of the form Q = Q. + O, Where

o : { Xo(t) = Axq(t) + Lye(t), xo(ih) =0
= noo(t) = FUXQ(t).

and Qg is an arbitrary stable sampled-data system.




All stabilizing sampled-data controllers

Plugging admissible Q's into the Youla parametrization, with

X
X 1= [XJ}’ N=Too+Nsds Moo = FuXq, Nsd = Qsde,
Q

we end up with

O e A G PORY g EOR F Al EPC

u(t) = [Fy Fu ] x(t)+ nsa(t)
e(t)y=1[-C 0]x(t)+y(t)

with periodic state resets [ ¢]x(ih) = 0. Similarly to what has been done
in Lecture 10, Slide 48, we then introduce the transformation

K(t) = [f , ] x(1) = [xj(t)xflo(r) } |

All stabilizing sampled-data controllers (contd)

Thus, all sampled-data stabilizing controllers are

i = |41 S B o= e | B ] nato
u(t) = [0 Fu ] )?(t) + nsd(t)
e(t)y=[-C 0]&(t)+y(t)

with periodic state resets of the form Xx(ih) = X1(ih) and nsg = Qsqe for an
arbitrary stable sampled-data Q.

Remark: The controller with Qsq = 0 is dubbed the central controller.

Remark: The central controller can be cast as a sampling-and-hold circuit,
much like the H, optimal controller (which is a particular case of this one
with F, and L, chosen via solving CAREs).

More options

All stabilizing controllers can be parametrized around any given stabilizing
controller Kg. Let

P(s) = {é‘y ’H and Ko(s):[co 5

Then all stabilizing controllers are ]—](jo, Q), where

Ao 0 0 By —Lg

0 A BoC, |0 —Lo

Jo(s) = 0 B,Gy A+ BuDocy 0 By,
G 0 0 Do 1
—F R e I 0

for any Fg and Lg such that Ag + BoFg and Ag + LoCo are Hurwitz and Q
is an arbitrary stable system. The extraction of of sampled-data controllers
from this parametrization is straightforward then. ..
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H+ loop shaping design




SISO closed-loop transfer functions

C PC C C
d

= — d — _
"T1rpc T 1xPC T 1rPC®  1+PC"
——— —— ——— ——
T, T T, T,
We wanna have closed-loop stability and keep
— |S(jo)| < 1 within spectra of r, Pd;, and d,
— | T(jw)| < 1 within spectrum of n
— |Te(jo)| # 1 = [T(jo)| # |P(jo)|, Vo

SISO loop shaping

The loop transfer function is L(s) :=

P(s)C(s). Then

Magnitude (dB)

— |S(jo)] <1 <= |L(jw)]>1
— |T(ow)| <1 <= |L(jo) <1

— ratio | T(jw)|/|P(jw)] is related
to the ratio of their bandwidths

— closed-loop system is stable iff

Phase (deg)

rosover region

L(jw) verifies the Nyquist
criterion

— closed-loop system is robust if

We
Frequency (rad/sec)

L(jw) is “far” from the critical
point (measured by stability
margins, like the phase margin)

Magnitude shaping is relatively easy, phase shaping is knotty. ..

MIMOQO closed-loop transfer functions

So Td So To=1-S,

e=(+PC)Lr—(I+PC)'Pd— (I +PC) " dy+ (I + PC)"LPCn

u=C(+PC)r—C(l+PC)tPd — C(I +PC)(d, + n)
~~ ~~ —

T, T Tc

We wanna have closed-loop stability and keep
— Omax(So(jw)) < 1 within spectra of r, Pd;, and d,
— Omax(To(jw)) < 1 within spectrum of n
— Omax(Tc(j®)) 2 1 <= omax(T(j©)) # omin(P(jw)), Yo

MIMO magnitude shaping

Let Lo(s) := P(s)C(s), then

— Omax(So(jw)) €1 <= omin(Lo(jw)) > 1
— Omax(To(jw)) <1 <= omax(Lo(jw)) < 1

so we have:

Magnitude (dB)

low frequencies

|
7l

high frequencies

¢ Omin(L(j®))

Frequency (rad/sec)




MIMQO phase shaping by McFarlane & Glover

The idea in essence:

— cast phase shaping as an Hu, robust stabilization problem (as “far from
the critical point” may be interpreted as a robustness requirement)

The latter
— can be solved analytically, via the H,, optimization

— applies to MIMO systems

Design steps

1. Shape loop magnitude via weiths as Ppsp(s) := Wo(s)P(s) Wi(s)
- typically P, Pl, or PID, may include LPF
- can cancel (stable) poles or zeros of P(s) if required
- in MIMO case can decouple

2. Design Cpsh(S) for Pmsh(s) via robust stabilization

- robustness level, say omax, serves as a success indicator
3. If successfull, pick C(s) = Wi(s)Cnsh(s) Wos(s), which yields
Lo(s) = P(s)C(s) = Wy *(5)Pmsh() Cmsh(5) Wo (5)
= Wo_l(s)Lmsh,O(s) Wo(s)
Li(s) = C(s)P(s) = Wi(s) Cinsh(5) Pmsh(s) W *(5)
= Wi(s)Lmsh,i(s) VVi_l(s)

(in the SISO case, the actual loop is exactly the designed loop).

Properties of the resulted system

— closed-loop stability is guaranteed
— controller order = plant order + 2 x (weights order)

— integral actions can be easily enforced in C(s) (since Wi(s) and Wo(s)
are parts of the resulting controller)

Choice of robust stability problem

Rationale:
— not necessarily reflects physics of the problem

— rather, should possess favorable properties from the design viewpoint

Robust stability with respect to normalized coprime factor uncertainties:
= impedes cancelations of lightly damped poles/zeros

underlying Hoo problem equivalent to minimizing H hi Te ]H , which penalizes
oo

Td So

all four closed-loop transfer functions

-~ has noniterative solution

nontrivial for Hs problems

2 may preserve magnitude shaping




Solution to the robust stabilization problem

Let Ppen(s) = C(s/ — A)~!B. The maximal attainable robustness radius
1

Omax = —F7——— <1,
T /T p(YX)

where X > 0 and Y > 0 are the stabilizing solutions to the CAREs
AX+XA—XBB'X+C'C=0 and AY + YA —YC'CY +BB' =0.

For a given y > 1/amax > 1, the matrix Z, := ((1 —y =) —y2¥YX) L is
well defined and then all y-suboptimal stabilizing controllers are given by

Cmsh = ﬂ(jy, Q)

where
A—BB'X —2Z,¥C'C|Z,YC' Z,B
Jy(s) = —-B'X 0 I
-C / 0

and Q is an arbitrary stable system such that [|Q||,r+)—1,(r+) < V¥? — 1.

All admissible H,, loop shaping solutions

Thus, the set of all admissible solutions is

u Umsh Ymsh Y
Wi W
Ty
€ n
=

Note that if || Q|| &+)-Lo(r+) £ V' ¥? — 1, we cannot even guarantee the
stability of the closed-loop system. This structure suggests that

— sampled-data approximation of this controller can be obtained via
imposing an appropriate constraint on Q,

like what we have done in the case of the H> optimization and stabilization.
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H loop shaping redesign

Extraction in the lifted domain

u Upnsh Yinsh [ ) y u [ v limsh Ymsh | y¥ y
I o 1 o
jy ...... jy L.
€ n € i
1 I3

The redesign steps again follow those of the H, design:
1. lift the parametrization, C=W ]ﬂ(jy, Q)VVO
2. find admissible Q's that render C strictly causal

(because the cascade of a causal and a strictly causal systems is strictly causal)

“Admissible” here means such that ”Q“[%(Z+)_)£[2L(Z+) < y/y?—1, which
includes stability and causality.




Strict causality of ﬁ(jy, Q)

We know (Lecture 10, Slide 46) that

— ]-](jy, Q) is strictly causal iff the feedthrough part of o) equals that
of the (2,2) part of jy_l = Ehjy_lﬁ,jl.

Because
A+ (Z,—1)BB'X|Z,B Z,YC
St = C 0 .
B'X / 0

the feedthrough part of O must be the lifting of

o - xo(t) = (A+(Z, — 1)BB' X)xo(t) + Z,YC'e(t), xo(ih) =0
X () = B'X o).

But

— how does this constraint affect admissibility?

Technical preliminaries

Let G be a stable and causal system in the lifted domain with the impulse
response Z|i, j| and G, whose impulse response

gl [ =
b 0 otherwise ’

be its feedthrough part.

Remember the definition of induced norms. Given an operator O : U — Y,

[Ollusy :== sup  ||Oullvy.
uel,||ul|lu=1

Technical preliminaries (contd)

Lemma 1 Let ip € Z be any index such that ||g[io, io]|lL—1 > |&[/, /]|lL—1
forall i € Z. Then

||gvoo!|eg(z)_>zg(z) = [|&[io. io] [l 1

and it is attainable by [i] = wo8[io] for some up € L.

Proof Because Go is static, for any if € £5(Z) such that ||if||, =1

|Gootill3 = > _NIEL alilll3 < D lIEl Al o a3

ieZ ieZ

< N1&lio- iollIE . D _INGLi1I1Z = 1ZTio- iolIE oo
i€eZ

which implies that HgvooHe[QL(Z)ae;L(Z) < ||&[fo, io]|lL—1- This upper bound is
attainable whenever [i] = uod[ip] for any up € L such that |[up||y = 1 and
18lio. io]dlo|2 = [|&[io. io] [l m

Technical preliminaries (contd)

Lemma 2 [|Glles 2y e3z) = |9ooller (2)—02 (2

Proof For any ii such that ii[i] = ug8[io] with ug such that ||up|[p = 1 and
1810 ioldol|2 = [|&lio. fo]ll—w.,

5002 wp- - 2 ore 112 - - 2
IG5 = _IIEli. ioluoll3 = lI£lio. iollf o + D _IIE[i. o]uoll3

iZiO i>i0
> Hg[’.Oa "0]|||]2_a|]_ = Hgoo"%g-(z)_)gg-(z)-
Hence, we have that
191l 2y 5 z) 2 19812 = 19oolley (2)- 5 (2)-

which proves the statement. ]




Admissibility of O
By Lemma 2, we know that

— Qs admissible only if ||Qosllr(z+)-e1(z+) < \/)/v2 — 1;
This condition is also sufficient as we may always pick @ = Q,. Moreover,
because QO is shift invariant in our case,

— QO is admissible iff || §[0]||L_L < /Y2 — 1,

which, in turn, is equivalent to the condition that the L-induced norm of
the L — [L operator described by

{ x(t) = (A+ (2, — 1)BB'X)x(t) + Z,YC'u(z), x(0)=0
y(t) = B'Xx(1)

is smaller than /y2 — 1.

Admissibility of O (contd)

In other words, there is an admissible Q that renders C strictly causal iff the
L»[0, h]-induced norm of the LTI system with the transfer function

A+ (Z, — 1)BB'X | Z,YC'

Qls) = B'X 0

is smaller than y. So the next question is

— how to compute the L3[0, h]-induced norm of an LTI system ?

More technical preliminaries

Lemma 3 Let O : H; — H, be a bounded Hilbert space operator. Then

10]lm,sm, <y < y?l —0*0 >0 < y2l — 00* > 0.

Proof It is readily seen that
1011, m, < 7? <= Y2llullfy, — IOullfy, >0, Vu#0.
But
v?|lullly, — 1| Oully, = v*(u, u)w, — (Ou, Ou)w, = ((y*I — O*O)u, u)w,,

from which the first “iff” follows immediately. The second “iff" follows by
the fact that HOHHiﬁHO = HO*HHOﬁHi. |

More technical preliminaries (contd)

Lemma 4 Consider a family of integral operators Oy : 5[0, 8] — L»[0, 0]
having a common bounded kernel o(t, s), i.e.

0
Og : L — &, where £(t) :/ o(t,s)¢(s)ds for all t € [0, 6].
0

Then [|Og|1,[0,61—5[0,6] is @ monotonically increasing continuous function
of 6 and its limit at 6 | 0 is zero.

Proof Let Py be the projection operator truncating any signal to [0, 0], i.e.

u(t) if te€]0,0]

0 otherwise

(Pou)(t) = {

Then
092 = P@z 091 P92

whenever 67 > 6, > 0.




More technical preliminaries (contd)
Proof (contd) Now, let U; := L,[0, 6;] and

Upp = {U S /_2[0, 91] { U(t) = 0 whenever t > 92} c U

(i.e. Up comprises all signals from Uy such that u = Py, u). We then have:

sup  [|Ogull3>  sup  [|Ogull3 = sup  ||Op,Po,ull5
uG[Ul,HuHQ:l uElUlz,Hu”Q:l UEUJ12,HU||2:1
> sup  |Pg,0p Poull5 = sup  ||Og,ull3
u€Usp,|jull2=1 u€Uy,|lull2=1

In other words,

106, [ui—u; = [ Og, [l v,—w,
whenever 61 > 6, > 0, which proves monotonicity. The proof of continuity
is more tedious. The result for the limit follows from the known fact that
|im9¢0 Qg =0. ]

L,[0, h]-induced norms of LTI systems

Let G(s) = C(sl — A)"'B. Denote by Gy : L]0, 8] — L5[0, 6] the integral
operator with the kernel gg(t,s) = Ce*(t=5)B1(t — s) and then by ||Gg|| its
L]0, 6]-induced norm, so that || Gj,|| equals the L5[0, h]-induced norms of
G. Our goal is to find conditions for ||Gp|| < y. To this end, note that

- Iim9¢0||égl| =0, so the bound always holds for sufficiently small 6.

— limg_,o||Goll = || Gllse (bounded iff G is stable).

— as ||Gy|| monotonically increases and is continuous as a function of 6,
every 0 < y < ||G|| is attainable under some 6 and

IGll £y == y? = GGy # 0
= y2| - égég is singular for some 6 € [0, h]

Thus, we can find the minimal 6 for which ||Gg|| # y via
— finding the minimal @ for which (y?/ — (U;;ég)*l is not well posed.

L,[0, h]-induced norms of LTI systems (contd)
Represent Gy as the following hSTPBC:

{)'(1(1:) = Axi(t) + Bu(t). x1(0) =0
(1) = Ca(r)

Then ég corresponds to

{x‘z(f) = —Ax(t) = Cy(r), x(F)=0
z(t) = B'x(7)

and y?/ — va';ég—to

{X’(f) = [ G x(@) + [&]u(x).  [§9]x(0)+ [§8]x(6) =0
z(7) = —[B’ O]X(‘L') + yzu(r)

L,[0, h]-induced norms of LTI systems (contd)

Finally, (y2/ — égég)_l is obtained by swapping v and z:
X(0) = [,y ~§CIx(m) + v 2[8]ue). [$9]x(0) + [{8]x(6) = 0
u(t) = y~2[B 0]x(v) + v ?2(7)

Define the function

e e =ee( (e A ]0)

This system is well posed iff

== [0 7] ool [ma@ e ] = [ ™|

is nonsingular. Thus,
— ||Ghll <y <= detly11(#) #0 for all 8 € [0, h].




L,[0, h]-induced norms of LTI systems: example

Let 1
G(S) = g

(sothat A=0and B= C =1). Then

My11(0) Ty12(0) ] <[ 0 -1 } ) { cos?  —ysin
’ ’ p— 9 = y
Fy21(0) Ty22(0) P y=2 0 yLsin g cos g

and det[y,11(6) = 0 iff £ = Z. Thus,

R[>

N T
|Ghl| <y < h< 5)/.

Remark: In general, the condition reduces to transcendental equations and
cannot be solved analytically. The MATLAB command “compnorm” can be
used in numerical simulations (combined with a binary search over y or h).

An admissible O

Summarizing, there is an admissible Q that renders the y-suboptimal Hy,
loop shaping controller sampled-data iff

o A - XBE'(Zy—1)  -XBEX 1 \[I
[Foleel | _Lzvecvz, A+ (Z, - nBEIX 0

is nonsingular for all 6 € [0, h]. One such Q may be described by

o [Fa®)= (At (2, ~ BB X)xa(t) + ZYCe(t).  xalih) =0
| n(t) = B'X xq(t)

where X > 0 and Y > 0 are the stabilizing solutions to the CAREs
AX+XA—-XBB'X+C'C=0 and AY+ YA —YC'CY+BB' =0

and Z, = (L —y= )1 —y2¥YX)~L.

An admissible Cpsh
With some tedious algebra, the controller is

/

: A-YCC -BBX . YC
XO=1" o a-sBX } () + { 0
umsh(t) = [0 —B'X | %(t)

] Ymsh (t),

with periodic state resets of the form X>(ih) = Z, %1 (ih), which is of almost
the same form as before. Differences are

— the state reset mechanism is a bit different (depends on Z,)
— the input is a filtered version of y, namely, Ymsh = Woy

— the actual control signal u is a filtered version of umsh, U = Wilmsh

(it makes sense to use a low-pass Wi, to render u continuous or even differentiable)

Remark: It is worth emphasizing that the controller is stabilizing if and only
if the Ly(R™")-induced norm of G is smaller than \/y2 — 1.
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Side remark: compact hSTPBC representation of transfer functions

Compact representation
Consider the hSTPBC

Its solution is (because (z/ —e*M)™1z = | + (zI — eAM)~1eAh)

y(t) = Du(t) + Ce¥(z] — e*M)~L
T h
X (z/ e " Bu(o)do + eAh/ e_AUBu(G)d0>
0 T

T
= Du(z)+ C / A=) Bu(o)do
0

h
+ Ce* (21 — eAh)_l/ A=) By(o)do
0

ie.y=(D+ C(zI — A)'B)u. Thus O(z) = G(z) for all z € C for which
it exist. This may be an alternative to the integral operator representation.

Compact representation (contd)

With some more effort, it can be shown that the transfer function

u(uz)d)zoq(z) ]
) Gyu(z)q’ZOH (2)

[szw(z) G_zu(z):| _ |: ) GUZWQZ) ) éz
Gyw(2) Gyu(2) Viai(2) Gyw(2) WVial(z

can be described by the h\STPBC

N
N
a
1
O
>
c

P e
N
N
+
=
2
§<
—
N
@‘
N—r

Alternative form of the H, optimal controller
The lifted transfer function Kopt(2) can be expressed as the hRSTPBC

(
d o _ A+L,C, B,F, o ) Ly | v, ..
—dIXK(z, T) = [ 0 A+ B,F, Xk(z; 1) 0 Y(z; 1)

[il/ (/)})?K(Z?O)— [(l) 8})%K(z;h):

U(z;7) = [0 Fy ] Xk (z; h)
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