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Standard Type IV sampled-data H2 problem

G

S HK̄

wz

y

ȳ ū

u

Given G with

G (s) =

 A Bw Bu

Cz 0 Dzu

Cy Dyw 0

 ;
design causal internally stabilizing sampled-data controller K = HK̄S that
minimizes ‖Tzw‖2, where

Tzw = Fl

(
G;HK̄S

)
= Gzw + GzuHK̄S(I − GyuHK̄S)−1Gyw :
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Sampled-data causality

SK̄H yȳūu

Condition “k(t; s) = 0 whenever s >
⌊
t
h

⌋
h ” constrains

k(t; s) :

−2h −h 0 h 2h

−2h

−h

0

h

2h

s

t

⊂

s

t

t0

t0

Thus,

− any sampled-data controller must have a “staircase” kernel

although it’s not clear (yet?) whether this property is sufficient.
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Sampled-data causality in the lifted domain

ŚK̄H̀ y̆ȳūŭ

Simpler in the lifted domain:

k(t; s) :

−2h −h 0 h 2h

−2h

−h

0

h

2h

s

t

⇐⇒ k̆[i ; j ] :

j

i

−2

−2

−1

−1

0

0

1

1

It is clear now (also, we already saw in Lecture 4, Slide 39 that the causality
of S implies the strict causality of Ś) that

− lifting of a sampled-data controller is always strictly causal.
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Sampled-data causality in the lifted domain (contd)

ŚK̄H̀ y̆ȳūŭ

But we saw in Lecture 9, Slide 26 that any strictly causal lifted system with
a finite state dimension is of the form H̀K̄Ś. Thus,

− K̆ with a finite-dimensional state is the lifting of HK̄S iff K̆ is strictly
causal.

This condition is much easier to handle than the finite rank condition in the
non-causal case (the Rank Theorem in Lecture 6, Slide 18).
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Lifted reformulation

Ğ

K̆

w̆z̆

y̆ ŭ

Lifting renders it pure discrete LTI problem of minimizing ‖T̆zw‖2, where

T̆zw = Fl

(
Ğ; K̆

)
= Ğzw + ĞzuK̆(I − ĞyuK̆)−1Ğyw ;

by a strictly causal stabilizing K̆. Thus, we again end up with a

− discrete H2 problem with a strictly causal controller,

whose solution we know.
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Assumptions in the lifted domain

Having [
Ğzw (z) Ğzu(z)

Ğyw (z) Ğyu(z)

]
=

 Ā B́w B́u

C̀z D̆zw D̆zu

C̀y D̆yw D̆yu

 ;
we assume that

− (Ā; B́u) is stabilizable

− (C̀y ; Ā) is detectable

−
[
Ā−zI B́u

C̀z D̆zu

]
is left invertible for all z ∈ T

−
[
Ā−zI B́w

C̀y D̆yw

]
is right invertible for all z ∈ T
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Lifted solution

Let

F̀u = −(D̆∗zuD̆zu + B́∗u X̄ B́u)−1(D̆∗zuC̀z + B́∗u X̄ Ā)

Ĺy = −(B́D̆∗yw + ĀȲ C̀ ∗y )(D̆yw D̆
∗
yw + C̀yȲ C̀ ∗y )−1

where X̄ ≥ 0 and Ȳ ≥ 0 are the stabilizing solutions to the DARE’s

X̄ = Ā′X̄ Ā + C̀∗z C̀z − (C̀∗z D̆zu + Ā′X̄ B́u)(D̆∗zuD̆zu + B́∗u X̄ B́u)−1(D̆∗zuC̀z + B́∗u X̄ Ā);

Ȳ = ĀȲĀ′ + B́w B́
∗
w − (B́w D̆

∗
yw + ĀȲC̀∗y )(D̆yw D̆

∗
yw + C̀yȲC̀

∗
y )−1(D̆yw B́

∗
w + C̀yȲĀ

′):

Then the optimal controller is

K̆opt(z) = −
[
Ā + B́uF̀u + Ĺy C̀y + Ĺy D̆yuF̀u Ĺy

F̀u 0

]
;

and the optimal performance is

‖T̆zw‖2
2 =

1

h

(
‖D̆zw‖2

HS + tr(X̄ B́w B́
∗
w + C̀ ∗z C̀zȲ + X̄ ĀȲ Ā′ − X̄ Ȳ )

)
:
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Hmm. . .

Now the parts that include infinite-dimensional operators do not collapse to
finite-dimensional operators (matrices). For instance, to compute the gain

F̀u = −(D̆∗zuD̆zu + B́∗u X̄ B́u)−1(D̆∗zuC̀z + B́∗u X̄ Ā)

and the DARE

X̄ = Ā′X̄ Ā + C̀ ∗z C̀z

− (C̀ ∗z D̆zu + Ā′X̄ B́u)(D̆∗zuD̆zu + B́∗u X̄ B́u)−1(D̆∗zuC̀z + B́∗u X̄ Ā)

we need to compute and manipulate the infinite-dimensional operator

Ŏu :=

[
D̆∗zu
C̀ ∗z

] [
D̆zu C̀z

]
+

[
B́∗u
Ā′

]
X̄
[
B́u Ā

]
: Lm × Rn → Lm × Rn

and then interpret the hold F̀u : Rn → Lm. We shall study two ways to do
that . . .
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The idea

Integral operators on finite time intervals (like [0; h]) are easier manipulated

− via their state-space equations,

much like what we do with dynamic systems over R+ (the idea traces back
to Bart, Gohberg & Kaashoek, 1982). E.g. the operator D̆ : L→ L

D̆ : u 7→ u(�) + C

∫ �

0
eA(�−�)Bu(�)d�

(here D = I to simplify the exposition) can be equivalently described as

D̆ :

{
ẋ(�) = Ax(�) + Bu(�); x(0) = 0

y(�) = Cx(�) + u(�)

so

D̆−1 :

{
ẋ(�) = (A− BC )x(�) + By(�); x(0) = 0

u(�) = −Cx(�) + y(�)

which is only a matter of swapping u and y and is way easier than inverting
D̆ as an integral operator. This logic works in more general settings . . .
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hSTPBC

Our main tool is hybrid systems with two-point boundary conditions, which
are operators Σ : Lm × Rm̄ → Lp × Rp̄ mapping

[
u
ū

]
7→
[ y
ȳ

]
as follows:

Σ :


ẋ(�) = Ax(�) + Bu(�); Ωx(0) + Υx(h) = B̄ū

y(�) = Cx(�) + Du(�)

ȳ = C̄0x(0) + C̄hx(h) + D̄ū

with square matrices Ω and Υ shaping boundary conditions of x(�).

Similarity transformations do not change hSTPBC’s:

Σ :


˙̃x(�) = T−1ATx̃(�) + T−1Bu(�); SΩTx̃(0) + SΥTx̃(h) = SB̄ū

y(�) = CT x̃(�) + Du(�)

ȳ = C̄0Tx̃(0) + C̄hTx̃(h) + D̄ū

for any nonsingular T and S .
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hSTPBC: solution

We should know that

x(�) = eA�x(0) +

∫ �

0
eA(�−�)Bu(�)d�;

from which

Ωx(0) + Υx(h) = (Ω + ΥeAh)x(0) + Υ

∫ h

0
eA(h−�)Bu(�)d� = B̄ū:

This equation is solvable in x(0) for all possible u ∈ Lm and ū ∈ Rm̄ if

− Ξ := Ω + ΥeAh is invertible,

which is the well-posedness condition of this hSTPBC (always well posed if
either “Ω = I and Υ = 0” or “Ω = 0 and Υ = I”).
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hSTPBC: solution (contd)

If Σ is well-posed,

x(�) = eA�Ξ−1

(
B̄ū −Υ

∫ h

0
eA(h−�)Bu(�)d�

)
+

∫ �

0
eA(�−�)Bu(�)d�

= eA�Ξ−1

(
Ω

∫ �

0
e−A�Bu(�)d� −ΥeAh

∫ h

�

e−A�Bu(�)d� + B̄ū

)
and then

y(�) = Du(�) + CeA�Ξ−1

(
Ω

∫ �

0
e−A�Bu(�)d� −ΥeAh

∫ h

�

e−A�Bu(�)d�

)
+ CeA�Ξ−1B̄ ū

ȳ =
(
−C̄0Ξ−1ΥeAh + C̄heAhΞ−1Ω

)∫ h

0
e−A�Bu(�)d�

+
(
D̄ + (C̄0 + C̄heAh)Ξ−1B̄

)
ū

with the subsystem u 7→ y is causal / anti-causal whenever Υ = 0 / Ω = 0.
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hSTPBC: adjoint

It can be shown that

Σ∗ :


ẋ(�) = −A′x(�)− C ′u(�); Ω̃′x(0) + Υ̃′x(h) = C̄ ′ū

y(�) = B ′x(�) + D ′u(�)

ȳ = B̄ ′0x(0)− B̄ ′hx(h) + (D̄ ′ + B̄ ′0C̄
′
0 + B̄ ′hC̄

′
h)ū

where Ω̃ and Υ̃ are any matrices such that

ΩΩ̃ = ΥΥ̃ and Ω̃′Ω̃ + Υ̃′Υ̃ > 0;

B̄0 and B̄h are any matrices such that

ΩB̄0 + ΥB̄h = B̄;

and
C̄ := −C̄0Ω̃ + C̄hΥ̃:

Moreover, if Σ is well posed, so is Σ∗.
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D̆ as hSTPBC

The hSTPBC1

ΣD :

{
ẋ(�) = Ax(�) + Bu(�); x(0) = 0

y(�) = Cx(�) + Du(�)

corresponds to the (causal) operator Lm → Lp

u 7→ Du(�) + C

∫ �

0
eA(�−�)Bu(�)d�;

which is of the form of the “D̆” part of lifted state-space realizations, i.e.

D̆ = ΣD :

1Corresponds to Ω = I , Υ = 0, B̄ = 0, C̄0 = C̄h = 0, and D̄ = 0.
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C̀ as hSTPBC

The hSTPBC2

ΣC :

{
ẋ(�) = Ax(�); x(0) = ū

y(�) = Cx(�)

corresponds to the operator Rn → Lp

ū 7→ CeA� ū;

which is of the form of the “C̀” part of lifted state-space realizations, i.e.

C̀ = ΣC :

2Corresponds to Ω = I , Υ = 0, B = 0, D = 0, B̄ = I , C̄0 = C̄h = 0, and D̄ = 0.
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B́ as hSTPBC

The hSTPBC3

ΣB :

{
ẋ(�) = Ax(�) + Bu(�); x(0) = 0

ȳ = x(h)

corresponds to the operator Lm → Rn

u 7→
∫ h

0
eA(h−�)Bu(�)d�;

which is of the form of the “B́” part of lifted state-space realizations, i.e.

B́ = ΣB :

3Corresponds to Ω = I , Υ = 0, C = 0, D = 0, B̄ = 0, C̄0 = 0, C̄h = I , and D̄ = 0.
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Ā as hSTPBC

The hSTPBC4

ΣA :

{
ẋ(�) = Ax(�); x(0) = ū

ȳ = x(h)

corresponds to the operator Rn → Rn (which is a matrix Rn×n)

ū 7→ eAhū;

which is of the form of the “Ā” part of lifted state-space realizations, i.e.

Ā = ΣA:

4Corresponds to Ω = I , Υ = 0, B = 0, C = 0, D = 0, B̄ = I , C̄0 = 0, C̄h = I , D̄ = 0.
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State-space realizations as hSTPBC

The hSTPBC’s above have common “state” dynamics, so that

[
D̆ C̀

B́ Ā

]
:


ẋ1(�) = Ax1(�) + Bu1(�); x1(0) = ū1

y1(�) = Cx1(�) + Du1(�)

ȳ1 = x1(h)

and then

[
D̆ C̀

B́ Ā

]∗
:


ẋ2(�) = −A′x2(�)− C ′u2(�); x2(h) = ū2

y2(�) = B ′x2(�) + D ′u2(�)

ȳ2 = x2(0)

Manipulations with these operators are a matter of plugging right signals in
now. . .
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Connection 1

Let

Ŏ1 :=

[
D̆ C̀

B́ Ā

]∗ [
I 0
0 X

] [
D̆ C̀

B́ Ā

]
=

[
D̆∗

C̀ ∗

] [
D̆ C̀

]
+

[
B́∗

Ā′

]
X
[
B́ Ā

]
Then, by aggregating x2 and x1 and considering u2 = y1 and ū2 = Xȳ1, we
end up with the following hSTPBC representation of Ŏ1:
ẋ(�) =

[
−A′ −C ′C

0 A

]
x(�) +

[
−C ′D

B

]
u(�);

[
0 0
0 I

]
x(0) +

[
I −X
0 0

]
x(h) =

[
0
I

]
ū

y(�) =
[
B′ D′C

]
x(�) + D ′Du(�)

ȳ =
[
I 0
]
x(0)

(here u := u1, ū := ū1, y := y2, and ȳ := ȳ2).

Remark: The addition of the finite-rank part shows up only in the shape of
the boundary conditions.
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Connection 2

Let

Ŏ2 :=

[
D̆ C̀

B́ Ā

] [
I 0
0 Y

] [
D̆ C̀

B́ Ā

]∗
=

[
D̆

B́

] [
D̆∗ B́∗

]
+

[
C̀
Ā

]
Y
[
C̀ ∗ Ā′

]
Then, by aggregating x1 and x2 and considering u1 = y2 and ū1 = Y ȳ2, we
end up with the following hSTPBC representation of Ŏ2:

ẋ(�) =
[
A BB′
0 −A′

]
x(�) +

[
BD′
−C ′

]
u(�);

[
I −Y
0 0

]
x(0) +

[
0 0
0 I

]
x(h) =

[
0
I

]
ū

y(�) =
[
C DB′

]
x(�) + DD ′u(�)

ȳ =
[
I 0
]
x(0)

(here u := u2, ū := ū2, y := y1, and ȳ := ȳ1).

Remark: The addition of the finite-rank part shows up only in the shape of
the boundary conditions, again.
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Schur transformation

The transformation

Su
([

M11 M12

M21 M22

])
=

[
M−1

11 −M−1
11 M12

M21M
−1
11 M22 −M21M

−1
11 M12

]
is called the upper Schur transformation of M (its (2; 2) entry is the Schur
complement of M11). A useful observation is that Su(M) can be performed
via manipulating inputs and outputs of M. Namely, let[

y1

y2

]
=

[
M11 M12

M21 M22

] [
u1

u2

]
:

Then [
u1

y2

]
=

[
M−1

11 −M−1
11 M12

M21M
−1
11 M22 −M21M

−1
11 M12

] [
y1

u2

]
;

i.e. Su(M) is the result of mere swapping the first input and output of M.
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Hmm. . . (contd)

Now the parts that include infinite-dimensional operators do not collapse to
finite-dimensional operators (matrices). For instance, to compute the gain

F̀u = −(D̆∗zuD̆zu + B́∗u X̄ B́u)−1(D̆∗zuC̀z + B́∗u X̄ Ā)

and the DARE

X̄ = Ā′X̄ Ā + C̀ ∗z C̀z

− (C̀ ∗z D̆zu + Ā′X̄ B́u)(D̆∗zuD̆zu + B́∗u X̄ B́u)−1(D̆∗zuC̀z + B́∗u X̄ Ā)

we need to compute and manipulate the infinite-dimensional operator

Ŏu :=

[
D̆∗zu
C̀ ∗z

] [
D̆zu C̀z

]
+

[
B́∗u
Ā′

]
X̄
[
B́u Ā

]
: Lm × Rn → Lm × Rn

and then interpret the hold F̀u : Rn → Lm.
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The X̄ part

A key observation is that

Su(Ŏu) =

[
× F̀u
× X̄

]
We already saw that Ŏu has the following hSTPBC realization:

Ŏu :



ẋ(�) =

[
−A′ −C ′zCz

0 A

]
x(�) +

[
−C ′zDzu

B

]
u(�)[

0 0
0 I

]
x(0) +

[
I −X̄
0 0

]
x(h) =

[
0
I

]
ū

y(�) =
[
B ′u D ′zuCz

]
x(�) + D ′zuDzuu(�)

ȳ =
[
I 0

]
x(0)

To derive its Schur transform we only need to swap u and y (and after that
we only need to account for the effect of the discrete input).
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The X̄ part (contd)

Thus, assuming D ′zuDzu = I ,

[
F̀u

X̄

]
:


ẋ(�) = Hux(�);

[
0 0
0 I

]
x(0) +

[
I −X̄
0 0

]
x(h) =

[
0
I

]
ū

u(�) =
[
−B′

u −D
′
zuCz

]
x(�)

ȳ =
[
I 0
]
x(0)

where

Hu :=

[
−A′ −C ′zCz

0 A

]
−
[
−C ′zDzu

Bu

] [
B ′u D ′zuCz

]
:

Applying similarity transform with T =
[
I X̄
0 I

]
and S = I , we get:

[
F̀u

X̄

]
:


˙̃x(�) = H̃u x̃(�);

[
0 0
0 I

]
x̃(0) +

[
I 0
0 0

]
x̃(h) =

[
0
I

]
ū

u(�) =
[
−B′

u −B
′
uX̄−D

′
zuCz

]
x̃(�)

ȳ =
[
I X̄
]
x̃(0)

where H̃u :=
[
I −X̄
0 I

]
Hu

[
I X̄
0 I

]
.
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The X̄ part (contd)

With some algebra,

H̃u =

[
−A′ −X̄A− A′X̄ − C ′zCz

0 A

]
−
[
−X̄Bu − C ′zDzu

Bu

] [
B ′u B ′uX̄ + D ′zuCz

]
=

[
−(·)′ −X̄A− A′X̄ − C ′zCz + (X̄Bu + C ′zDzu)(B ′uX̄ + D ′zuCz)
−BuB

′
u A− Bu(B ′uX̄ + D ′zuCz)

]
An educated guess is to take X̄ = X , where X is any solution to the CARE
XA + A′X + C ′zCz − (XBu + C ′zDzu)(B ′uX + D ′zuCz) = 0 (the admissibility
of this choice is yet to be proved though). In this case

H̃u =

[
−A′F 0
−BuB

′
u AF

]
;

where AF := A + BuF for the gain Fu = −B ′uX − D ′zuCz .
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The X̄ part (contd)

Thus,

[
F̀u

X̄

]
:


˙̃x(�) =

[
−A′F 0
−BuB

′
u AF

]
x̃(�);

[
0 0
0 I

]
x̃(0) +

[
I 0
0 0

]
x̃(h) =

[
0
I

]
ū

u(�) =
[
−B ′u Fu

]
x̃(�)

ȳ =
[
I X

]
x̃(0)

The first component of the state in this case x̃1(�) ≡ 0, which can be seen
from its isolation from both ū and x̃2(�) and from x̃1(h) = 0. Hence,

[
F̀u
X̄

]
:


˙̃x2(�) = AF x̃2(�); x̃2(0) = ū

u(�) = Fu x̃2(�)

ȳ = Xx̃2(0)

for which
ȳ = Xū:

Thus, X̄ = X , which agrees with the guess of the previous slide and proves
that a solution of the CARE is a solution of the lifted DARE as well.



Type IV standard problem Background: hSTPBC Direct approach via hSTPBC Extraction from analog parametrization

The X̄ part (contd)

The analog output of the hSTPBC (again by Slide 15) is

u(�) = FueAF � ū;

i.e. F̀u : ū 7→ FueAF � ū. Now, we need conditions for Ā + B́uF̀u being Schur.
To this end,

Ā + B́uF̀u = eAh +

∫ h

0
eA(h−�)BuFueAF�d�

= eAh +
[
I 0

]
exp

([
A BuFu
0 A + BuFu

]
h

)[
0
I

]
= eAh +

[
I I

]
exp

([
A 0
0 A + BuFu

]
h

)[
−I
I

]
= eAh − eAh + e(A+BuFu)h = e(A+BuFu)h;

so Ā + B́uF̀u is Schur iff A + BuFu is Hurwitz. Hence,

− X̄ is stabilizing iff X is stabilizing.
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The X̄ part (contd)

Thus, if the CARE

XA + A′X + C ′zCz − (XBu + C ′zDzu)(B ′uX + D ′zuCz) = 0

has the stabilizing solution X , we have that

− X̄ = X

− F̀u is the lifting of the static hold with �u(t) = Fue(A+BuFu)t1[0;h](t)

where Fu := −XB ′u − D ′zuCz is the optimal LQR gain for the corresponding
continuous-time problem. It can be shown that

− (Ā; B́u) is stabilizable (wrt D1) iff (A;Bu) is stabilizable (wrt C \ C̄0)

−
[
Ā−zI B́u

C̀z D̆zu

]
left invertible ∀z ∈ T iff

[
A−sI Bu

Cz Dzu

]
left invertible ∀s ∈ jR

which implies that the solvability conditions in the lifted domain reduce to
those for the continuous-time problem.
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The Ȳ part

Similarly, it can be proved that

− (C̀y ; Ā) is detectable (wrt D1) iff (Cy ;A) is detectable (wrt C \ C̄0)

−
[
Ā−zI B́w

C̀y D̆yw

]
right invertible ∀z ∈T iff

[
A−sI Bw

Cy Dyw

]
right invertible ∀s ∈ jR

Then the CARE

AY + YA′ + BwB
′
w − (YC ′y + BwD

′
yw )(CyY + DywB

′
w ) = 0

has the stabilizing solution Y and

− Ȳ = Y

− z−1Ĺy is the lifting of the sampler with  y (t) = e(A+LyCy )tLy1[0;h](t)

where Ly := −YC ′y − BwD
′
yw is the corresponding continuous-time Kalman

filter gain.
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Optimal controller

The optimal controller

K̆opt(z) = −F̀u
[
ĀK I

I 0

]
Ĺy ;

then corresponds to the following dynamics:

Kopt :


x̄K [i + 1] = ĀK x̄K [i ]−

∫ h

0
e(A+LyCy )(h−�)Lyy(ih + �)d�

u(ih + �) = Fue(A+BuFu)� x̄K [i ]

and it’s only left to peel-off the “A” matrix of its discrete part,

ĀK := Ā + B́uF̀u + Ĺy C̀y + Ĺy D̆yuF̀u =
[
Ĺy I

] [ D̆yu C̀y

B́u Ā

] [
F̀u
I

]
:
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The ĀK part

The hSTPBC’s for all three components are

[
F̀u
I

]
:


ẋ1(�) = (A + BuFu)x1(�); x1(0) = ū

y1(�) = Fu x̃2(�)

ȳ1 = ū[
D̆yu C̀y

B́u Ā

]
:


ẋ2(�) = Ax2(�) + Buu2(�); x2(0) = ū2

y2(�) = Cyx2(�)

ȳ2 = x2(h)[
Ĺy I

]
:

{
ẋ3(�) = (A + LyCy )x3(�) + Lyu3(�); x3(0) = 0

ȳ = x3(h) + ū3

and we need to plug u2 = y1, ū2 = ȳ1, u3 = y2, ū3 = ȳ2, and aggregate the
“states” x1, x2, x3.
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The ĀK part (contd)

Hence, applying similarity with T =
[
I −I −I
0 I I
0 0 I

]
and S = T−1 =

[
I I 0
0 I −I
0 0 I

]
,

ĀK :


ẋ(�) =

 A + LyCy LyCy 0
0 A BuFu
0 0 A + BuFu

 x(�); x(0) =

 0
I
I

 ū

ȳ =
[
I I 0

]
x(h)

:


˙̃x(�) =

 A + LyCy 0 BuFu
0 A 0
0 0 A + BuFu

 x̃(�); x̃(0) =

 I
0
I

 ū

ȳ =
[
I 0 0

]
x̃(h)

:

 ˙̂x(�) =

[
A + LyCy BuFu

0 A + BuFu

]
x̂(�); x̂(0) =

[
I
I

]
ū

ȳ =
[
I 0

]
x̂(h)

=
[
I 0

]
exp

([
A + LyCy BuFu

0 A + BuFu

]
h

)[
I
I

]
:
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Optimal sampler and hold

The optimal hold is static, with the hold function

�u(t) = Fue(A+BuFu)t1[0;h](t);

which effectively imitates the optimal analog LQR control signal during the
intersample. It is optimal for the Type III problem as well.

The optimal sampler is also static, with the sampling function

 y (t) = −e(A+LyCy )tLy1[0;h](t);

which imitates the processing of the measurement y by the analog Kalman
filter. It is optimal for the Type II problem as well.
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The idea

Because

k(t; s) :

−2h −h 0 h 2h

−2h

−h

0

h

2h

s

t

⊂

s

t

t0

t0

we may endeavor to

− extract the sampled-data controller of interest from a parametrization
of admissible analog controllers.

Imposing the “staircase” constraint on k(t; s) might be hard as most design
procedures do not explicitly operate with controller kernels in time domain.
The constraint is more tangible in the lifted domain, where the task is to

− find the least harming strictly causal controller among lifted
parametrizations.
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All suboptimal analog controllers

We already saw (Lecture 9, Slide 11) that all 
-suboptimal solutions to the
standard H2 problem are

K = Fl

(
J ;Q

)
=

J

Q

yu

� �

where J is an LTI system with the transfer function

J(s) =

 A + BuFu + LyCy −Ly Bu

Fu 0 I
−Cy I 0


and Q is any H2 system such that

‖Q‖2
2 ≤ 
2 − 
2

opt = 
2 − tr(BwB
′
wX + YC ′zCz + XAY + YA′X ):
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All suboptimal lifted controllers

Equivalently, all 
-suboptimal lifted solutions are

K̆ = Fl

(
J̆ ; Q̆

)
=

J̆

Q̆

y̆ŭ

�̆ �̆

where J̆ = LhJL−1
h and Q̆ is any H2 system such that

‖Q̆‖2
2 ≤ 
2 − 
2

opt

and K̆ corresponds to a causal K.
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Reformulation as extraction problem

Ğ

K̆

w̆z̆

y̆ ŭ

J̆

Q̆

y̆ŭ

�̆ �̆

Thus,

minimizing ‖Fl

(
Ğ; K̆

)
‖2 by stabilizing strictly causal K̆

m
minimizing ‖Q̆‖2 subject to strict causality of K̆ = Fl

(
J̆ ; Q̆

)
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Feedthrough part of K̆
In terms of system matrices,

[[K̆]] = Fl

(
[[J̆ ]]; [[Q̆]]

)
= [[J̆11]] + [[J̆12]][[Q̆]]

(
I − [[J̆22]][[Q̆]]

)−1
[[J̆21]]:

All components there, including the well-posed (I − [[J̆22]][[Q̆]])−1, are lower
triangular. This implies that

− the diagonal elements of [[K̆]] depend only on the diagonal elements of
each [[J̆ij ]] and of [[Q̆]].

In other words,
K̆∞ = Fl

(
J̆∞; Q̆∞

)
;

where Ğ∞ stands for the feedthrough part of Ğ, and

− K̆ is strictly causal ⇐⇒ Fl

(
J̆∞; Q̆∞

)
= 0.
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Reformulation as extraction problem (contd)

Ğ

K̆

w̆z̆

y̆ ŭ

J̆

Q̆

y̆ŭ

�̆ �̆

Thus,

minimizing ‖Fl

(
Ğ; K̆

)
‖2 by stabilizing strictly causal K̆

m
minimizing ‖Q̆‖2 subject to strict causality of K̆ = Fl

(
J̆ ; Q̆

)
m

minimizing ‖Q̆‖2 subject to Fl

(
J̆∞; Q̆∞

)
= 0
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Two observations

1. By Parceval (and the causality of Q̆),

‖Q̆‖2
2 =

∑
i∈Z+

‖Q̆[i ]‖2
HS = ‖Q̆∞‖2

2 +
∑
i∈N

‖Q̆[i ]‖2
HS:

Hence, minimizing ‖Q̆‖2 subject to constraints only on its feedthrough
part Q̆∞ always yields static Q̆opt = Q̆∞.

2. If Fl

(
J̆∞; Q̆∞

)
is well posed, the mapping Fl

(
J̆∞; Q̆∞

)
: Q̆∞ 7→ K̆∞

is invertible, with

K̆∞ = Fl

(
J̆∞; Q̆∞

)
⇐⇒ Q̆∞ = Fu

(
J̆ −1
∞ ; K̆∞

)
(as the (1; 2) and (2; 1) sub-blocks of J̆∞ are square and invertible).
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Two observations

1. By Parceval (and the causality of Q̆),
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)
is well posed, the mapping Fl

(
J̆∞; Q̆∞

)
: Q̆∞ 7→ K̆∞

is invertible, with

K̆∞ = Fl

(
J̆∞; Q̆∞

)
⇐⇒ Q̆∞ = Fu

(
J̆ −1
∞ ; K̆∞

)
(as the (1; 2) and (2; 1) sub-blocks of J̆∞ are square and invertible).
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The optimal Q
The unique Q̆ such that Fl

(
J̆∞; Q̆∞

)
= 0 is the static

Q̆ = Fu

(
J̆ −1
∞ ; 0

)
=
[

0 I
]
J̆ −1
∞

[
0
I

]
Since J̆ −1 = (LhJL−1

h )−1 = LhJ −1L−1
h and

[J−1(s)]22 =
[

0 I
]  A −Bu Ly
−Cy 0 I
Fu I 0

[ 0
I

]
=

[
A Ly
Fu 0

]
;

the optimal Q̆opt in the continuous-time domain acts as (Lecture 9, Slide 25)

Qopt :

{
ẋQ(t) = AxQ(t) + Ly�(t); xQ(ih) = 0

�(t) = FuxQ(t):
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The optimal performance

Q̆opt is static and its transfer function Q̆opt(z) = D̆Q is an integral operator
L→ L with the kernel dQ(t; s) = FueA(t−s)Ly1(t − s). Then

‖Qopt‖2
2 =

1

h
‖D̆Q‖2

HS =
1

h

∫ h

0

∫ t

0
tr(FueA(t−s)LyL

′
yeA

′(t−s)F ′u)dsdt

and we know how to compute it (Lecture 9, Slide 40).
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The optimal K
The mapping Kopt = Fl

(
J ;Qopt

)
, with

J :


ẋJ(t) = (A + BuFu + LyCy )xJ(t)− Lyy(t) + Bu�(t)

u(t) = FuxJ(t) + �(t)

�(t) = −CyxJ(t) + y(t)

reads then as ẋ(t) =

[
A + BuFu + LyCy BuFu

−LyCy A

]
x(t) +

[
−Ly
Ly

]
y(t);

[
0 0
0 I

]
x(ih) = 0

u(t) =
[
Fu Fu

]
x(t)

or, with x̃ :=
[
I 0
I I

]
x , as

˙̃x(t) =

[
A + LyCy BuFu

0 A + BuFu

]
x̃(t)−

[
Ly
0

]
y(t);

[
0 0
−I I

]
x̃(ih) = 0

u(t) =
[

0 Fu
]
x̃(t)
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The optimal K (contd)

Thus, Kopt acts as
˙̃x(t) =

[
A + LyCy BuFu

0 A + BuFu

]
x̃(t)−

[
Ly
0

]
y(t); x̃2(ih) = x̃1(ih)

u(t) =
[

0 Fu
]
x̃(t)

Let [
Γ11(�) Γ12(�)

0 Γ22(�)

]
:= exp

([
A + LyCy BuFu

0 A + BuFu

]
�

)
then

x̃(ih + �) =

[
Γ11(�) Γ12(�)

0 Γ22(�)

]
x̃(ih)−

[
I
0

] ∫ �

0
Γ11(� − �)Lyy(ih + �)d�

=

[
Γ11(�) + Γ12(�)

Γ22(�)

]
x̃1(ih)−

[
I
0

]∫ �

0
Γ11(� − �)Lyy(ih + �)d�

and u(ih + �) = FuΓ22(�)x̃1(ih) depends only on x̃1(ih).
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The optimal K (contd)

Hence, denoting x̄K [i ] := x̃1(ih), we end up with

Kopt :


x̄K [i + 1] = ĀK x̄K [i ]−

∫ h

0
e(A+LyCy )(h−�)Lyy(ih + �)d�

u(ih + �) = Fue(A+BuFu)� x̄K [i ]

where

ĀK =
[
I 0

]
exp

([
A + LyCy BuFu

0 A + BuFu

]
h

)[
I
I

]
:

This is exactly what we got with the direct approach.
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