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digital design

Remember two classical approaches:

1. digital redesign of analog controllers

clockwise from G to K
2. discrete-time design

counterclockwise from G to K
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d . digital design

Remember two classical approaches:
1. digital redesign of analog controllers clockwise from G to K
counterclockwise from G to K

2. discrete-time design
We are in the position to explore another pathway:
3. sampled-data design (design /C directly for analog performance)

- solves the original, i.e. non-approximated, problem
= controller designed is controller implemented



Content

Continuous-time output feedback

Discrete-time output feedback

State-space realizations in the lifted domain

Type | standard problem



Content

Continuous-time output feedback



CT output feedback

The standard H, problem

z w
-— |
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Given
| Gaw(s) Gz(s)
Gle) = [GyW(S) Gyu(s) ] ’
design causal internally stabilizing K that minimizes || T,y ||2, where
Tau(s) = Fi(G(s). K(s))
= Gaw(s) + Gau(S)K(s)(I — Gyu(s)K(5)) " Gyw(s).

which is a nonlinear function of K.



CT output feedback

Assumptions

We consider finite-dimensional generalized plants given by their state-space
realizations of the form

assuming that
— (A, By) is stabilizable
— (G, A) is detectable

[AEzsl DBZ,] has full column rank for all s € jR and D,,D,, = |
A—sl B, _ B
[ ys yw] has full row rank for all s € jR and Dy, Dj,, = I

Remark: Normalization assumptions on the “D" parts are made to simplify
the formulae. They can be easily relaxed to D, D, > 0 and D,,,Dj,, > 0.



CT output feedback

Youla-Kucera parametrization

All internally stabilizing controllers can be parametrized as

u Yy
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for any F, and L, such that A+ B,F, and A+ L,C, are Hurwitz, and Q is
an arbitrary stable system.



CT output feedback

All stable closed-loop systems

Then all stable closed-loop mappings w — z are

Tzw(s) = Nzw(s) - NU(S)Q(S)N}/(S)

(affine function of @), where

A+B,F, -L,C | -L,D, B,
Now(s) i Nu(s)] 0 A+L,C)|By+L,Dyy,: 0
[ N(s) | 0 ] ~ | G+ DuF, G 0 ' D,
0 ¢ | D 0

Thus, the standard H, problem reduces to a two-sided H, model matching
problem, whose solution verifies

<Nzw - NquptNya NuQNy>2 = <NUNNZWN; - N;NquptNyNN’ Q>2 =0,

for all Q € H..



CT output feedback

Choice of F, and L,

The solution is greatly simplified if we

— choose F, so that N,(s) is inner and L, so that N,(s) is co-inner

Because

A+ B,F, | By A+ L,C, | By + LDy

Nu(s)

and N,(s) =

~ | G+ DaFy | Do ¢ | D

the formulae from Lecture 8 (Slides 19 and 20) apply if we pick
Fu=—(B,X +D.,GC,) and L, =—(YC,+ B,Dl,),

where X > 0 and Y > 0 are the stabilizing solutions to the CARE's

AX + XA+ C.C, — (XB, + C.D,,)(B.X + D,,C,) =0,
AY + YA + B, B, — (YC, + BuD},,)(C,Y + Dy B,,) =0

(exist under our assumptions). In this case, Qopt = proju, N5 Nz N



CT output feedback

Calculating NUNNZWN;“ et cetera

Introduce matrices Ar := A+ B,F,, Cr := G, + DpyFy, AL = A+ L, C,
and B, := By, + L,D,,,. Then

Ar —L,C,|-L,D,,
NZW(S): 0 AL BL
¢ G | O

-[ef3] [ ] (e ] - o mome

We already saw the systems N, and N, in the estimation problem (modulo
notation differences) and we know that N, NJ* € Hs-. Then, by the formula
of Slide 10 of Lecture 8,

~ ~TAF| L Ar |Bs]” [ Af|Bu]™ 1
N“(S)NF(S)_[OO}JF[L;XO =loxo] €%

so that N N, Ny = Ny (N, N;) — Ny Np € Hy too and Qopt = 0.




CT output feedback

Calculating NN, N7 et cetera (contd)

Therefore,

[A+BF+LG|L
Fu 10 ]’

Kopt(s) = Fi(J(5).0) =

which is the classical optimal LQG controller (observer-based). The optimal
performance || Tow |3 = |[|Naw |3 = [Ny — NeN,||3. From the solution to the
estimation problem, N, 1L QN, for all Q € H>. Hence,

I Towl3 = [INVII3 + [INEN |15 = [IN[13 + [INE(3
=tr(G.YC)) + tr(L, XL, ) = tr(C,YC,) + tr(XLy L},)
=tr(C,YC.) + tr(X(AY + YA + B, B,))
= tr(B,,XBw) + tr(C,YC.) + tr(XAY + YA'X)

which includes the LQR and Kalman filter costs tr(B],XB, ) and tr(C,YC.),
respectively, in it.



CT output feedback

Suboptimal solutions
If follows from (Nzy — Ny QoptNy, NyQNy)o = (Nzw, Ny QN )2 = 0 that
INzw = NuQNy (13 = | Now |13 + | Ny @Ny [[3 = [[ Now [13 + [| QI

(by Pythagoras and because N, is inner and N, is co-inner). Thus, given a
Y > |[Nawl|2, all y-suboptimal controllers are

for any Q such that ||Q||3 < y2 — y§pt.

Remark: This parametrization yields also all y-suboptimal time-varying K's
when Q is an arbitrary time-varying system such that || Q|3 < y? — ygpt.
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Discrete-time output feedback



DT output feedback

The standard H, problem with strictly causal controller

Given i Gon(2) Gau(z)
o= |8 28|

design strictly causal internally stabilizing K that minimizes || 'I_'ZW||2, where

To(2) = F (G(z), R(z))



DT output feedback

Assumptions

We consider finite-dimensional generalized plants given by their state-space
realizations of the form

assuming that
— (A, By) is stabilizable
— (G, A) is detectable
— [AgH B

[ACZI SW | has full row rank for all z € T
y

] has full column rank forall z&€ T

Remark: Neither D,,, nor D, is assumed to be zero. This is done to render
the solution applicable to lifted systems later on.



DT output feedback

Youla-Kucera parametrization

All internally stabilizing strictly causal controllers can be parametrized as

Az
<i

Qi

™1
=

i.e. K(z) = Fi(J(2), RuQ(2)Ry), where Q is an arbitrary strictly causal and
stable system and

_ A+ ByFu+L,C, + LyDyyFu| =L, By+ L,Dy,
J(z) = Fy 0 /
—(C, + DyuFy) / —Dy,

for any F, and L, such that A+ B,F, and A+ L, C, are Hurwitz and any
square nonsingular R, and R, .



DT output feedback

All stable closed-loop systems

Then all stable closed-loop mappings w — Z are

Tzw(z) = Nzw(z) - NU(Z)Q(Z)I\_I}’(Z)
(affine function of @), where

A+B,F, —L,C, | —L,Dy  BuR,

Vow(2) Nu(2)] _ 0 A+L,C)|By+L,Dy: O
Ny(z) 0 | | G+DuFy G | Daw 1 DzuRy.
0 R,C, RDyw | 0

Thus, the standard H, problem reduces to a two-sided H, model matching
problem, whose solution verifies

<l\_/zw - Nu@optNy» I\_IUQI\_/y>2 = <l\_/;,\_/zw,\_l; - I\_I:,\_/uéopt,\_/yl\_lN» Q>2 =0,

forall Q € z71H,.



DT output feedback

Choice of F,, R,, L,, and R,

The solution is greatly simplified if we
— choose F, and R, so that N,(z) is inner and
— choose L, and R, so that N,(z) is co-inner
Because
_ [ A+BuFy | BuRy _ [A+L,G | By + LyDyy
Nu(z) = | e D F | DZURU] - N(2) = [ RC, | RDm |

the formulae from Lecture 8 (Slides 21 and 22) apply if we pick
F,=—R?(D.,C, + B'.XA) with R, = (D.,D,, + B/ XB,)"/?
L, = —(ByD},, + AYC))R? with R, = (Dyw D}, + C,YC})~*/?
where X > 0 and Y > 0 are the stabilizing solutions to the DARE's
X = AXA+ C.C, — (C.D,, + AXB,)(D.,, Dz + B.XB,) Y(D.,C, + B.XA),
Y = AYA' + B, B, — (BuD,,, + AYC,)(DywD,,, + C,YC,) " (Dyw B, + G, YA')

(exist under our assumptions). In this case, Qopt = pProj,-1, Ny Nzw N



DT output feedback

Calculating /\_IUN/\_IZWI\_/;“ et cetera

Introduce matrices Ar := A+ B,F,, Cr := C, + D Fy, A=A+ L, C,
and B, := By, + L,D,,,. Then, repeating continuous-time arguments,

- A BL] [AF|LR?MTT AL | B
NZW(Z)_[CZDZW} [CF 0 R,C,|R,Dyw
fd I\_IV(Z) — I\_IF(Z)I\_Iy(Z)

We already saw these N, and IVy in the strictly causal estimation (modulo
notation differences) and we know that NvNy” €Ly oz tH,. Then, by the
formula of Slide 12 of Lecture 8,

_ _ Ar | L, R A B,R, 1~
Ny (2)Np(z) = [ RCE ]+ [le/x 0 }
y y

“ | (DywB, + G,YA)X | 0

] R, € Hy,

so that /\_/;I\_IZW/\_/; = N> (N, ) — Ny NE € Ly © z71H; too and Qopr = 0.



DT output feedback

Calculating NN, N7 et cetera (contd)
Therefore,

_ _ A+ B,F,+L,C,+ L,Dy,F, | L
Kopt(Z):f](J(Z),O):— + + I}—:u}/—'_ y =y Oy ,

which is the classical optimal LQG controller (observer-based). The optimal
performance || Tow||3 = ||Now||3 = ||[Ny — NeN, ||3. From the solution to the
strictly causal estimation problem, N, L QN, for all Q € z1H,. Hence,

I Tonll3 = INII5 + INEN, (13 = (N[5 + |NF13
= tr(Dz DL, + GYCL) + tr(R; 'L, XL, R, ™)
= tr(Dz Dl,) + tr(C;YC,) + tr(XLy R, 2LS)
= tr(DwDL,,) + tr(C,YC,) + tr(X(AYA — Y + B, B,,))
= tr(Dow DL,,) + tr(B},XBy) + tr(C,YCL) + tr(XAYA — XY)
= || Dow||2 + tr(XBy By, + CLC,Y + XAYA — XY).



Lifted spate space

Content

State-space realizations in the lifted domain



Lifted spate space

Transfer function of finite-dimensional EhQCf

Let G be a finite-dimensional LTI system with g(t) = D§(t) + Ce**B1(t).
The transfer function of its lifting has then the kernel (with v € [—h, h])

G(zi) = (3{EN(0) = D_&lil(0) = = > g(ih+ 1)
i€z icz
D§(z) + Ce** Bl(zr) + Y CeAlhtrz—ip
ieN
= D§(r) + Ce*"BI(r) + CeAMT(z] — eAh) 1B

so that
T
Y(z;1) = DU(z;7) + C/ A9 BU(z; 0)do
0

h
+ Ce"* (21 — eAh)l/ A=) B(z; 0')do.
0



Lifted spate space

Lifted state-space realization

Introduce operators

h=

A:R" = R" i ey
h
B:L™—R" {H/ A=) BE(6)do
0
C:R"—>IP s CeATy
T
D:1L™ 1P £ — D¢() + C/ A9 B¢ (0)do
0

Then the transfer function of G is

E(z) = B+ C(zl — A) 1B = [f_ g]

and the quadruple (A, B.C, 5) is called its state-space realization. It is a

— standard discrete state-space realization except that its parameters are
operators over L := L,[0, h) rather than matrices



Lifted spate space

Impulse response of finite-dimensional £,GL,*

The impulse response of G in terms of state-space realization is

0 if i<0
glil=<D ifi=0 (infinite rank)
CA-1B ifi>0  (finite rank)
The “system matrix” of g” is then

2 -10 1 j

[91=",



Lifted spate space

Extracting the feedthrough part from c,,gql

A finite-dimensional shift-invariant G can always be decomposed as

-2 -10 1 j -2 -10 1 j 2 -10 1 j

(feedthrough part of G) and Gy is a strictly causal system with the transfer
function B
Gse(2) = C(zI — A)7!B

(strictly causal part of G).



Lifted spate space

Feedthrough part of £,GL,*

In the lifted domain it acts as the following mapping i — y:
T
y[i] = Dili] < y[i](z) = Dii[i](z) + C / A=) Biifi)(0)do
0
In the continuous-time domain this reads

T
y(ih+ 1) = Du(ih+ 7) + C/ A=) Buy(ih + o)do
0

Thus, the feedthrough part of G acts in the continuous-time domain as

G - x(t) = Ax(t) + Bu(t), x(ih)=0
7 y(t) = Cx(t) + Du(t),

i.e. it is an analog system, reset at every time instance t; = ih, for all i € Z.



Lifted spate space

Strictly causal part of £L,GL, " (contd)
It can be decomposed as
Gse(2) = C(2(z] — A) 1) z71B =: Oc(2) Ga(2) Us(2)

i.e. g“sc = ’HCQ_A SB, where
S is the static sampler with the sampling function ¥,(t) = eAtBﬂ[o,h](t),

G, is the causal pure discrete system with the transfer function
Ah Ah
= e e /
GA(Z):Z|: ] 0} = [eAheAh] ;

. is the static hold with the hold function ¢¢(t) = Ce*tTjg ().
(note, ¥(t) € R™™ and ¢(t) € RP*", i.e. they are not square in general).




Lifted spate space

Transfer function of Siy et cetera
The transfer function \I,iid|(z) of the lifting of Sigi has the kernel
Via(z;0) = (o),

so that

—_ h v v 9] Y
Y(z) = 77t /0 Vig(z; h—0)Y(z;0)do = z7t Y(z; h) = Y(z,0).

Hence, given a strictly proper G(s) = C(sl — A)~1B,

Wia(2)G(2) = Va2 )[%%} :1[2‘5] - [2412] =6t

where C = CA (so z71C = Wig(z)C) and D = CB (so z7 1D = Wiy (2) D).
An important consequence of this is that

— G=8aGis always strictly causal.



Lifted spate space

Transfer function of H,o, et cetera
We know (Lecture 7, Slide 28) that ®,0,(z) has the kernel

(\f)ZOH(Z; T) =1,

so that U(z; t) = U(z). Hence, given a G(s) = D + C(sl — A)"'B,
20\ AlBT Al B .
G(2)Pzon(2) = [C D] Dyon(z) = [?*»] =: G(2),

h
B= BIC\DZOH(Z) :R™ — R" E'—>/ eA"dGBf
0

where

- T -
D=Dbyu(z) :R" = 1P ¢+ <D + C/ eAadoB>§‘
0

te oren[4 3]



Lifted spate space

Example: lifted transfer function of an integrator

Let G; be the LTI system with the transfer function

Then 1
GI(Z)_ D|+C| _1B/|»
where
s h v N (VR T (9]
BE= [ Ho)o, (GD(0) =7 and (B(r)= / {(o)do.
0 0

Note that this G = dDZOH(z) and #B/; = \I/Ja\,g(z). Thus,

zh

Zwavg(Z).

Gi(z) = Di + ®,04(2)
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Type | standard problem



Type | standard problem

Standard Type | sampled-data H, problem

g

Given G with

the ideal sampler Sig; and the zero-order hold H,oy, design causal internally
stabilizing discrete IC that minimizes || 7,y (|2, where

Tow = FiI(G, HionKSiat) = Gow + GauHaonKSiai(! — GyuH20nKSidl) " Gyw
= gzw + gzuHZOH(/ - ESidlgyuHZOH)illasidlgyw-



Type | standard problem

Lifted reformulation

Nc
Sc
ANc

<

k<|§
H
o
X
g
<1

Lifting renders it pure discrete LTI problem of minimizing H7V'ZW||2 where
’7sz - gvzw + gvzu,;:[ZOH(l - K‘S‘idlgvyu,}:lZOH)_llCSidlgvyw-

As we know, SigqiGyw and Siq1G,, are strictly causal, hence

|9

Tow = Gow + GauHaon(l — RUUTSia1GyuHaon) T KUU SianGyw
—— —— — ————
gzu g_yu gyw

and we end up with a discrete Hy problem with a strictly causal controller.



Type | standard problem

Lifted generalized plant
We have

S
—~~
N
N
@|
<
—~~
N
N

>

where A=¢eAh B, = / e*9do By,
0

h
B, : L™ — R" §»—>/ A=) B, ¢(0)do
0
¢, R — L™ i Gy

T
D,, : L™ — L™ ¢ Cz/ eA(T_U)ng(o*)do*
0

D,y : R™ — 1L En—>[Cz Dzu]exp([/g %”]r) [(l)]é_‘



Assumptions in the lifted domain

Having

we assume that
— (A, B,) is stabilizable
— (G, A) is detectable
[ zl By } has full column rank for all ze€ T

} has full row rank forall ze T

"<

Type | standard problem



Type | standard problem

Lifted solution
Let
Fu = —(D},Dm + BLXB,) (D}, C. + B XA)
L, = —(BD}, +AYC))(DwD;, + C,YE) ™

where X > 0 and Y > 0 are the stabilizing solutions to the DARE's

X =AXA+ CC, — (CD,y + AXB,) (D}, D,y + BLXB,) YDz, C, + BLXA),

Y = AYA' + B, B}, — (BuDj,, + AYC)(Dy D}, + G,YC)) " (D By, + C,YA).

Then the optimal controller is

[A+BUI:'U+
V4

Ropt(z) = -

and the optimal performance is

1Tl = —(HDZWHHS +tr(XBy By, + C:CY + XAV A —

><|

»‘/)).



Type | standard problem

Peeling off: a key observation
All parts of the solution that involve infinite-dimensional operators are

Qz 52 . C* QW 5/ _ B/W 5% 3%
3 5]-[4]e e (28] (4] o0

Indeed, the DAREs then read

Thus, if we know how to compute those “Q-R-S" triples, we are done.



Type | standard problem

Peeling off: the w-part

The operator

4 h
U, (z):=z"1 [ Bu } Lzt [ ! } / A=) B¢ (0)do
Dyw G 1o
is the lifted transfer function of a static sampler. We then know that

, . / h Ao e / C_)W §"N
V@V = | o | | MBuBLe do[1 G l=1]5" 2"



Type | standard problem

Peeling off: the w-part

The operator

5 h
VU, (z) :=z1 [ Bu } Cs 2zt [Cl } / AP=9)B, ¢ (0)do
D}’W y 0

is the lifted transfer function of a static sampler. We then know that

, . / h Ao e / C_)W §"N
V@V = | o | | MBuBLe do[1 G l=1]5" 2"

M M| _ o ([A BuBL],
0 e | FPllo —a& :

the arguments of the proof of Van Loan's formulae (see Lecture 3, Slide 40)
yield

Moreover, if

“h
!
/ "B, B! eN7do = ,l;.
0



Type | standard problem

Peeling off: the z-part

The operator

3 T f X A B, X
.2) = [& D] [;] N Dzu]exp([o X %) L]
is the lifted transfer function of a static hold. We then know that
. R h rag , , A B, 3. S
b(2)0.(a) = [ el A8 1o Jel8 Blrar | 2
Jo zu -z zu=zu SZ RZ

and we can use Van Loan's formulae again to end up with the single matrix
exponential
-A 0 C.C, ClDy
-B, 0 D,,C, D.,D,,
0 0 A B,
0o 0 O 0

exp h

whose (3,4) subblock equals B,, as a matter of fact.



Type | standard problem

Peeling off: assumptions

First, note that
My M
rank[MZ] :rank[MéMz] , rank[My Mo | =rank [ My MoMj |.

Hence,
- - [A—zI B, [A—zl
A—zI B N N _
rank |: C\: z Du :| = rank Cz*Cz C:Dzu = rank Qz
‘ “ L D:u(\:z D:UDZU L
- _ 4 r —_ 7 />|< Ve /* .
rank {A _ zl /BW ] = rank A _ zl /BWB/‘"; IIBWD)’:V
C Dy G, D, B, DwayW |
A-zl Qu 8,

y
= rank Cy 5, R,

|'&n|:m|

N2
N

meaning that the rank conditions can be checked via matrix operations too



Type | standard problem

Peeling off: performance

Since | Towll3 = % (| DawllZs + tr(XQuw + Q.Y + XAV A — )_(\7)), it is left
to compute the Hilbert-Schmidt norm of the integral operator D,,,, having
the kernel d,, (t,s) = C,eA(t=5) B, 1(t — s). We have:

||D2W”HS / / tr w(t,s)d.,,(t, ))dsdt
:/ / tr(CzeA(t_s)BWB;,eA/(t_s)C;)dsdt
o Jo

=tr <eA/h /h e A=t c, /t eA(t_s)BWB;,e_AISdsdt>
0 0

0

0

/

~A CC, 0
=tr| [eA" 0 0]exp 0 A BB, |h
o o0 -A

so we again ended up with a matrix exponential.
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