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1. digital redesign of analog controllers clockwise from G to K̄
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We are in the position to explore another pathway:

3. sampled-data design (design K̄ directly for analog performance)

¨̂ solves the original, i.e. non-approximated, problem

¨̂ controller designed is controller implemented
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The standard H2 problem

G

K

wz

y u

Given

G (s) =

[
Gzw (s) Gzu(s)
Gyw (s) Gyu(s)

]
;

design causal internally stabilizing K that minimizes ‖Tzw‖2, where

Tzw (s) = Fl

(
G (s);K (s)

)
= Gzw (s) + Gzu(s)K (s)(I − Gyu(s)K (s))−1Gyw (s);

which is a nonlinear function of K .
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Assumptions

We consider finite-dimensional generalized plants given by their state-space
realizations of the form

G (s) =

 A Bw Bu

Cz 0 Dzu

Cy Dyw 0

 ;
assuming that

− (A;Bu) is stabilizable

− (Cy ;A) is detectable

−
[
A−sI Bu
Cz Dzu

]
has full column rank for all s ∈ jR and D ′zuDzu = I

−
[
A−sI Bw
Cy Dyw

]
has full row rank for all s ∈ jR and DywD

′
yw = I

Remark: Normalization assumptions on the “D” parts are made to simplify
the formulae. They can be easily relaxed to D ′zuDzu > 0 and DywD

′
yw > 0.
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Youla-Kučera parametrization

All internally stabilizing controllers can be parametrized as

J

Q

yu

� �

i.e. K (s) = Fl

(
J(s);Q(s)

)
, where

J(s) =

 A + BuFu + LyCy −Ly Bu

Fu 0 I
−Cy I 0


for any Fu and Ly such that A + BuFu and A + LyCy are Hurwitz, and Q is
an arbitrary stable system.
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All stable closed-loop systems

Then all stable closed-loop mappings w 7→ z are

Tzw (s) = Nzw (s)− Nu(s)Q(s)Ny (s)

(affine function of Q), where

[
Nzw (s) Nu(s)

Ny (s) 0

]
=


A + BuFu −LyCy −LyDyw Bu

0 A + LyCy Bw + LyDyw 0

Cz + DzuFu Cz 0 Dzu

0 Cy Dyw 0

 :
Thus, the standard H2 problem reduces to a two-sided H2 model matching
problem, whose solution verifies

〈Nzw − NuQoptNy ;NuQNy 〉2 = 〈N∼
u NzwN

∼
y − N∼

u NuQoptNyN
∼
y ;Q〉2 = 0;

for all Q ∈ H2.
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Choice of Fu and Ly

The solution is greatly simplified if we

− choose Fu so that Nu(s) is inner and Ly so that Ny (s) is co-inner

Because

Nu(s) =

[
A + BuFu Bu

Cz + DzuFu Dzu

]
and Ny (s) =

[
A + LyCy Bw + LyDyw

Cy Dyw

]
the formulae from Lecture 8 (Slides 19 and 20) apply if we pick

Fu = −(B ′uX + D ′zuCz) and Ly = −(YC ′y + BwD
′
yw );

where X ≥ 0 and Y ≥ 0 are the stabilizing solutions to the CARE’s

A′X + XA + C ′zCz − (XBu + C ′zDzu)(B ′uX + D ′zuCz) = 0;

AY + YA′ + BwB
′
w − (YC ′y + BwD

′
yw )(CyY + DywB

′
w ) = 0

(exist under our assumptions). In this case, Qopt = projH2N
∼
u NzwN

∼
y .



CT output feedback DT output feedback Lifted spate space Type I standard problem

Calculating N∼
u NzwN

∼
y et cetera

Introduce matrices AF ··= A + BuFu, CF ··= Cz + DzuFu, AL ··= A + LyCy ,
and BL ··= Bw + LyDyw . Then

Nzw (s) =

 AF −LyCy −LyDyw

0 AL BL

CF Cz 0


=

[
AL BL

Cz 0

]
−
[
AF Ly
CF 0

] [
AL BL

Cy Dyw

]
=·· Nv (s)− NF (s)Ny (s)

We already saw the systems Nv and Ny in the estimation problem (modulo
notation differences) and we know that NvN

∼
y ∈ H⊥2 . Then, by the formula

of Slide 10 of Lecture 8,

N∼
u (s)NF (s) =

[
AF Ly
0 0

]
+

[
AF Bu

L′yX 0

]∼
=

[
AF Bu

L′yX 0

]∼
∈ H⊥2 ;

so that N∼
u NzwN

∼
y = N∼

u (NvN
∼
y )− N∼

u NF ∈ H⊥2 too and Qopt = 0.
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Calculating N∼
u NzwN

∼
y et cetera (contd)

Therefore,

Kopt(s) = Fl

(
J(s); 0

)
= −

[
A + BuFu + LyCy Ly

Fu 0

]
;

which is the classical optimal LQG controller (observer-based). The optimal
performance ‖Tzw‖2

2 = ‖Nzw‖2
2 = ‖Nv −NFNy‖2

2. From the solution to the
estimation problem, Nv ⊥ QNy for all Q ∈ H2. Hence,

‖Tzw‖2
2 = ‖Nv‖2

2 + ‖NFNy‖2
2 = ‖Nv‖2

2 + ‖NF‖2
2

= tr(CzYC
′
z) + tr(L′yXLy ) = tr(CzYC

′
z) + tr(XLyL

′
y )

= tr(CzYC
′
z) + tr(X (AY + YA′ + BwB

′
w ))

= tr(B ′wXBw ) + tr(CzYC
′
z) + tr(XAY + YA′X )

which includes the LQR and Kalman filter costs tr(B ′wXBw ) and tr(CzYC
′
z),

respectively, in it.
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Suboptimal solutions

If follows from 〈Nzw − NuQoptNy ;NuQNy 〉2 = 〈Nzw ;NuQNy 〉2 = 0 that

‖Nzw − NuQNy‖2
2 = ‖Nzw‖2

2 + ‖NuQNy‖2
2 = ‖Nzw‖2

2 + ‖Q‖2
2

(by Pythagoras and because Nu is inner and Ny is co-inner). Thus, given a

 > ‖Nzw‖2, all 
-suboptimal controllers are

K (s) = Fl

(
J(s);Q(s)

)
=

J

Q

yu

� �

for any Q such that ‖Q‖2
2 ≤ 
2 − 
2

opt.

Remark: This parametrization yields also all 
-suboptimal time-varying K’s
when Q is an arbitrary time-varying system such that ‖Q‖2

2 ≤ 
2 − 
2
opt.
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The standard H2 problem with strictly causal controller

Ḡ

K̄

w̄z̄

ȳ ū

Given

Ḡ (z) =

[
Ḡzw (z) Ḡzu(z)
Ḡyw (z) Ḡyu(z)

]
;

design strictly causal internally stabilizing K̄ that minimizes ‖T̄zw‖2, where

T̄zw (z) = Fl

(
Ḡ (z); K̄ (z)

)
= Ḡzw (z) + Ḡzu(z)K̄ (z)(I − Ḡyu(z)K̄ (z))−1Ḡyw (z):
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Assumptions

We consider finite-dimensional generalized plants given by their state-space
realizations of the form

Ḡ (z) =

 A Bw Bu

Cz Dzw Dzu

Cy Dyw Dyu

 ;
assuming that

− (A;Bu) is stabilizable

− (Cy ;A) is detectable

−
[
A−zI Bu
Cz Dzu

]
has full column rank for all z ∈ T

−
[
A−zI Bw
Cy Dyw

]
has full row rank for all z ∈ T

Remark: Neither Dzw nor Dyu is assumed to be zero. This is done to render
the solution applicable to lifted systems later on.
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Youla-Kučera parametrization

All internally stabilizing strictly causal controllers can be parametrized as

J̄

RuQ̄Ry

ȳū

�̄ �̄

i.e. K̄ (z) = Fl

(
J̄(z);RuQ̄(z)Ry

)
, where Q̄ is an arbitrary strictly causal and

stable system and

J̄(z) =

 A + BuFu + LyCy + LyDyuFu −Ly Bu + LyDyu

Fu 0 I
−(Cy + DyuFu) I −Dyu


for any Fu and Ly such that A + BuFu and A + LyCy are Hurwitz and any
square nonsingular Ru and Ry .
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All stable closed-loop systems

Then all stable closed-loop mappings w̄ 7→ z̄ are

T̄zw (z) = N̄zw (z)− N̄u(z)Q̄(z)N̄y (z)

(affine function of Q̄), where

[
N̄zw (z) N̄u(z)
N̄y (z) 0

]
=


A + BuFu −LyCy −LyDyw BuRu

0 A + LyCy Bw + LyDyw 0

Cz + DzuFu Cz Dzw DzuRu

0 RyCy RyDyw 0

 :
Thus, the standard H2 problem reduces to a two-sided H2 model matching
problem, whose solution verifies

〈N̄zw − N̄uQ̄optN̄y ; N̄uQ̄N̄y 〉2 = 〈N̄∼
u N̄zw N̄

∼
y − N̄∼

u N̄uQ̄optN̄y N̄
∼
y ;Q〉2 = 0;

for all Q̄ ∈ z−1H2.
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Choice of Fu, Ru, Ly , and Ry

The solution is greatly simplified if we

− choose Fu and Ru so that N̄u(z) is inner and

− choose Ly and Ry so that N̄y (z) is co-inner

Because

N̄u(z) =

[
A + BuFu BuRu

Cz + DzuFu DzuRu

]
; N̄y (z) =

[
A + LyCy Bw + LyDyw

RyCy RyDyw

]
;

the formulae from Lecture 8 (Slides 21 and 22) apply if we pick

Fu = −R2
u (D ′zuCz + B ′uXA) with Ru = (D ′zuDzu + B ′uXBu)−1=2

Ly = −(BwD
′
yw + AYC ′y )R2

y with Ry = (DywD
′
yw + CyYC

′
y )−1=2

where X ≥ 0 and Y ≥ 0 are the stabilizing solutions to the DARE’s

X = A′XA + C ′zCz − (C ′zDzu + A′XBu)(D ′zuDzu + B ′uXBu)−1(D ′zuCz + B ′uXA);

Y = AYA′ + BwB
′
w − (BwD

′
yw + AYC ′y )(DywD

′
yw + CyYC

′
y )−1(DywB

′
w + CyYA

′)

(exist under our assumptions). In this case, Q̄opt = projz−1H2
N̄∼
u N̄zw N̄

∼
y .
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Calculating N̄∼
u N̄zw N̄

∼
y et cetera

Introduce matrices AF ··= A + BuFu, CF ··= Cz + DzuFu, AL ··= A + LyCy ,
and BL ··= Bw + LyDyw . Then, repeating continuous-time arguments,

N̄zw (z) =

[
AL BL

Cz Dzw

]
−
[
AF LyR

−1
y

CF 0

] [
AL BL

RyCy RyDyw

]
=·· N̄v (z)− N̄F (z)N̄y (z)

We already saw these N̄v and N̄y in the strictly causal estimation (modulo
notation differences) and we know that N̄v N̄

∼
y ∈ L2 	 z−1H2. Then, by the

formula of Slide 12 of Lecture 8,

N̄∼
u (z)N̄F (z) =

[
AF LyR

−1
y

0 0

]
+

[
AF BuRu

R−1
y L′yX 0

]∼
= −Ru

[
AF Bu

(DywB
′
u + CyYA

′)X 0

]∼
Ry ∈ H⊥2 ;

so that N̄∼
u N̄zw N̄

∼
y = N̄∼

u (N̄v N̄
∼
y )− N̄∼

u N̄F ∈ L2	 z−1H2 too and Q̄opt = 0.
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Calculating N∼
u NzwN

∼
y et cetera (contd)

Therefore,

K̄opt(z) = Fl

(
J̄(z); 0

)
= −

[
A + BuFu + LyCy + LyDyuFu Ly

Fu 0

]
;

which is the classical optimal LQG controller (observer-based). The optimal
performance ‖T̄zw‖2

2 = ‖N̄zw‖2
2 = ‖N̄v − N̄F N̄y‖2

2. From the solution to the
strictly causal estimation problem, N̄v ⊥ Q̄N̄y for all Q̄ ∈ z−1H2. Hence,

‖T̄zw‖2
2 = ‖N̄v‖2

2 + ‖N̄F N̄y‖2
2 = ‖N̄v‖2

2 + ‖N̄F‖2
2

= tr(DzwD
′
zw + CzYC

′
z) + tr(R−1

y L′yXLyR
−1
y )

= tr(DzwD
′
zw ) + tr(CzYC

′
z) + tr(XLyR

−2
y L′y )

= tr(DzwD
′
zw ) + tr(CzYC

′
z) + tr(X (AYA′ − Y + BwB

′
w ))

= tr(DzwD
′
zw ) + tr(B ′wXBw ) + tr(CzYC

′
z) + tr(XAYA′ − XY )

= ‖Dzw‖2
F + tr(XBwB

′
w + C ′zCzY + XAYA′ − XY ):
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Transfer function of finite-dimensional LhGL−1
h

Let G be a finite-dimensional LTI system with g(t) = Dı(t) + CeAtB1(t).
The transfer function of its lifting has then the kernel (with � ∈ [−h; h])

Ğ (z ; �) = (Z{ğ})(�) =
∑
i∈Z

ğ [i ](�)z−i =
∑
i∈Z

g(ih + �)z−i

= Dı(�) + CeA�B1(�) +
∑
i∈N

CeA(ih+�)z−iB

= Dı(�) + CeA�B1(�) + CeA(h+�)(zI − eAh)−1B

so that

Y̆ (z ; �) = DŬ(z ; �) + C

∫ �

0
eA(�−�)BŬ(z ; �)d�

+ CeA� (zI − eAh)−1

∫ h

0
eA(h−�)BŬ(z ; �)d�:
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Lifted state-space realization

Introduce operators

Ā : Rn → Rn �̄ 7→ eAh�̄

B́ : Lm → Rn �̆ 7→
∫ h

0
eA(h−�)B �̆(�)d�

C̀ : Rn → Lp �̄ 7→ CeA� �̄

D̆ : Lm → Lp �̆ 7→ D �̆(�) + C

∫ �

0
eA(�−�)B �̆(�)d�

Then the transfer function of Ğ is

Ğ (z) = D̆ + C̀ (zI − Ā)−1B́ =··
[
Ā B́

C̀ D̆

]
and the quadruple (Ā; B́; C̀ ; D̆) is called its state-space realization. It is a

− standard discrete state-space realization except that its parameters are
operators over L ··= L2[0; h) rather than matrices
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Impulse response of finite-dimensional LhGL−1
h

The impulse response of Ğ in terms of state-space realization is

ğ [i ] =


0 if i < 0

D̆ if i = 0 (infinite rank)

C̀ Āi−1B́ if i > 0 (finite rank)

The “system matrix” of Ğ is then

[[Ğ]] =

j

i

−2

−2

−1

−1

0

0

1

1

D̆

D̆C̀B́

D̆C̀B́C̀ĀB́

D̆C̀B́C̀ĀB́C̀Ā2B́
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Extracting the feedthrough part from LhGL−1
h

A finite-dimensional shift-invariant Ğ can always be decomposed as

Ğ = Ğ∞ + Ğsc :

j

i

−2

−2

−1

−1

0

0

1

1

D̆

D̆C̀B́

D̆C̀B́C̀ĀB́

D̆C̀B́C̀ĀB́C̀Ā2B́

=

j

i

−2

−2

−1

−1

0

0

1

1

D̆

D̆

D̆

D̆

+

j

i

−2

−2

−1

−1

0

0

1

1

C̀B́

C̀B́C̀ĀB́

C̀B́C̀ĀB́C̀Ā2B́

;

where Ğ∞ is the static lifted system with the transfer function

Ğ∞(z) = D̆

(feedthrough part of Ğ) and Ğsc is a strictly causal system with the transfer
function

Ğsc(z) = C̀ (zI − Ā)−1B́

(strictly causal part of Ğ).
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Feedthrough part of LhGL−1
h

In the lifted domain it acts as the following mapping ŭ 7→ y̆ :

y̆ [i ] = D̆ŭ[i ] ⇐⇒ y̆ [i ](�) = Dŭ[i ](�) + C

∫ �

0
eA(�−�)Bŭ[i ](�)d�

In the continuous-time domain this reads

y(ih + �) = Du(ih + �) + C

∫ �

0
eA(�−�)Bu(ih + �)d�

Thus, the feedthrough part of Ğ acts in the continuous-time domain as

G∞ :

{
ẋ(t) = Ax(t) + Bu(t); x(ih) = 0

y(t) = Cx(t) + Du(t);

i.e. it is an analog system, reset at every time instance ti = ih, for all i ∈ Z.
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Strictly causal part of LhGL−1
h (contd)

It can be decomposed as

Ğsc(z) = C̀
(
z(zI − Ā)−1

)
z−1B́ =·· Φ̀C(z) ḠA(z) Ψ́B(z)

i.e. Ğsc = H̀C ḠA ŚB , where

ŚB is the static sampler with the sampling function  B(t) = eAtB1[0;h](t),

ḠA is the causal pure discrete system with the transfer function

ḠA(z) = z

[
eAh I

I 0

]
=

[
eAh I

eAh eAh

]
;

H̀C is the static hold with the hold function �C(t) = CeAt1[0;h](t).

(note,  B(t) ∈ Rn×m and �C(t) ∈ Rp×n, i.e. they are not square in general).
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Transfer function of Śidl et cetera

The transfer function Ψ́idl(z) of the lifting of Sidl has the kernel

Ψ̆idl(z ; �) = ı(�);

so that

Ȳ (z) = z−1

∫ h

0
Ψ̆idl(z ; h − �)Y̆ (z ; �)d� = z−1Y̆ (z ; h) = Y̆ (z ; 0):

Hence, given a strictly proper G (s) = C (sI − A)−1B,

Ψ́idl(z)Ğ (z) = Ψ́idl(z)

[
Ā B́

C̀ D̆

]
= z−1

[
Ā B́

C̄ D́

]
=

[
Ā B́
C 0

]
=·· Ǵ (z);

where C̄ = CĀ (so z−1C̄ = Ψ́idl(z)C̀ ) and D́ = CB́ (so z−1D́ = Ψ́idl(z)D̆).
An important consequence of this is that

− Ǵ = ŚidlĞ is always strictly causal.
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Transfer function of H̀ZOH et cetera

We know (Lecture 7, Slide 28) that Φ̀ZOH(z) has the kernel

Φ̆ZOH(z ; �) = 1;

so that Ŭ(z ; �) = Ū(z). Hence, given a G (s) = D + C (sI − A)−1B,

Ğ (z)Φ̀ZOH(z) =

[
Ā B́

C̀ D̆

]
Φ̀ZOH(z) =

[
Ā B̄

C̀ D̀

]
=·· G̀ (z);

where

B̄ = B́Φ̀ZOH(z) : Rm → Rn �̄ 7→
∫ h

0
eA�d�B �̄

D̀ = D̆Φ̀ZOH(z) : Rm → Lp �̄ 7→
(
D + C

∫ �

0
eA�d�B

)
�̄

7→
[
C D

]
exp

([
A B
0 0

]
�

)[
0
I

]
�̄
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Example: lifted transfer function of an integrator

Let Gi be the LTI system with the transfer function

Gi(s) =
1

s
=

[
0 1

1 0

]
:

Then

Ği(z) = D̆i + C̀i
1

z − 1
B́i;

where

B́i�̆ =

∫ h

0
�̆(�)d�; (C̀i�̄)(�) = �̄; and (D̆i�̆)(�) =

∫ �

0
�̆(�)d�:

Note that this C̀i = Φ̀ZOH(z) and 1
zh B́i = Ψ́avg(z). Thus,

Ği(z) = D̆i + Φ̀ZOH(z)
zh

z − 1
Ψ́avg(z):
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Standard Type I sampled-data H2 problem

G

Sidl HZOH

K̄

wz

y

ȳ ū

u

Given G with

G (s) =

 A Bw Bu

Cz 0 Dzu

Cy 0 0

 ;
the ideal sampler Sidl and the zero-order hold HZOH, design causal internally
stabilizing discrete K̄ that minimizes ‖Tzw‖2, where

Tzw = Fl

(
G;HZOHK̄Sidl

)
= Gzw + GzuHZOHK̄Sidl(I − GyuHZOHK̄Sidl)

−1Gyw
= Gzw + GzuHZOH(I − K̄SidlGyuHZOH)−1K̄SidlGyw :
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Lifted reformulation

Ğ

Śidl H̀ZOH

K̄

w̆z̆

y̆

ȳ ū

ŭ ⇔
Ğzw G̀zu

Ǵyw Ḡyu

K̄Ū

w̆z̆

ȳ ū

Lifting renders it pure discrete LTI problem of minimizing ‖T̆zw‖2, where

T̆zw = Ğzw + ĞzuH̀ZOH(I − K̄ŚidlĞyuH̀ZOH)−1K̄ŚidlĞyw :

As we know, ŚidlĞyw and ŚidlĞyu are strictly causal, hence

T̆zw = Ğzw + ĞzuH̀ZOH︸ ︷︷ ︸
G̀zu

(I − K̄Ū Ū−1ŚidlĞyuH̀ZOH︸ ︷︷ ︸
Ḡyu

)−1K̄Ū Ū−1ŚidlĞyw︸ ︷︷ ︸
Ǵyw

and we end up with a discrete H2 problem with a strictly causal controller.
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Lifted generalized plant

We have [
Ğzw (z) G̀zu(z)

Ǵyw (z) Ḡyu(z)

]
=

 Ā B́w B̄u

C̀z D̆zw D̀zu

C̄y D́yw D̄yu


where Ā = eAh, B̄u =

∫ h

0
eA�d�Bu,

B́w : Lnw → Rn �̆ 7→
∫ h

0
eA(h−�)Bw �̆(�)d�

C̀z : Rn → Lnz �̄ 7→ CzeA� �̄

D̆zw : Lnw → Lnz �̆ 7→ Cz

∫ �

0
eA(�−�)Bw �̆(�)d�

D̀zu : Rnu → Lnz �̄ 7→
[
Cz Dzu

]
exp

([
A Bu

0 0

]
�

)[
0
I

]
�̄

and
[
C̄y D́yw D̄yu

]
= Cy

[
Ā B́w B̄u

]
.
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Assumptions in the lifted domain

Having [
Ğzw (z) G̀zu(z)

Ǵyw (z) Ḡyu(z)

]
=

 Ā B́w B̄u

C̀z D̆zw D̀zu

C̄y D́yw D̄yu

 ;
we assume that

− (Ā; B̄u) is stabilizable

− (C̄y ; Ā) is detectable

−
[
Ā−zI B̄u

C̀z D̀zu

]
has full column rank for all z ∈ T

−
[
Ā−zI B́w

C̄y D́yw

]
has full row rank for all z ∈ T
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Lifted solution

Let

F̄u = −(D̀∗zuD̀zu + B̄ ′uX̄ B̄u)−1(D̀∗zuC̀z + B̄ ′uX̄ Ā)

L̄y = −(B́D́∗yw + ĀȲ C̄ ′y )(D́yw D́
∗
yw + C̄yȲ C̄ ′y )−1

where X̄ ≥ 0 and Ȳ ≥ 0 are the stabilizing solutions to the DARE’s

X̄ = Ā′X̄ Ā + C̀∗z C̀z − (C̀∗z D̀zu + Ā′X̄ B̄u)(D̀∗zuD̀zu + B̄ ′uX̄ B̄u)−1(D̀∗zuC̀z + B̄ ′uX̄ Ā);

Ȳ = ĀȲĀ′ + B́w B́
∗
w − (B́w D́

∗
yw + ĀȲC̄ ′y )(D́yw D́

∗
yw + C̄yȲC̄

′
y )−1(D́yw B́

∗
w + C̄yȲĀ

′):

Then the optimal controller is

K̄opt(z) = −z
[
Ā + B̄uF̄u + L̄y C̄y + L̄y D̄yuF̄u L̄y

F̄u 0

]
;

and the optimal performance is

‖T̆zw‖2
2 =

1

h

(
‖D̆zw‖2

HS + tr(X̄ B́w B́
∗
w + C̀ ∗z C̀zȲ + X̄ ĀȲ Ā′ − X̄ Ȳ )

)
:
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Peeling off: a key observation

All parts of the solution that involve infinite-dimensional operators are[
Q̄z S̄z
S̄ ′z R̄z

]
··=
[
C̀ ∗z
D̀∗zu

] [
C̀z D̀zu

]
;

[
Q̄w S̄ ′w
S̄w R̄w

]
··=
[
B́w

D́yw

] [
B́∗w D́∗yw

]
:

Indeed, the DAREs then read

X̄ = Ā′X̄ Ā + Q̄z − (S̄z + Ā′X̄ B̄u)(R̄z + B̄ ′uX̄ B̄u)−1(S̄ ′z + B̄ ′uX̄ Ā);

Ȳ = ĀȲĀ′ + Q̄w − (S̄ ′w + ĀȲC̄ ′y )(R̄w + C̄yȲC̄
′
y )−1(S̄w + C̄yȲĀ

′)

with the corresponding gains

F̄u = −(R̄z + B̄ ′uX̄ B̄u)−1(S̄ ′z + B̄ ′uX̄ Ā);

L̄y = −(S̄ ′w + ĀȲC̄ ′y )(R̄w + C̄yȲC̄
′
y )−1:

Thus, if we know how to compute those “Q-R-S” triples, we are done.
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Peeling off: the w -part

The operator

Ψ́w (z) ··= z−1

[
B́w

D́yw

]
: �̆ 7→ z−1

[
I
Cy

] ∫ h

0
eA(h−�)Bw �̆(�)d�

is the lifted transfer function of a static sampler. We then know that

Ψ́w (z)Ψ́∼
w (z) =

[
I
Cy

] ∫ h

0
eA�BwB

′
weA

′�d�
[
I C ′y

]
=

[
Q̄w S̄ ′w
S̄w R̄w

]
:

Moreover, if [
Γ11 Γ12

0 Γ22

]
··= exp

([
A BwB

′
w

0 −A′
]
h

)
;

the arguments of the proof of Van Loan’s formulae (see Lecture 3, Slide 40)
yield ∫ h

0
eA�BwB

′
weA

′�d� = Γ12Γ′11:
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Peeling off: the w -part

The operator

Ψ́w (z) ··= z−1

[
B́w

D́yw

]
: �̆ 7→ z−1

[
I
Cy

] ∫ h

0
eA(h−�)Bw �̆(�)d�

is the lifted transfer function of a static sampler. We then know that

Ψ́w (z)Ψ́∼
w (z) =

[
I
Cy

] ∫ h

0
eA�BwB

′
weA

′�d�
[
I C ′y

]
=

[
Q̄w S̄ ′w
S̄w R̄w

]
:

Moreover, if [
Γ11 Γ12

0 Γ22

]
··= exp

([
A BwB

′
w

0 −A′
]
h

)
;

the arguments of the proof of Van Loan’s formulae (see Lecture 3, Slide 40)
yield ∫ h

0
eA�BwB

′
weA

′�d� = Γ12Γ′11:
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Peeling off: the z-part

The operator

Φ̀z(z) ··=
[
C̀z D̀zu

]
:

[
�̄

�̄

]
7→
[
Cz Dzu

]
exp

([
A Bu

0 0

]
�

)[
�̄

�̄

]
is the lifted transfer function of a static hold. We then know that

Φ̀∼
z (z)Φ̀z(z) =

∫ h

0
e

[
A′ 0
B′u 0

]
�
[

C ′zCz C ′zDzu

D′zuCz D′zuDzu

]
e

[
A Bu
0 0

]
�d� =

[
Q̄z S̄z
S̄ ′z R̄z

]
and we can use Van Loan’s formulae again to end up with the single matrix
exponential

exp



−A′ 0 C ′zCz C ′zDzu

−B ′u 0 D ′zuCz D ′zuDzu

0 0 A Bu

0 0 0 0

 h

 :
whose (3; 4) subblock equals B̄u, as a matter of fact.
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Peeling off: assumptions

First, note that

rank

[
M1

M2

]
= rank

[
M1

M ′2M2

]
; rank

[
M1 M2

]
= rank

[
M1 M2M

′
2

]
:

Hence,

rank

[
Ā− zI B̄u

C̀z D̀zu

]
= rank

 Ā− zI B̄u

C̀ ∗z C̀z C̀ ∗z D̀zu

D̀∗zuC̀z D̀∗zuD̀zu

 = rank

 Ā− zI B̄u

Q̄z S̄z
S̄ ′z R̄z


rank

[
Ā− zI B́w

C̄y D́yw

]
= rank

[
Ā− zI B́w B́

∗
w B́w D́

∗
yw

C̄y D́yw B́
∗
w D́yw D́

∗
yw

]

= rank

[
Ā− zI Q̄w S̄ ′w
C̄y S̄w R̄w

]
meaning that the rank conditions can be checked via matrix operations too.
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Peeling off: performance

Since ‖T̆zw‖2
2 = 1

h

(
‖D̆zw‖2

HS + tr(X̄ Q̄w + Q̄z Ȳ + X̄ ĀȲ Ā′ − X̄ Ȳ )
)
, it is left

to compute the Hilbert-Schmidt norm of the integral operator D̆zw , having
the kernel dzw (t; s) = CzeA(t−s)Bw1(t − s). We have:

‖D̆zw‖2
HS =

∫ h

0

∫ h

0
tr
(
dzw (t; s)d ′zw (t; s)

)
dsdt

=

∫ h

0

∫ t

0
tr
(
CzeA(t−s)BwB

′
weA

′(t−s)C ′z
)
dsdt

= tr

(
eA
′h

∫ h

0
e−A

′(h−t)C ′zCz

∫ t

0
eA(t−s)BwB

′
we−A

′sdsdt

)

= tr

[ eA
′h 0 0

]
exp

−A′ C ′zCz 0
0 A BwB

′
w

0 0 −A′

 h

 0
0
I

 ;
so we again ended up with a matrix exponential.
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