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Causal sampled-data approximation problem

Given a causal analog system (controller?)

y

find its “good” causal approximation of the form
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A R T . Y R S s
We may again consider the following 4 situations:
1. S and H are fixed, find K
2. H is fixed, find £ and S (or just S, K can always be absorbed in it)

3. S'is fixed, find £ and H (or just H, K can always be absorbed in it)
4. find S, K, and H (or just S and H)

Content

H> model-matching

General causal model matching problem

The problem of finding a stable and causal K minimizing a size of
Ge = 01 — G2KG3

for given causal G1, G», and Gz under constraint that the error system G is
stable is called the causal model matching problem.

Why is it different: Causality implies
— impulse responses with support in either R™ or Z+

for involved systems. The Fourier transform is no longer useful here, there
is no intuitive way to characterize such signals in the frequency domain. So

— Laplace / z-transforms should be used instead,

as belonging to R* or ZT determines the RoC, which, in turn, translates to
the analyticity of transformed functions in either Cy or C \ Dy.




H,(Cy) space of matrix-valued functions

The space HS*™(Cy), or just Ho, is defined as

HE*™(Co) = {G : Co — CP*™ ‘ G(s) is analytic in Co and

1/2
st 16l = (5 [16(6 +jo)lZdn) " < o

For every G € H,, the function G(jo) = limg o G(§ + jw) exists for almost
all o, belongs to L»(jR), and 1Gll2 = || G|, It is customary to identify G
with G and regard

— Ha as a closed subspace of L(jR),
so H» is a Hilbert space with the inner product

<G1, G2>2 = ;T/Rtr([Gz(Jw)]/Gl(Ja)))dw

and the norm ||G|3 = (G, G)».

Paley-Wiener
The Laplace transform is an isomorphic mapping Ly (R) — H> preserving
sizes, .
2 CN(2
t)||cdt = — G d
| le@izar = o [ 16G)IE do.
lgll3 G113
and angles,
|l a@)é = o [ (i) 6o)do
(81.82)2 (G1,G2)2

As Lo(R) = Loy (R) & Lo—(R), we can present
Lo(jR) = H2 @ Hy .

where Hy- := H,(C \ Co) contains the Laplace transforms of Lr_(R)...

H, space of continuous-time LTI system

Define the space of LTI systems with transfer functions in H(Cp) by Ho.
This is a Hilbert space with

(G1,G2) == (G1, Gp)2 = ;T/Rtr([Gz(jw)]’Gl(jw))dw

. B i . 5 1/2
61l = 1612 = ( 55 [ 16t )

and

Important properties:
— THy C Hy iff T € Hy
— THy=H, iff T, T 'cH
— all properties inherited from Ly, e.g. (G1,T1G2T2)2 = (T;°G1 7,5, G2)2

H,(C \ D;) space of matrix-valued functions
The space HY*™(C \ Dy), or just Hy, is defined as

HE*™(C \ Dy) := {G :C\D; — CPX’”‘ G(z) is analytic in C \ D; and

_ 1 [T~ e 1/2
s.t. ||G||n, :=sup 2/ |G (pe'”)||2dO < oo
p>1 T )z

For every G € H,, the function G(e?) = lim,j; G(pel?) exists for almost
all 0, belongs to L»(T), and |Gll2 = ||Gl|n,. It is customary to identify G
with G and regard

— Ha as a closed subspace of Ly(T),

so Hy is a Hilbert space with the inner product
= = 1 (7 = 0\~ (.0
(G1. G2)2 = 271/,, tr([G2(e))] G1(e))do

and the norm ||G||3 = (G, G)».




Paley-Wiener

The z-transform is an isomorphic mapping £>,(Z) — H, preserving sizes,

. 1 /JT _ i

§ : 2 AV
gl = — G(e d@,
H []HF 27[ _ﬂH ( )HF

i€eZ+

1213 1613

and angles,

S (@Bl = 5. [ (Gl 6.

iezZ+ -

/

(B1,82)2 (G1,G2)»

As €5(Z) = L24(Z) ® £2—(Z), we can present
Lo(T) = Hy & Hy,

where Hy- := Hy(D1) contains the z-transforms of £, (Z)...

H, space of discrete-time LTI system

Define the space of LTI systems with transfer functions in Hp(C \ D1) by
H>. This is a Hilbert space with

(G, Go) = (Gr, Go)p = 21” /” o (Gale)] Ga(e1))d6

- - 1 [T _ . 1/2
161 =161 = (5 /" 16(&IRa0) "

and

Important properties:
— THy C Hy iff T € Hyo
— THy=Hy iff T, 77! € Hy
— all properties inherited from L,, e.g. <g‘1,"rlg'2’72>2 = (71*(5175*,(32)2

H, space: examples
L>(jR) / Lo(T) functions that are not in Hp:
— G(s) = ﬁ ¢ Ha: not analytic in Cq (pole at s = 1);
— G(s) = :Tsl ¢ H,: because
1 |eE+jco|2 o2
21 Jp |1+ & + jo 2(1+¢)

is unbounded on £ > 0;
- G(2) = ﬁ ¢ Ha: not analytic in C \ D; (pole at z = —2);
— G(2) = z ¢ Hy: because

1 T oo
/ 0| d6 = p?
2 J_,

is unbounded on p > 1.

H, space: examples (contd)

Decompositions Hy @ H-:

— if G € L»(jR) and rational, partial fraction expansion does the trick:

G(s) = 2 2 IS S
S s2—-1 (s—1)(s+1) s+1 s-—1

— if G € L>(jR) is irrational, it might be less obvious:

e’ el es—e 1

s+1:S+1jL s+1

G(s) =

— ifGe Lo(T) and rational, partial fraction expansion is again our tool:

(_;(2)272 ot :

z(z+2) z z+2

A+ 424241 % +15 % 3 +12
= — - — —z 4+ —Z°.
(2z+1)(z+2) 2z+1 8 z+2 4 2

G(z) =




General H, model matching problem

Assume that G € H> and that G», G3 € H,,. The problem is:
minimize ||G1 — G2KGsl|2
KeH,

(and we usually hope that the optimal Kopt € Hxo as well). A key property
here is that

— if K is an arbitrary H, system, GoKG3 is a subspace of H>,

so we can use the Projection Theorem and obtain the optimality condition

(620103 — G292 Kopt G3G3.K)2 =0, VK € Hp

General H, model matching problem: required alternations

Two nontrivial differences from the L, case:

1. In general, G5G1G3 — G5G2 Kopt G3G3 & Ha (it belongs to Ly). Hence,
the solvability condition requires

G3G1G5 — GaGo Kopt G3G5 € Hy-

instead of the normal equation. This is a minor alternation though.

2. In general, G5G> and G3G3 are invertible in L, but not in H,. Hence,
G>G1G3 — G5G2 Kopt G3G3 = Go

might not be solvable in Kqpe € Ha for all Gy € H2l. This requires
nontrivial alternations.

Spectral factorization

A workaround is to factorize, if possible,
G>Go =WiWo and  G3G3 = W3W3

for W, W2_1 € Hy and W3,W3_1 € Hy (spectral factorization). With this
factorization, the solvability condition reads

<W2_*g§g1g§w3_* — WarKopt W3, WhKWs)2 =0, VK € H,
or, Kopt = W{lQoptW:;l, where Qqp¢ verifies

This yields
Qopt = proj W, *G3G1G3 W5 T,
2

which merely cancels out the Hs- part of W, *G3G1G3 W5 ™.

Optimal solution
Thus, the optimal K is
Kopt = WQ_IQoptW:J,_l,

where Qe = proju, W, *G3G1G5 W5

The optimal performance is then [|Ge|3 = [|G1]13 — [|G2KoptG313, but

1G2KoptGsl|3 = (GoWs ' QoptW5 1G3, GoW5 t Qope W5 1G3)2
= <W£*g§g2W51 Qopt W;1g3g§W3:*» Qopt>2
= <Qopt’ Qopt>2 = HQOptH%

Hence,

2 2 2
1Gell2 = 191112 = [|Qoptl>-




Transfer function of the adjoint system: continuous time

By definition,
(51,68} :/[Rtr([/mg(t, $)s2(s)ds] (1)) dt
:/[R/[Rtr(sé(s)g'(t, s)s1(t))dsdt

:/[Rtr(sé(t)/mg/(s, t)sl(s))dsdt

= (G*S1, 52)0.

Thus, G* has the impulse response g’(s, t). In the causal LTI case,
— G* has the impulse response g’(—t), supported in R~

(i.e. anti-causal). Its transfer function, with RoC in a left-half plane, is then

G*(s) = /[R g'(—t)e stdt = [ /[R g(t)e(=)tdt g [G(—s)] =: G™(s),

which is called the conjugate transfer function.

Transfer function of the adjoint system: discrete time

By definition,
(51.65), = 3" e[S ali. =11 5l1)
ieZ JjEZ
=YY w1l = Y (30 Y 2l 150)
i€Z jeZ i€eZ JEZ
=(G*S1, S2).

Thus, G* has the impulse response g'lj,i]. In the causal LTI case,
— G* has the impulse response g'[—i], supported in Z~
(i.e. anti-causal). Its transfer function, with RoC in the exterior of a disk, is

G2 =Y g1 = [ anl) | = 6] = &),
ieZ ieZ

which is called the conjugate transfer function.

s-domain solution

Spectral factorizations:
G (s)Ga(s) = Wy (s)Wa(s) and  Gs(s)G3(s) = Wa(s)Ws'(s)

for Wa, Wy, Wa, W51 € Hy (can be done whenever neither G5 (s)Ga(s)
nor G3(s)G57(s) has poles or zeros in jR U joo);

Transfer function of the optimal solution:

Kopt(s) = Wz_l(s) Qopt(s) W3_1(S)’

where Qopt(s) = proju, [W;(s)]_lG2~(s)Gl(s)Gg(s)[M{;(s)]_l, with the
projection done via truncating the part analytic in C \ Cyp.

Optimal cost:
1GelI3 = 11G1l5 — | Qoptl3-

Example: filtering out noise

The problem is to recover transmitted signal v from its noisy measurement.
Here W is a weight. The error system is then

Ge=[W 0] -K[W ol ]
The spectral factorization to solve:

o + W(s)W™(s) = Ws(s) W5 (s)
for a bistable W3(s). The optimal filter:

Kopt(s) = png(W(S)WN(S)[WaN(S)]*l) W (s).




Example: filtering out noise (contd)
Let W(s) = -2+, so that W™~(s) = —2~ and then

s+1° “s+1
—0s2+0+1 0s—+vo—+1+os++o+1
o+ W(s)W™(s) = — 2> _Vos—VotlVosty
—s4+1 s—1 s+1
Wi (s) Wi(s)
Then,
€H, €H2L
§ 1 Vo
W(s)W~(s) _ 1 _ Voiiivo  VorltJo

Wi (s) — (s+1)(—vos++vo+1)  s+1  os—\o+1

and we end up with the causal optimal filter

1 1
Kopt(s) =
pi(5) Vo +1+ 0 \Jos++o +1

and the optimal cost ||Ge[|3 = 3 (1 — (m)z) = oo +1—/0).

Example: filtering out noise (contd)

Compare causal and non-causal solutions:

— optimal filter:

kopt,c(t) - _ 1 e—\/1+1/0tﬂ(t)

1/(yo(T+0) +0)

o(l4+o0)+o ) gD
kopt nc(t) =L e Vv 1+1/o]t| —3y/0/(1+0) 0 3/o/(1+0) ¢
' 24/0(140)
— optimal cost:

1Gecl? = Vo w3
“RT Jo+1+4o

| Geoncll3 = Vo
e.ncil2 2v/0 + 1 0 1 2 3 4 o

Content

Lifted systems in z domain

Transfer function of Ehg£;1

Let G be an h-periodic continuous-time system with the impulse response
g(t,s). Its lifting G is shift invariant and in the lifted z-domain, in RoC,

Y v v Y h v v
Y(z) = G(z)U(z) or Y(z;t):/0 G(z;t,0)U(z;0)do

with the operator G(z) : {[0, h) — F™} — {[0, h) — F™} called the lifted
transfer function and the function G(z; t,0), which is the lifted z-transform
of g(t,s) with respect to its “t" variable, is the kernel of G(z).

If G is time invariant, with the impulse response g(t),
~ h o 7
Y(z;1) = / G(z;t —o)U(z;0)do,
0

where! G(z; 1) is the z-transform 3{g} of the lifting of g(t).

1V\/jth some abuse of notation, by g[i](7) for r < 0 we understand g[i — 1](h + ), and
then G(z;7) = z7'G(z; h+ ) whenever t € [—h,0).




Example: stable first-order system

Let G be the LTI system having the impulse response g(t) = e~2t1(t) for
some a > 0. Its lifted transfer function kernel (with ¢ € [—h, h]) is

G(z;7) = Z e M) Y(jh + 1)z = e (1) + e Z e iz
ieZ i€EN
eaTth) (7)z +e P 1(—1)

_ a—at —
=) F 5 = S

(the sum over N is the standard, not lifted, z-transform of e =2 T[i — 1]).
Thus, in the lifted z-domain

T —art h
Y(z; 1) :/ e =9 {(z,0)do + ee_h/ e ?("=9)(J(z; 0)do.
0 z—e" Jo

Lifted transfer functions of SE;l and LyH

Let S and H be shift-invariant sampler and hold, with the sampling and
hold functions ¥ (t) and ¢(t), respectively, and a sampling period h. In the
lifted z-domain, in their RoC, they act as

—_ Ve 9 — h v v
Y(z) =V(z)Y(z) or Y(z)= z_l/0 V(z;h—0)Y(z;0)do

and
U(z) = d(2)0(z) or U(z;7) = D(z;7)0(2).

The operators
U(z) : {[0.h) > F™} - FY and &(z):F" — {[0,h) — F™}

are called the lifted transfer functions of S and 7, respectively (their
kernels are the z-transforms W(z) and ®(z) of the lifted sampling and hold
functions v and ¢).

Example: sampler with ¢ (t) = ae~?'1(t)

Consider § = Siq1.Fa, where F; is the first-order low-pass having the transfer

function Fa(s) = ;5 (its impulse response f5(t) = ae™?*1(t)). In this case

o)z —ah .
\D(Z;O):ﬁa(z;o’):ae—aa “( ) +e 1]( )

El

z —e ah

so the sampler acts in the lifted z-domain as

h _ —ah _ o
V(Z) — Zla/ efa(hfo') ﬂ(h U)Z + € H(U h) U(Z, O_)do_
0

z —e—ah

Example: zero-order hold

Consider Hzon with the hold function ¢zon(t) = H[O,h](t). In this case

&)ZOH(Z; T) = ZQEZOH[’I](T)Z_I' = $ZOH[i](T)Z_i‘;:o
i€Z
=1

and the hold acts in the lifted z-domain as

U(z;7) = U(2).




Lifted H, and H,, spaces
Lifted-domain spaces

H(I])_O—H]_ H([)LO—HF HEO—HL HI]_—)[L HIL—)[F H[F—)I]_

, , , , , and

are defined like their pure discrete counterparts, with obvious alternations:

— Frobenius matrix norm is replaced by Hilbert-Schmidt operator norm;

— spectral matrix norm is replaced by the induced operator norm;
and less obvious alternations:

— the spaces HL?L and HéL_’[L consist of lifted systems whose impulse
response operator G[i] = 0 whenever / < 0, this is not sufficient for
causality (see Lecture 4, slide 27);

— the norm on H, is scaled by 7 (inherited from the lifted Lo(T)).

Conjugate transfer functions in the lifted domain

Repeating familiar arguments, lifted conjugate transfer functions, which are
the transfer functions of adjoint systems, are (at each z where they exist)

G~(z) is an operator " — L, whose kernel

v

G (z;t,0) = G'(L0,1) or G (z;7) = G'(L;—1) =2G' (3 h—71)
U~(z) is an operator F"7 — L, whose kernel
U~(z;1) = Z\TJ/(%; h—1)

®~(z) is an operator L™ — F" whose kernel

®~(z;0) =z (L h—0)

Transfer function of G, = SH

Let S and H be generalized sampler and hold with the sampling and hold
functions ¥ (t) and ¢(t), respectively. Then

—_ 7 N h v v
Gi(2) = W(2)(z) = 2 /0 V(z: h— 0)b(z: 0)do

By the Key Lifting Formula (with s; := '”Tz + 2T”/)

1
= ZIU(S,-)eS"" and ®(z;0) ZCD si)e’?,

ieZ IGZ
so that

U(z; h—0)®(z;0) 2 ZZ W(s;)P(sj)esnelsi—=)o

i€Z jeZ

- f;l2 Z Z w(si)q)(sj')zep”(i*j)(f/h

i€z jez

Transfer function of G; = SH (contd)

Hence,

Gi1(2) = 2_1/ ZZ\U 5;)®(s;)zel?m (=)ol hg

i€eZ jeZ

=1 ZZ\II(S,)CD sj)/ 2m(i=othgy — Z\Il(s,)d) (si)

i€Z jeZ IEZ

(by foh el2mio/hge — h§[i]). We thus end up with two alternative forms of
the transfer function of SH:

Gi(z) = 21/0 V(2 h— 0)b(z: o) Z\II(S,)CD 5)

IGZ

The first one of them is especially useful. ..




Transfer function of G, = SH.: special cases
If G, = H*H,

Gi(z) = d~(2)d(z) = / &'(L;7)d(z;1)dr = /172<b~(s,-)¢(s,-)

h
0 icz
where ® = 3{L,¢} and &’ here is the transpose (not complex-conjugate).
If G = SS*,
- o . y 1
GI(z) =V (z)V~(z) = / V(z;0)V'(L;0)do = 7 Z\U(S,‘)\UN(S,')
0 icz

where W = 3{L,¥} and U’ here is the transpose (not complex-conjugate).

Content

Sampled-data H, approximations for Type | problems

Type |

Assume that I € Ho o N Hy, S € Hy and H € Hy, are given. The problem
is:

minimize || — HKXS||
KeHsNH>

It can be reformulated in the lifted domain as

minimize ||K — HKS]»
KeHNH;
for given S € Hoo, H € Hso, and causal K € Hoo N Ho. This problem is LTI
and HKS is a subspace of Hy, so we get the frequency-domain optimality
condition:
<K — <\I>Ropt\I'J, (bk\l/f>2 =0, VE € H>

(and we hope that the resulting Ropt € Hy as well).

z-domain solution

Spectral factorizations:

O~ (2)d(2) = Wy (z2)Wy(2) and V(2)U™(z) = Wy (2) Wy (2)
for W¢, V_V¢_1, VT/V,, Wlljl € Hy, both are pure discrete factorizations;
Transfer function of the optimal solution:

Kopt(2) = Wy (2) Qope(2) Wy, ' (2),
where
Qopt(2) = proj (W5 (2)] 10 (2)K(2)¥™ (2)[ Wy (2)]
and the projection done via truncating the part analytic in Dj.

Optimal cost: ||Ge||3 = ||K||3 — 1| Qopt||2 (because || Qopt||2 is not scaled by
1 .
7 itself).




Example: the problem

Consider the feedback control system with

ko(s + @) s+1
s(s+1) and  C(s) = s+ua

P(s) =

The problem is to
— digitally redesign C as Hzon C Sigi for some stable C.

We cannot minimize ||C — HzouCSial]|, because Siqi is unbounded on Ly(R).
Rather, consider minimizing

HIC - HZOHC_SIH2,

where K(s) = C(s)SJ%l = sia and 81 has ¥1(t) = e t1(t) (i.e. consider a

part of the plant as an antialiasing filter). This problem fits our setup.

Example: spectral factorizations

First, we already saw that &)ZOH(Z; 7) =1, so that
AY AY h v A
Son(@br00(2) = [ Bl V(i 1) =
0

and Wy(z) = v/h (easy). Then, Uy =e~© w so that

e
h
Uy ()7 (2) = /O V1 (z:0)W, (L 0)do
_ /h e %2z e ¢ do — (1 —e2M)z
g z—ehl—ehz 2(z—eM(1—-ehz)
V1—e2hz /1—e2h
T V2(z—eh) V2(1 — e hz)

Wy (2) Wy (2)

(not too hard in this case either).

Example: finding Qopt(2)
First,

2on(2)K(2)V71 (2) = P704(2)Pa(2),
where H, is the hold with the hold function

1

¢a(t) = 1+«

(e 1(t) + e'1(—1)),

which is the inverse Laplace transform of

CI)a(s):K(s)( 1 )~ 1 1 1 ( 1 1 )

s+1 :s+a—s+1:1+a s+oc_s—1

(assuming that ¢, € L>(R)). Hence,

T.—h

<T>a(z;f) 1 (e z e

14 a\z—e@h 1 _ehz)"

Example: finding Qopt(2) (contd)
Then

h h
q)zNOH(Z)K(Z)\UlN(Z) :Zl/o Zq)ZOH(%;T)q)a(Z; 7)dt :/(; d,(z; 7)dt

_ 1 71*‘2;0”1 z . (1-e Mz
l1+a\z—eeh 1—ehz
and

d);OE(Z)R(f)\l/JT(Z) _ V2 ( e, L - e—h)z> 1—ehz
Wy (z) Wy (z) Vhl+a)\z—e@ " 1—ehz ) /T _e2n
B \/i(l _ efozh)(l - ef(1+a)h) 7
- Vh/1—e?hg(l+a) z—eh
V2e h(1—e @M 4 (el — 1))
N \/Ema(l + )

where the last term is the Hy part of it, which remains after truncation.




Example: finding Copi(2)

Thus,
_— \@(1 _ e_o‘h)(l _ e—(l—i—a)h) P

Qopt =
opt \/E /71 — e_Zha(l + O() z — e—ah

and, therefore,

C pt(z) _ \ﬁ(l o e—ah)(l e—(l—f—a)h) P \/E(Z _ e—h)

° Wil-eZa(lt+a) z—e® J1_e2;
C2(1—e M) (1 — e (F)h) 7 _eh

h(l—e2?MNa(l+a) z—eeh

This is a first-order (unless « =1 expectably) system, whose pole and zero
match those of C(s). Clearly, Copt € Hoo (lucky we). If C(s) is static,

. = 1—e"
aim Copt(2) = —,

and the gain decreases as h grows (unlike Tustin).

Example: optimal cost

Some lengthly computations yield

2(1 _ e—ah)(l _ e—(1+a)h)2
(1—e 21 +e*Mha?2(1l+a)?’

H @orfc”% =
from which

1Calla = | = — 2(1 —e7®h)(1 — e~ (1t@)h)2
27\ 2 (T—e 2 (1+e*Mh2a2(1+a)

If & = 1 (static C(s)), [|Gello = /% — @ ;12’7 ). The normalized, by ||K]|2,
performance

V2a || Ge2 = e

1
3

—_— =

0
h

(deteriorates quicker for a lead C(s), perhaps because of a higher |C(c0)|).

Example: closed-loop stability

Remarkably (the method itself guarantees nothing), closed-loop stability is
preserved for most h if the gain k, is “sufficiently small.” For instance, if
o = 1, the closed-loop pole is

zo=1—k(1—e™"

and it is stable iff 0 < k < —=— (with k € (0, 2), the closed-loop system is

stable for all h > 0). By comparlson, the redesigned C(z) = 1 (e.g. Tustin,
step-invariant, etc) yields the closed-loop pole at

zo=1—kh

and it is stable iff 0 < k < £ (stable for arbitrarily large h > 0 only if k | 0).

Content

Sampled-data H, approximations for Type Il problems




Type Il

Assume that K € H,o N Hy and S € Hy, are given. The problem is:
minimize ||[IC — HS||2
HEHNH:>

It can be reformulated in the lifted domain as

minimize | — #S||
HeHNH>

for given Sec Hs, and causal K e Hs N H>. This problem is LTI and HS is
a subspace of Hy, so we get the frequency-domain optimality condition:

<R - d)opt\l/;, (\D\i’>2 =0, \V'C\D € H

(and we hope that the resulting C\DOPt € Hy as well).

z-domain solution

Spectral factorization:

W(2)U™(2) = Wy (2) Wy (2)

for Wy, VT/I;l € H, which is the same as in Type | (pure discrete);

Transfer function of the optimal solution:

where

dDopt(Z) = Qopt(z) WJI(Z)’

Qopt(2) = Proj [K(2)¥~(2)[Wy ()]

and the projection done via truncating the part analytic outside Dj.

Optimal cost: [|Gell3 = [IK|I3 — [| Qopt 13-

Example: the problem

The same as in the Type | case: consider the feedback control system with

kp(s +a) and C(S):5+1

PO =71 s+ a

The problem is to
— digitally redesign C as H C Sigi for some stable H and C.

We cannot minimize ||C — HCSiql||, because Sig is unbounded on Ly(R).
Rather, consider minimizing

| — HCS1 |2,

where K(s) = C(S)SJ%1 = sia and &1 has y1(t) = e t1(t) (i.e. consider a

part of the plant as an antialiasing filter). This problem fits our setup after
absorbing C into H.

Example: spectral

factorization

Exactly as in the Type | case:

U7(2)

V1—e2hz

V1 —e2h

T V2(z — e h) V2(1 - ehz)

Wy (2)

Wy (2)




Example: finding Qopt(2)
We already saw that K(z)Uy'(z) = ®,(z), where the kernel of ®,(z) is

o 1 e Tz efe
d,(z;7) (

14 a\z—eh 1 _ehz)"

Then

(KU7)(z; 1) V2 [ eT9Tz efe hz \ 1—ehz
Wy(z) — 1+a ( > N
— e OT V2(1 — e~ (Falhy z
Vi—e2h(14a)z—e "
V2e "
Vi—eh(lta)”

and the last term is the Hy part of it, which remains after truncation.

z—e®h 1 _ehz

_ (er 7 efozr)

Example: finding ®qpt(2)
Thus, Qopt(z) is the transfer function of a hold with the kernel

\@(1 _ e—(l—l—a)h) z
V1—e2h(14a)z—eh

and, therefore, C\Dopt(z) is a hold with the kernel

L VAL —e 0O e

V1—e?2h(lta)z—e @ /1 _e2h;
2(1 _ e—(1+a)h) z_—eh

(1—e?(1+a)z—eeh

Qopt(z;7) = e7%F

<T>0pt(z; ) =¢e

— e—a‘(

which is also an Hy, systems. If C(s) is static,

lim Gopi(z;7) = 7.
Jm Pepe(zim) =

Example: peeling off C\Dopt(z)

One way to return to time domain may be via literal inverse z-transform:

. ) P ot 21 — —(1+a)h B 7 — —h
(1) = 37 Belzi0)) = e-or 2O B s 22 T

21— e~ (L+a)h)
" Ta)

(e—a(ih—&-r)ﬁ[l-] _ e—(x(ih—i-r) e(a—l)hﬁ[i _ 1]>

from which

2(1 _ ef(lJra)h)
(1—e2")(1+a)

dopt (1) = (e_atﬂ(t) _eat e(a_l)hﬂ(t _ h))

It is simplified if & = 1, in which case ¢opt(t) = e7*" [y )(t) (static hold).

Example: peeling off ®,,(z) (contd)
Another possibility is to split
Hopt = Hstatc_opt,
where C_opt is a discrete system with the transfer function

2(1 —e~(Ha)h)y 7 _e=h
l—e?M(1+a)z—eoh

COPt(Z) =
(
and Hsiat is the static hold with the hold function

¢stat ( t) = eiat 1 [0,h) ( t)

(the kernel of its lifted transfer function <T>stat(z; 7) = e~ *"). Note that this
hold imitates the impulse response of K.




Example: optimal cost Example: optimal cost (contd)

We can present Qqpt = Hstat Qopt, Where Now o 21— e—(1+a)h)2
Gope(z) = V2L M) 2 1ol = (1 —eamya — e 2am1 4 ap
Vi—e2h(1+a)z—e so that (Lrayh2
N o2 (1—er T
Then | Qoptll2 = ah(l—e2M)(1+ a)?
||Qopt”% = <d>stat @opt» d)stat @opt>2 = <C\D:tatd)stat Qopt’ Qopt>2, from which
é 1 (1 _ e—(1+a)h)2
We know that I Gell2 = 20 ah(l—e2h)(1+a)?
b~ » " oar 1—e 2 The normalized, by ||K||2, performance
q)stat(z)q)stat(z) = 0 € d‘L' = 2 . T
Thus, V2a || Gell2 = —
. ) 1— e—2ah _ ) ) — -1l
| Qoptll2 = Wnoor)tnz h
The improvement over the ZOH case exists, but not very visible. . .
Example: closed-loop stability Bottom line

Curiously, the discretizied closed-loop system with this controller is 1-order
and the closed-loop pole is

1—2kp+a+e (14 2e %k, + a) — causality is accounted for in terms of analyticity and boundedness in
zZp = (+e M1 +a) certain regions of s- and z-domains

The cl -1 [ le iff " o . :
¢ closed-loop system is stable i — the Projection Theorem is still the solution tool (accompanied by the

(I+e M1+a) g 2 spectral factorization)

0<k< 1 o-(ra)h et

This bound is not always less restrictive than that for the fixed hold. — model matching as a digital redesign method

— calculations quickly get messy = new tools are needed (state space)
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