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ConTrOL THEORY (00840738)

TUTORIAL O, REVIEW OF SOME “DYNAMIC SYSTEMS”” MATERIAL

Question 1. Draw the asymptotic Bode magnitude plots of the transfer function

k
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G(s) =
where 7; > 0 and 75 > 0.

Solution. Let us factor G(s) as

1
rls—l—l.rzs—kl

G(s) =k - =: Go(5)G1(5)Ga(s),

The transfer function Go(s) = k is static, whose magnitude bode diagram is the straight horizontal like at
the level 20 log k (remember, the Bode plot is in dB), see Fig. 1(a). The two other transfer functions are
first-order transfer functions with the unit static gain of the form 1/(ts + 1). The asymptotic magnitude
Bode plots of this kind of transfer functions comprises two straight lines: a horizontal one at 0 dB in the
low-frequency range, up to the cutoff frequency w. = 1/7, and a straight line starting at w. and decaying
with the slope of —20deg/dec (sometimes referred to as having a rolloff of 1), see Fig. 1(b). Now, we
know (from the Linear Systems course) that the Bode magnitude plot of the cascade of systems is the

superposition of their individual Bode magnitude plots. We then end up with the diagram presented by the
solid line in Fig. 1(c).

\Y
Question 2. Draw the Bode and polar plots for the following transfer functions:
1. G1(s) : fi 0
. §) = — fort > 0;
! (ts +1)2
k
2. Ga(s) = ———fort > 0and k > 0;
s(ts + 1)
s + 1
3. G3(s) = forr; = L and r, = 2 and then for r; = 2 and 1, = 1.
3(s) s + 1 1= 3 2= 3 1= 3 2 =3
201g:;7 . | 201gz N (Gw)l
e wo 1(1!-“ v we=1/1 1()‘/,» 1//‘T‘ 1 ".i,
Frequency (rad/sec) Frequency (rad/sec) Frequency (rad/sec)
(@) G(s) =k ®G@s)=1/(zs+ 1) (¢) G(s) = Go(s5)G1(s)G2(s)

Fig. 1: Asymptotic Bode magnitude diagrams (here k > 1); dotted lines correspond to actual Bode plots



Solution. We shall follow the following procedure: first, draw asymptotic Bode plots, then actual Bode
plots (via “rounding corners”), then present frequency responses at several frequency on the polar plot plane
(from Bode), and then actual polar plots via connecting those points. The magnitude and the phase at the
chosen points can be evaluated via the analytic expressions for the corresponding frequency responses.

1. This G (s) can be presented as the cascade of two identical systems with the transfer function 1/(ts+
1). The asymptotic plots for G (jw) can be presented, following the steps of Question 1, as in Fig. 2(a).
The actual Bode plots are then shown by the solid lines in Fig.2(b). Analytic expression for the
frequency response is

1 1 2 ) 1 )
Gi(jw) = = eizarg(1/(joT+1)) _ e—j2arctan(tw)
1) (jot + 1)? ( 2w? + 1) 20w? 4+ 1

Let us pick the following frequency points:

a)H0‘a)1=0.1/r‘a)2=1/t‘a)3=3/t‘ 00
|G1(jw)| || 1 ~ 0.99 0.5 0.1 0
arg(G1(jw)) | 0° ~ —11° —90° A~ —143° | —180°

The frequency responses at the frequencies w;, i = 1,2, 3, are marked by large dots in Fig. 2(b).
The corresponding points at the complex plane, which is the plane of the polar plot, are presented in
Fig. 2(c). Connecting these dots we end up with the polar plot in Fig. 2(d), where the arrow shows
the direction of the plot as w increases. Note that as w 1 oo, the plot approaches the origin along the
negative real axis, because the argument of G (jw) approaches —180° then.

2. The steps here are similar to those taken in the previous system. The asymptotic and actual Bode
diagrams are then presented in Figs. 3(a) and 3(c), respectively. The frequency response
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Fig. 2: Frequency response plots of Gy (s)
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from which the frequency responses at the chosen points are

Gz(Ja)) = e—j(71'/2-‘rarctan(m)))7

a)H 0 ‘a)1=0.6/t‘a)2=1/t‘a)3=3/t‘ 00
|G2(jw)| | oo ~ 143kt | kt/v2 | ~0.11kt 0
arg(G,(jw)) || —90° | ~ —121° —135° | a~ —153° | —180°

The only nontrivial difference is that due to the presence of an integrator in G, (s), |G2(0)| = oco. To
understand the behavior of the hodograph at small frequencies, rewrite

ko ke .k
jo(jtw +1) 1202+ 1 Ja)(tza)2 +1)

Gy (jw) =

It is now seen that while the imaginary part goes to —oo, the real part approaches a finite value, —kt
(in fact, the real part belongs to (—kt, 0) for all w). This yields the polar plot in Figs. 3(d).

3. This transfer function can be presented as
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Fig. 3: Frequency response plots of G,(s) (here k = 1/+/2 and 7 = 1)



which is the cascade of a first-order system and the inverse of another first-order system. The asymp-
totic plots of the former are as the dashed lines in Fig. 2(a) and those of the latter—are the same plots
modulo the opposite signs (inversion of a transfer function means sign inversion on Bode). The form
of the convolution of such plots depends on the relation between t; and 7.
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If % =17 < 1Tp = %, the effect of the zero precedes that of the pole (as w increases). Hence,
the magnitude starts at 0 bB (this is the static gain), then gets up at we, := 1/1, = 0.6 and then
becomes flat again at w.; := 1/t; = 3. This is what we can see in Fig. 4(a). The actual Bode
diagram is presented in Fig. 4(b). To construct the polar plot, pick the following frequencies:

® || 0| w =01342 | 0, =1.342 | w3 =13.42 | o0
1G3(jw)| || 1 ~ 1.02 ~ 2.2361 ~488 | 5
arg(G3(jo)) || 0° | ~ 10.04° ~ 41.81 ~ 10.04 | 0°

where the values can be obtained from the frequency response

: 2
G3 (_]a)) _ Jnaw + 1 — LW + 1 ej(arctan(-cza))—arctan(rlw))
jiw + 1 o + 1

(with 3 = 71 > 1, = 2, although it is also true for 7; > 7,). The polar plot is then as shown in
Fig. 4(d). Note that arg(G3(jw;)) = arg(Gs(jws)), so the corresponding points lie on the same
radial line in the complex plane.

If 2 =17 > 1, = 1, the effect of the pole precedes that of the zero (as o increases). Hence,
the magnitude starts at 0 bB (this is the static gain), then gets down at w¢; := 1/7; = 0.6 and
then becomes flat again at w., := 1/t = 3. This is what we can see in Fig. 5(a). The actual
Bode diagram is presented in Fig. 5(b). To construct the polar plot, pick the same frequencies
as in the previous case. We then have:
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Fig. 4. Frequency response plots of G3(s) for % =7 <71 = %



o] 0w =01342 | 0, =1342 | w3=13.42 | 00
G3(jo)| || 1 ~ 0.98 ~ 0.45 ~02 ]02
arg(Gs(jw)) || 0° | ~ —10.04° ~ —41.81 ~ —10.04 | 0°

The polar plot is then as shown in Fig. 5(d).

As a matter of fact, it can be verified that for all t; and t,, the real and imaginary parts of G3(jw),
71 7,'2602 + 1 (‘52 — ‘E])a)

Re(G3(Ja))) = 2?41

20?11 and Im(G3(ja))) =

verify

(Re(G3(jw)) B Tl;lfz)z N (Im(G3(ja))))2 _ (112;12>2.

This implies that whenever t; # 15, the polar plot of G3(jw) is a semi-circle centered at %(1 + %)

and having the radius %|1 — ;—f . This is also true for the particular case when t, = 0, which is the
standard first-order transfer function.

That’s all ... \Y
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Fig. 5: Frequency response plots of G3(s) for % =11 >17 = %



A Bode diagrams of elementary systems

e static gain, G(s) = k:
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B Polar plots of elementary systems
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C Other useful facts learned at Dynamic Systems

Conditions on low-order polynomials to be Hurwitz:
® ais + ao with a; # 0 is Hurwitz iff all @; # 0 and have the same sign
o ays% + ays + ag with ap # 0 is Hurwitz iff all @; # 0 and have the same sign
o a3s® + ars? +ays + ag with as # 0 is Hurwitz iff all a; # 0, have the same sign, and a;a, > agas

Step responses of elementary systems 1 — y:

o first-order: with > 0 has

s+ 1
y(@) =k(1—e)1@)

2
ks

52 4+ 2lwns + w2

_ _l ; l][ l é‘ _ lzt
y(t)—k(l 2(7\/@—_1+1)e +2(\/§2__1 l)e )1](1),

where A1 = —(( — /02— Dwp, <0and A, = —(C + /2 — Dw, <0

2
kw;

§2 + 2L wns + 02

e second-order overdamped:

with w, > 0 and ¢ > 1 has

e second-order critically damped: with w, > 0 and ¢ = 1 has

y() = k(1 = (1 4 ont)e™")1(r)

2
kw;

52 4+ 2Lwns + w2

e " sin(y/1 — {2 wnt + arccos g“)) (1)

e second-order underdamped: with w, > 0and 0 < ¢ < 1 has

1

Bilateral Laplace transforms of some signals:

SO ] 8@ 1) 1) 1) e I0) sinr +¢)10) M sin(r +$)10)

F(s) 1 1 1 1 1 ssing +wcos¢ (s —A)sing + wcos¢
s smh GoAR $2 + 2 (5 — A2 + w2

The frequency-response theorem:

e if an LTI system G has a proper transfer function G(s) whose poles are in {s € C | Res < 0},
except possibly a single pole at the origin, then its response to the harmonic input u having u(¢) =
sin(wt + ¢)1(¢) for some w > 0 is

y(0) = 1G] sin(or + ¢ +arg Gi)10) + [1m 5G| =L 1(0) + yet0),

where yy is a transient component such that lim;_, », y(#) = 0



