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Optimization-based design
The underlying idea:

— express requirements in terms of a size of a cost function

to be minimized by the control law.



Optimization-based design
The underlying idea:

— express requirements in terms of a size of a cost function

to be minimized by the control law.

Important to remember that

— no performance index can reflect all our requirements.
We therefore shall use

— optimization as design tool,

rather than the control goal per se. Every controller is optimal with respect
to some cost function. But not every optimal controller makes sense. Thus,
optimization methods should be judged by

— simplicity of their solutions
— simplicity of tuning their properties via weighting functions

— byproducts (what do we get for granted)
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Positive (semi)definite block matrices

A1l A12:| [A'n A/21] /
A = = = A
[A21 A A/12 A/22

with A2z > 0 (hence, det Ay; # 0). Given

=[a

we have, exactly like in Lect. 6,

Consider

x' Ax = X{Allxl + X{A12X2 + X£A21X1 + X£A22X2
/ 1 / 1 / /
= x1(A11 — A12A, Aot )x1 + X1 A1 AL Asixt + 2x5 A x1 + XpA20x0

= x| (A11 — A12A%3 Ao1)x1 + (54 + X A12A5 ) Asa (X2 + Agst Ao x1)

Thus, if Ax >0, then A>0 <= A — ApAy, Ay > 0.



Mathematical preliminaries

CARE

Let Ac R™" BER™™ Q=Q e R™" R=R € R™™ and S € R™™
be given. The matrix equation

AX+XA+Q—-(S+XBRYS' +BX)=0

is called the continuous-time algebraic Riccati equation (CARE). Its solution
X € R™" is said to be stabilizing if the matrix

Ak :=A—BRYS + B'X)

is Hurwitz!. The stabilizing X, if exists, is unique and satisfies X = X’. We
are interested in CAREs for

QS
R>0 and [5, R]ZO

(the latter is equivalent to @ — SR™1S’ > 0).

'MATLAB: icare(A,B,Q,R,S) or icare(4,B,Q,R) if S = 0.



Mathematical preliminaries

CARE: example
Let A=a,B=b,Q@=qg>0, R=r>0,and S =0. The CARE reads
2

2a)_<+q—b7)_(220.

1. If b= 0, then the CARE becomes 2aX + g=0and Ak = a.

— if a> 0, then no stabilizing solution exists
— if a< 0, then X = —g/(2a) > 0 is the stabilizing solution
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CARE: example
Let A=a,B=b,Q@=qg>0, R=r>0,and S =0. The CARE reads

_ b2_2

1. If b= 0, then the CARE becomes 2aX + g=0and Ak = a.
— if a> 0, then no stabilizing solution exists
— if a< 0, then X = —g/(2a) > 0 is the stabilizing solution

2. If b# 0, then the CARE above is quadratic, solvable by

g ++/(a%r + b?q)r b? Va’r+ b%qg

Ak =a— —X =
b2 = Ak =24 p F \ﬁ

and it is Hurwitz for “+", unless a = g = 0. Thus, the stabilizing

ar + \/(a%r + b2q)r
b2

X = > 0.
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CARE: existence

If
1. (A, B) is stabilizable,
A—jol B
2. Q S | has full column rank Yo € R,
s R

then the stabilizing solution X to
AX+XA+Q—(S+XBRYS' +BX)=0

exists and is such that X > 0.

Remark Because

A—jol B I 0
Q S|=101
s R 00

the second condition holds iff (A~ BR™'S, Q—SR™'S’) has no pure imaginary unobservable
modes. If S =0, unobservable modes of (A, Q) are verified.

BR™! A—BR7S—jwl 0
SR™1 Q — SRS’ 0.
I s R
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Linear-Quadratic Regulator (LQR) problem: formulation



LQR: formulation

The LQR problem
Given
x(t) = Ax(t) + Bu(t), x(0)=xo
find u(t) that

— stabilizes the systems (lim¢—o x(t) = 0),

S RECRCH R I E
Assumptions:

Aj: (A, B) is stabilizable

necessary for a stabilizing controller to exist

Ay R>0and Q—SR1S" >0

guarantees that the optimal u(t) is bounded and that J > 0
A3z (A—BR™1S,Q— SR™1S’) has no pure imaginary unobservable modes

guarantees that the optimal u(t) exists and is unique

— minimizes



LQR: formulation

Example: two-tank system from Lecture 8

o |—[><E

Witha =B =0 =1, heq = [?5], and geq = 0.5, the linearized dynamics

e ey R I e B e

where x; = h; — hjeq and U = g — gegq.




LQR: formulation

Example: two-tank system from Lecture 8

Jul,

Witha =B =0 =1, heq = [?5], and geq = 0.5, the linearized dynamics

e ey R I e B e

where x; = h; — hjeq and U = g — gegq.

Our goal is to
— regulate x from x(0) to lim¢_ o x(t) = 0 in a desired matter

(regulator problem), which is effectively the set-point tracking of h(t) = heq.



LQR: formulation
Example: LQR formulations
We may consider several quantities to penalize:

o0
1. level deviation from the steady state, y; := / x?(t)dt, for i =1,2
0
o
2. control effort, y, :_/ u?(t)dt
0

oo
3. rate of level asynchronization, yio := / (xa(t) — 2>'<2(t))2dt
0
These goals are conflicting, e.g. faster response needs higher control effort,
so the design is
— the art of tradeoffs,

whose essence is to seek for a right blend of a number of them via weights.



LQR: formulation

Example: building Q, R, and S

First, express each penalty via LQR quadratic forms. To this end, note that

x,:[C,-O][ﬂ’ u=10 1]“], and g — 2 = Cp[ A B]{ﬂ

where ¢y ::[1 O],C2::[0 1], Cip := C1—2C2:[1 —2]. Hence,

=[x v ]| 0 0] et

=[x v 5 3|20 et

> A'ClCiaA A'ClyCioB [ x(1)
_ / ! 12 “12 1212
m—/o X(®) “(t)][B'qzqu B’C{ZCHBHu(t)]dt‘

and
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Example: building @, R, and S (contd)

Now we could easily mix them. For example, for every r > 0

Vit rys = /OOO [X'(t) u'(¢) ] [ C{)C" 0 ] [zgg ] dt.

r

which is a standard LQR cost. =0
Likewise, for every A € (0,1)
o Q S ||[x(t)
. _ — / /
R A GNP | AR
where

Q S| _[ACC+AL-NAC,CrA (1= A CHCLB ] _
S R| (I—A)B/C{2C12A (1—)&)B/C{2C125 -

because @ — SR™1S = AC/C; > 0 (note that R = CpB =1 #0).
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Linear-Quadratic Regulator (LQR) problem: solution



LQR: solution

Solution

Theorem
If A1_3 hold, then the unique stabilizing controller that minimizes

7= ], o vl R[]«

u(t) = —R7Y(S" + B'X)x(t),
where X = X' > 0 is the stabilizing solution to the CARE
AX+XA+Q—(S+XB)RYS +BX)=0.

The optimal cost is then
Topt = X(/)X X0.

Remark The optimal control law is a state feedback, with the gain K = —R™!(5'+ B'X).
The closed-loop “A”" matrix A 4+ BK is Hurwitz because X is the stabilizing solution.
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Proof
Denote K := —R™1(S’ + B'X) and define

(3 3] o [FJine1s S o

S R 0
1A, v \ _ K
Q+AX+XA S+ XB :[ K }R[—K /]

- { S'+B'X R ]
because
Q+AX+XA=(S+XB)RYS'+BX)=KRK & S'+B'X=-RK
for every Riccati solution X. Thus,

{3 i}Z{_HR[—K /Wﬂm B][éﬁ]w 0] ()

which is a key relation.
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Proof (contd)

Now, the quadratic form in the cost J is
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Proof (contd)
Thus,

J = / Kx(t))'R(u(t) — Kx(t)) — %(X'(t))?X(t)))dt

= [ (u00) — K R(ul0) ~ Kx(©)dt + 5630 — fim X (D Rx().
If u(t) is stabilizing, then lim;_,o, x'(t)Xx(t) = 0. Because R > 0,
7= [ 0) - Kl R(u0) - Ke(e)) de -+ 560 = 5600

whenever the system is asymptotically stable and the equality is attained by

u(t) = Kx(t), which s stabilizing (X is the stabilizing solution). O
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Example: design 1

Consider J = y1 + ry, for various control energy weights r > 0. Results:

o

hi(t) and ho(t) (dotted)

— 7 =0.01
—r=0.1
r=1

0 043 1.56 2.07 2.64
Time (sec)

0.33Fp T

0.12

By () — 2ha(t)

N

—r=0.1
r=1

— r=o0.01]|

«1‘

0 043 156 2.07 2.64
Time (sec)

85 ]
L —— 7= 0.01 (¢(0) ~526)
—r=0.1
r=1

s
=

0.81

05 K

0 0.43 1.56 2.07 2.64 8
Time (sec)

The gains and closed-loop eigenvalues are

9.1264 0.7722

K = — 24595 0.4841

and {—10.15, —1.97}, {—3.75, —1.71}, and
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Example: design 2

Consider J = y2 + ry, for various control energy weights r > 0. Results:

hi(t) (dotted) and ha(t)

— r=0.01
—r=0.1

r=1

0 12259 241 3.29 8
Time (sec)

—r=0.1

r=1

— r=o0.01]|

0 12250 241 329 B
Time (sec)

1.08 1
— 7 =0.01 (g(0) = 2.76)
—r =01
r=1
=
=
06
05 \
045 A
0 12259 241 329 8

Time (sec)

The gains and closed-loop eigenvalues are

2.2057 4.6384

K =—0.6923 0.9320

and {—2.6 £ j1.81}, {—2.15. —1.54}, and
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Example: design 3

Consider J = Aya + (1 — A)y12 for various weights A € (0,1). Results:

0.59
=
Bt
k]
= — A=0098
— A=0.5
A=0.02
595 5
Time (sec)
sl — X =10.98]|
— A=0.5
A=0.02
|
=on
0.04 \
0
0 224 9 83

Time (sec)

ossh — =098 (4(0) ~2)| |
—A=05
A=0.02

X 05
i \/

0 2.24 5.95 8.3
Time (sec)

The gains and closed-loop eigenvalues are

0.7417 4.5167

K=-—

and {~1.87+j1.87}, {~0.71+0.71}, and



LQR: solution

Guaranteed exponential decay

Consider now the cost

o [t w2 3[4 o

for some @ > 0. To render J, finite,

— x(t) and u(t) must decay faster than e~*%.



LQR: solution

Guaranteed exponential decay

Consider now the cost

ja:/oooezat[xl(t) u’(t)][gx ;Hzgg]dt

for some @ > 0. To render J, finite,

— x(t) and u(t) must decay faster than e~*%.

The variables x4 (t) := e*'x(t) and uy(t) := e**u(t) satisfy
xa(t) = ae® x(t) + e*'x(t) = (al + A)xy(t) + Bug(t)
and the cost in terms of them reads
_ [T / QS || x(t)
T = /O [x(6) d(r) ] [5' ol [ | at

This is the original LQR, modulo the substitution A — a/ + A in the CARE.



LQR: solution

Guaranteed exponential decay (contd)

Thus, the control law minimizing Jy is
u(t) = Kux(t),

where Ky := —R™Y(S' + B'Xy) and X = X, > 0 is the stabilizing solution
(i.e.such that a/ + A + BKy is Hurwitz) to

(af + A) Xy + Xo(al + A) + Q@ — (S + XuB)RH(S' + B'Xy) = 0.

Moreover, because A € spec(a/ + A) <= A —«a € spec(A),
— al + A+ BK, is Hurwitz iff spec(A+ BKy) € {s € C | Res < —a}
and we end up with the property that

— minimizing Jy ensures that closed-loop eigenvalues have Re A; < —a.
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Example: design 1 with various o's

Consider J = y1 + ry, for various decay guarantees o > 0. Results:

0.8

hi(t) and ho(t) (dotted)

0 0.98
Time (sec)

58

0 0.98
Time (sec)

58

3.44 T ]
— a =0 (q(0) ~ 12.68)
——a=2
a=4
=185
= \
05
0 . .
0 0.98 1.58

Time (sec)

The gains and closed-loop eigenvalues are

2.45905 0.4841

and {—3.75,—-1.71}, {-5.59, —2.28}, and
, to the left of —«, indeed.

So beware, “more stable” =4 “better”.
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LQR: solution properties

Scaling the cost J

QS y QS
ss rR| ™ Vs R

coincide. Indeed, the CARE for the latter reads

Optimal solutions for

A'Xy + XA+ yQ— (vS + X, B)(yR) H(yS' + B'X,) =0
or, equivalently,
Ay %) + (y I X)A+ Q@ — (S+ (y 1) B)RI(S + B'(y1X,)) =0
Hence, )_(y = y)_< and
Ky = —(yR)\(yS' + B'X,) = —R"}(S' + B'X)

is independent of y.
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LQR: solution properties

CARE manipulations

[ B/(=sl =AY~ 1] [Q 5} {(SI_A)_IB}

S" R /

= (I = B'(~sl = A)'K)R(I — K(sl — A)"'B)
+ B'(—sl — A) X (A(sl — A+ 1)B
+ B'((—sl = A)TA + N X(sl — A)7'B



LQR: solution properties
CARE manipulations

By (%),
sl — A)-L
[Bl(_s/_A/)—l I]|:5Q., g:||:(/ /I4) B:|
= (I = B'(~sl = A)'K)R(I — K(sl — A)"'B)
+ B'(—sl — A)IX(A(sl — A+ 1)B
+B'((—sl — A)TA + 1) X(sl — A)"'B

The last two terms above cancel each other, because (see Lect. 6, Slide 24)
A(sl —A) L +1=5s(sl —A)"tand (—sl — A) LA + | = —s(—sl — A")~L.



LQR: solution properties
CARE manipulations
By (%),

[ B/(=sl =AY~ 1] [Q 5} {(SI_A)_IB}

S R /
= (I = B'(~sl = A)'K)R(I — K(sl — A)"'B)
+ B'(—sl — A) X (A(sl = At +1)B
+ B'((—sl = A)TA + N X(sl — A)7'B
The last two terms above cancel each other, because (see Lect. 6, Slide 24)

A(sl —A) L +1=5s(sl —A)"tand (—sl — A) LA + | = —s(—sl — A")~L.
Thus, we end up with the relation

S"R /
= (I — B/(—sl = A)"*KR(I — K(sl — A)"'B).

[B/(~sl — A)™ 1] [Q 5} {(SI—A)lB}
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CARE manipulations: m=1and S =0
Denote r = R (to emphasize that it is scalar) and rewrite the relation as
1
(14 Lst(—s))(1 + Lst(s)) = 1 + ;B’(—sl —ANTIQ(sI — A)TIB, (k%)

where
Lg(s) :== —K(sl — A)"'B

is the loop transfer function in




LQR: solution properties

Return difference equality (m =1 and S = 0)

If s = jo, then L¢(—jw) = L¢(—jw) and Eqn. (xx) reads
1
11+ Let(joo)|* = 1 + . B'(—jol — A)1Q(jwl — A)'B

known as the return difference equality.
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Return difference equality (m =1 and S = 0)

If s = jo, then L¢(—jw) = L¢(—jw) and Eqn. (xx) reads
1
11+ Let(joo)|* = 1 + . B'(—jol — A)1Q(jwl — A)'B

known as? the return difference equality.

Note that @ > 0 implies that
B (—jwl — A)1Q(jw! — A)7B = [(jwl — A)7B]' Q[(jw! — A)"*B] >0
Hence, the return difference equality ensures that

11+ L¢(jo)* > 1, Vo €R.

214 Li(s) is the return-difference t.f., remember it from the Nyquist criterion proof.
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Return difference equality: implication

The inequality
1+ Lg(jo)* > 1 < |S¢(jo)] <1, Yo eR

implies that the polar plot of Lg(jw) is outside the open unit disk centered

at the critical point: .

[Sse(jo)] <1 [Sse(jw)] > 1

Ly(jo)

Remark There is no conflict with Bode's sensitivity integral

m

/\ In|Ss(jow)|dow = 7 Z Re p;.

0 i=1

It just means that the pole excess of Lg(s) is exactly 1 (Ls(s) is strictly proper).
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Stability margins of LQR (m=1and S =0)

Im

N

L(joo)

An immediate consequence is that LQR optimal loop guarantees
— gain margin [z = 00 Lst(jw) does not cross the real axis in [—1,0)
— phase margin ppn > 60° Ls(jw) is further from —1 than —% ij§
whenever the LQR parameter S = 0.
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