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— y(t1) depends only on u(t) only at t = t; for all t;
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Static systems
: ”

— y(t1) depends only on u(t) only at t = t; for all t;

is static (memoryless) if

Hence,

— frozen-time analysis (no need in time dependence)
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Outline

Static MIMO systems: basic notions



Static MIMO systems

Signals & systems
: ”

uelF™ and ye€FP.

Signals are vectors:

Systems are mappings:
G:F" — [P
with F™ as its domain and [P as its co-domain, meaning
— every u € F™is mapped to y = G(u) € FP (i.e. G : u> y),

Sometimes we simplify y = G(u) to y = Gu when the input vector is clear.



Static MIMO systems

Signals & systems
: ”

uelF™ and ye€FP.

Signals are vectors:
Systems are mappings:
G:F™— TP
with F™ as its domain and [P as its co-domain, meaning

— every u € F™is mapped to y = G(u) € FP (i.e. G : u> y),

Sometimes we simplify y = G(u) to y = Gu when the input vector is clear.
G is linear if (superposition)
G(a1u1 + 062U2) = OllG(Ul) + OlQG(UQ), Yui,up € F™ g, 00 € F

i.e. additivity G(u1 + up) = G(u1) + G(u2) + homogeneity G(au) = aG(u)



Static MIMO systems

Visualizing signals and systems in the standard basis {e;}

Given x € ",

n
XZE xiegp= || xx+t-+ || Xa=
i—1



Static MIMO systems

Visualizing signals and systems in the standard basis {e;}

Given x € ",
1 0 X1
X:ZXiei: et xe =]
j 0 1 Xn
Given G : F™ — [P,
P
r=6(3ue) - zuj e»—zujzgue,—z@guuj)e,
j=1 i=1
whence
Y1 811+ 8lm up
Yp 8p1 ' 8pm Um

system matrix (how coordinates map)



Static MIMO systems

Matrix notation and terminology

G eFP M is
— square if p=m, tallif p> m, and fatif p < m
— upper (lower) triangular if its elements gjj = 0 whenever i > j (i < j)
— diagonal if gjj = 0 whenever / # j, denoted diag{gii}
For square G,
— tracetr(G):==>" ,gi€F
— spectrum spec(G) is the set of all m eigenvalues, {1;(G)}
— spectral radius p(G) := max;|A;(G)|



Static MIMO systems

Similarity transformations

Given a (non-standard) basis {vi,..., vy} on F7,

I
-
X1

X:21V1+“'+)?mvm: [Vl Vm]

and T € F™ ™ is invertible. The vector

— X = T~ 'x represents the same signal, from a different viewpoint.



Static MIMO systems

Similarity transformations

Given a (non-standard) basis {vi,..., vy} on F7,

I
-
X1

X:21V1+“'+)?mvm: [Vl Vm]

and T € F™ ™ is invertible. The vector

X1

= T~ !x represents the same signal, from a different viewpoint.

If

<2

:= T, uand y := T 1y, then
y=Gu < y=T,GT,i,
where T;lGTu is the matrix representation of G in these new coordinates.

If p=m, we may take T, =T, = T and T—1GT is called similar to G.



Static MIMO systems

Similarity transformations: example

DFT basis
1

1 ej271/n i—1 )
¢i == ( : ) , 1 E€EZj1. p.

(ej27r(n—.1)/n)i—1



Static MIMO systems

Similarity transformations: example

DFT basis
1
1 27 /nyi-1 _
bi == ( ;) . 1€ Z1.n.
(ej27r(n—1)/n)i—1
Let -
1 5 -1 -1
ng -1 5 -1
-1 -1 5 |
and consider
2 2 2 2 2 2 ]
T=-|2 —14+jy/3 -1—-j/3|. 7T =2 1-3/3 -1+)/3
2 “1-jV/3 —1+jV3 2 2 —1+jV3 -1 jv@J

Then

T1GT = diag{1,2,2}.
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Size matters

Signal norms

Holder norms ||x||q, ¢ > 1, of x € F":

n n R 1/2
Il =1l lixll = lixllz = <Z|Xi| ) o Ixlloo == max [xil.
i—1 i—1 b

x is unit vector in g-metric if ||x|/4 = 1.



Size matters

Signal norms

Holder norms ||x||q, ¢ > 1, of x € F":

n n ) 1/2
Il o= Dbl Il = iz = (lel) - lxlloo = max lxil
i=1 i=1

X is unit vector in g-metric if ||x||q = 1.

All vector norms are equivalent, that is

Jyo > y1 > 0 such that y1||x|[p < ||x|2 < yallx|[p,  Vx.

e.g. if x € F”, then

— lIxllgz < lIxllqy < 05719 |x|lq, whenever g1 < g2



Size matters

Unit ball

Bg = {X | lIx]lq < 1}'

eg.
[)’12 Bz:

X2 X2

1 1

X2

N

X1



Size matters

System norms

Induced norms (largest gain):

[Gullg _

uelF™,u#0 HUHq N

1Gllq = sup [|Gullq = SUPIIGUIIq

[[ullg=1

e.g.
p

1Gllx = max Z\@L I6ll=1Gll2 = vp(G'G). Gl = max Z\gu
=1

1<<nm



Size matters

System norms

Induced norms (largest gain):

1Gullq
1Gllq = max = sup ||Gullq = Su|3||GU||
T wermuzo fullg = -
e.g.
p m
1G]l = max_ E;gfw 1GI =11Gll2 = Vp(G'G). |G lfp?}p;gfj
ji

Sub-multiplicative property of induced norms: [|G2Gi|lq < ||G2||4l| G1ll4



Size matters

System norms

Induced norms (largest gain):

[Gullg _

uelF™,u#0 HUHq N

1Gllq = sup [|Gullq = SUPIIGUIIq

[[ullg=1

e.g.
m

p
1G]l :lg}ame\gw IGI =Gl = V/p(G'G). |G|~ i@f}pZ\&’y\
i—1 =1

Sub-multiplicative property of induced norms: || G2Gi|lq < || G2|l4ll G1llq.

Frobenius norm (not induced)

Gl == VAr(GG) <ZHGe,H2) <Zpilgy\2>”2

i=1 j=1



Size matters

System norms

Induced norms (largest gain):

|Gullq
G|lg := max = sup ||Gullq = sup Gu
I6lla =, max it = sup Gl = supl|Gul

e.g.
1G]l = 1Gll2 = v/p(G'G),

Sub-multiplicative property of induced norms: |Gy Gillq < [|G2||qllG1llq

Frobenius norm (not induced)

16l = VA(EG) <ZHG31H2) (Zig )

=1 ,I:
All matrix norms are also equivalent, e.g. |G| < ||G||r < y/rank(G) || G]||.



Size matters

Induced system norms: example

| 1+a 1-«a
G_[l—a 1+a

] for @ € [0,1],

then
spec(G'G) = {4,40%} — ||G| =2.



Size matters

Induced system norms: example

c— [1—1—05 1—«

- o 1+(x] for @ € [0,1],

then
spec(G'G) = {4,40%} — ||G| =2.

If u= [ﬁg] then

| 14+a 1—af|uw
Y= l1-a 14« U

2
3]o0 = =210 = 161la)



Size matters

Induced system norms: example

| 1+a 1-«a
G_[l—a 1+a

] for @ € [0,1],

then
spec(G'G) = {4,40%} — ||G| =2.

Ifu:[ﬂg],then
| 14+a 1—af|uw
Y= l1-a 14« U
Ifu:[_u‘éo},then

|14+ a 1-«a —up | | 2o« _
e En il | Ied B Bl PR M MR TS T

2
3]o0 = =210 = 161la)



Size matters

Induced system norms: example

| 1+a 1-«a
G_[l—a 1+a

] for @ € [0,1],

then
spec(G'G) = {4,40%} — ||G| =2.

Ifu:[ﬂg],then
| 14+a 1—af|uw
Y= l1-a 14« U
Ifu:[_u‘éo},then

|14+ a 1-«a —up | | 2o« _
e En il | Ied B Bl PR M MR TS T

2
3]o0 = =210 = 161la)

Hmm,

— the induced norm alone is not enough to understand amplification.
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Direction matters too

Signal direction

The direction of x € F" is the

— 1-dimensional subspace span(x) C F".

Relative direction may be quantified by the inner product notion,

n
<X’y> = Zyixi = .y/X’
i=1

with
cosf = b y)
Iyl
x and y are
orthogonal if (x,y) =0
co-directed if [(x,y)| = ||x||||l¥l i.e. do € [ such that x = ay

Note,
— if ug and up co-directed, then |u1]| = |o|||w2]] = ||Gu1]| = |a|| Guo||



Direction matters too

Special 1/O directions
Given G : F™ — [P,
— kernel (null space) ker G := {u € F™| Gu =0}
— image (range) Im G := {y € FP | 3u € F™ such that y = Gu}
and rank G := dim(Im G) quantifies the richness of G.



Direction matters too

Special 1/O directions

Given G : F™ — [P,

— kernel (null space) ker G := {u € F™| Gu =0}

— image (range) Im G := {y € FP | 3u € F™ such that y = Gu}
and rank G := dim(Im G) quantifies the richness of G.

Kernel defines freedom of choice for the input (or its ambiguity),
y = Gu < u= ug+ uy for some u, € ker G

for any ug such that yp = Gug (unique iff ker G = {0}, i.e. trivial).
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Special 1/O directions
Given G : F™ — [P,
— kernel (null space) ker G := {u € F™| Gu =0}
— image (range) Im G := {y € FP | 3u € F™ such that y = Gu}
and rank G := dim(Im G) quantifies the richness of G.

Kernel defines freedom of choice for the input (or its ambiguity),
y = Gu < u= ug+ uy for some u, € ker G

for any ug such that yp = Gug (unique iff ker G = {0}, i.e. trivial).

Image defines consistency of measurements,

Ym=Gu < ym€IlmG



Direction matters too

Special 1/O directions
Given G : F™ — [P,
— kernel (null space) ker G := {u € F™| Gu =0}
— image (range) Im G := {y € FP | 3u € F™ such that y = Gu}
and rank G := dim(Im G) quantifies the richness of G.

Kernel defines freedom of choice for the input (or its ambiguity),
y = Gu < u= ug+ uy for some u, € ker G

for any ug such that yp = Gug (unique iff ker G = {0}, i.e. trivial).

Image defines consistency of measurements,

Ym=Gu < ym€IlmG

Proposition 2.1
(ker G)* = Im G’ and (Im G)* = ker G’ for all G € FP*™.



Direction matters too
Adjoint system
Given G € F™*P, there is a unique G’ € FP*™ such that
(Gu,y) = (u,G'y), forallueF™andy € FP.
Because

<GU,Y> :ﬁ(gllul + .- +g1mum) + .- +7p(gplul + - +gpmum)
=@+ -+ 8y )i+ + (Blmyr + - + BpmYp)Um

g1 - 8p1
:<Uv : : Y>,
Zim ° 8pm

/

g1 - 8lm g1 - 8pl

we have

8p1 " 8mp 8im - 8pm

(complex conjugate transpose).



Direction matters too

Matrix notation and terminology (contd)

We say that G € F™*™ is
— Hermitian (symmetric, if F = R) if G’ = G;
— skew-Hermitian (skew-symmetric, if F = R) if G’ = —G;
— normal if GG’ = G’'G;



Direction matters too

Diagonal matrices

G is diagonal if
Gej = giej, Vi€Zi.m

SO



Direction matters too

Diagonal matrices

G is diagonal if
Gej = giej, Vi€Zi.m

SO

Because {¢;} is orthonormal,

m
Iyl = "lgillui
i=1

2

’

so
— |gil is the gain of the component of u in the direction span(e;)



Direction matters too
Eigen-diagonalization

Find 0 # v € F™ such that
Gv = Av
for some A € C. Equivalent to finding A for which ker(A/ — A) is nontrivial.
— there are m such A; (eigenvalues)
— spectrum spec(A) = {A;}
— corresponding v;, i.e. such that Gv; = A;v;, are eigenvectors
Hence,

— |Aj| is the gain of G in the direction span(v;)



Direction matters too
Eigen-diagonalization

Find 0 # v € F™ such that
Gv = Av
for some A € C. Equivalent to finding A for which ker(A/ — A) is nontrivial.
— there are m such A; (eigenvalues)
— spectrum spec(A) = {A;}
— corresponding v;, i.e. such that Gv; = A;v;, are eigenvectors
Hence,

— |Aj| is the gain of G in the direction span(v;)

However,
1. not every G has eigenvectors
2. not every G has m linearly independent eigenvectors

3. not every G has orthonormal eigenbasis

(v =" udivi == |yl =7 AP | wil?)



Direction matters too

Unitary matrices

G € F™*™ is said to be
— unitary if G'G = I (equivalently, G~! = G).
If G is unitary, then

| Gu||* = (Gu, Gu) = (G'Gu, u) = (u, u) = ||u|)?,

i.e. has unit norm in all directions.

Yue ™



Direction matters too

Unitary matrices

G € F™*™ is said to be
— unitary if G'G = I (equivalently, G~! = G).
If G is unitary, then

HGUH2 = (Gu, Gu) = (G'Gu, u) = (u, u) = Hqu, Yue ™

i.e. has unit norm in all directions.

R2X2

exampleS: plain rotation plain reflection
10 R cosf —sinf Qy — cos20 sin26
01 = | sin0 cosf 9= | sin20 —cos26

In real case, either rotations (if det G = 1) or reflections (if det G = —1).



Direction matters too

Unitary matrices (contd)

If
G=|g & - &m|. &EF"
is unitary, then
81 g8 - &18m
Ge=1|:|[a - gn]=| + . i | =1
8m EmEl " EmEm
i.e.
— columns of unitary G constitute an orthonormal basis in F.
E.g.

— identity /b = the standard basis {[é] [(1)]}
— rotation Py — {[g?nsg],[*‘"e]}

cos @



Direction matters too

Singular value decomposition

Every G € FP*™ can be decomposed as
G=UxV
for unitary
U= [ul uy ... up] € FP*P and V = [vl Vo ... vm} e fFmxm
and £ € RP*™ is of the form
[Zl O} if p<m

Y = 5

1 .
ifp>m

0] p=

and X1 = diag{ol,az, oo s Omin {p,m}} with 01 > 02 > ... > Omin {p,m} > 0.



Direction matters too

Singular value decomposition
Every G € FP*™ can be decomposed as
min {p,m}
G=ULV' => oy
i=1
for unitary
U= [ul uy ... up] € FP*P and V = [vl Vo ... vm} e fFmxm

and X € RP*™ is of the form

[Zl O} if p<m

Y = Y
1 .
ifp>m
O] o>

and X1 = diag{ol,az, ooy Omin {p,m}} with 01 > 02 > ... > Omin {p,m} = 0.



Direction matters too

Singular value decomposition (contd)

— o0 > 0 are called the singular values of G
— wuj are called left singular vectors of G
— v; are called right singular vectors of G

Because (assume for simplicity that p = m)

G'G=VI?V = G'Gv, = Veio? = o?v,

and
GG = U2V = GG'uj = Ueio? = o?u;
o? are the eigenvalues of both G’G and GG'.
Special cases:
— if G is normal (G'G = GG’), then g; = |A]
— if G is hermitian and G > 0, then o; = A;



Direction matters too

Interpretation

U— C?S Oout  — Sin Oout and v — C.OS Oinp  — Sin Binp
sinBout  €OS Oout sinOinp  €os tinp

then
cosbBout —sSinbout | o1 O cos Oinp  sin Ginp
G=| . .
sinOout  €OS Byt 0 oo —sinGinp oS Binp
and every input w
— rotated by V' by —6inp
— scaled by ¥ along standard directions
— rotated by U by Oyt



Direction matters too

Interpretation

| cosOout — Sin Byt and v — cos Oinp  — sin Oinp
| sinBout oS Oout | sinBinp  €OS Binp

then
| cosOout —sinbout | |01 O cos Oinp  sin Ginp

- [sin Oout  €OS Oout ] [ 0 02} {—sin Oinp COS Q;np}
and every input w

— rotated by V' by —6inp

— scaled by ¥ along standard directions

— rotated by U by Oyt

1LY L] L]



Direction matters too

System action via SVD

Given G : w — y and
m
w = g w; v;, where w; = v/w = (w, v;) are coordinates of w in {v;}
i=1

By orthonormality of {v;}, i.e. v/v; = §;; (Kronecker delta),
min {p,m} m min {p,m}
y= ( Z Oi UiV,'/) (Z Wi Vi) = Z(UiWi)Ui
i=1 i=1 i=1

(yi = ojw; are coordinates of y in {u;})



Direction matters too

System action via SVD

Given G : w — y and
m
w = g w; v;, where w; = v/w = (w, v;) are coordinates of w in {v;}
i=1

By orthonormality of {v;}, i.e. v/v; = §;; (Kronecker delta),
min {p,m} m min {p,m}
y= ( Z Oi UiV,'/) (Z Wi Vi) = Z(UiWi)Ui
i=1 i=1 i=1
(yi = ojw; are coordinates of y in {u;}) and

min {p,m}

Iyl? = of|w
i=1

2

’

like in the diagonal case.



Direction matters too

System gains via SVD

Proposition 2.4

Given G € [FP*M,
o1 =:0(G) = max|y| =1/ Gw|

(i.e. 5(G) = ||G||) with a maximizing w = vy. If, in addition, p > m, then
om =: 0(G) = minjy =1 Gw

with a minimizing w = v,,. Moreover, if p = m, then a(G) = 1/||G}.

Proof: With w = "7, w;v;,

min {p,m} min {p,m} min {p,m}

Iyll* = ZG2|W:!2<Z(712|W:|2—012\W:|2<01||WH2
20,12 _ 2 2 _ 2112
ZZUmIWi\ :OmZ\Wi! = ||l

i=1 i=1



Direction matters too

Singular vectors

w=vj, JE€Zi.m

(i.e. w; = §jj), then

y = (mmim]&aiw,')ui) = {Ujuj' if j <min{p,m} = |lyl| = o;

Py 0 otherwise

Hence,
— span(vj), j < p, is the input direction corresponding to gain o;
— span(vj), j > p, belongs to ker(G)

— span(u;) is the output direction corresponding to gain o;



Direction matters too

Structural properties via SVD

Proposition 2.5

If singular values of G € FP*™ satisfy 6, > 0,11 = --- = 0 for some r, then
— ImG =span(u,...,u);
— rank(G) =r;

— kerG = span(v,H, el vm).
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Structural properties via SVD

Proposition 2.5

If singular values of G € FP*™ satisfy 6, > 0,11 = --- = 0 for some r, then
— ImG =span(u,...,u);
— rank(G) =r;
— kerG = span(v,H, el vm).

Proof: For every w =", w;v;,

min {p,m}

,
= Z ojwi)up = Z((f,-w,-)u,- and ly|? =) of|wif?
i=1

i=1



Direction matters too

Structural properties via SVD

Proposition 2.5

If singular values of G € FP*™ satisfy 6, > 0,11 = --- = 0 for some r, then
— ImG =span(u,...,u);
— rank(G) =r;
— kerG = span(v,H, el vm).

Proof: For every w =", w;v;,

min {p,m}

,
y — Z ojwi)up = Z((f,-w,-)u,- and ly|? =) of|wif?
i=1

i=1

Hence
— y €span(uy,...,u) and Im G = span(uy, ..., u,), for w; are arbitrary

(remember, o; # 0 for all i € Z;_,). O



Direction matters too

Structural properties via SVD

Proposition 2.5

If singular values of G € FP*™ satisfy 6, > 0,11 = --- = 0 for some r, then
— ImG =span(u,...,u);
— rank(G) =r;
— kerG = span(v,H, el vm).

Proof: For every w =", w;v;,

min {p,m}

,
y — Z W)U fZ((f,-W,-)u,- and ly|? =) of|wif?
i=1

i=1

Hence
— y €span(uy,...,u) and Im G = span(uy, ..., u,), for w; are arbitrary
— dim(span(ul, ey u,)) = r, for u;j are linearly independent

(remember, o; # 0 for all i € Z1_,). O



Direction matters too

Structural properties via SVD

Proposition 2.5

If singular values of G € FP*™ satisfy 6, > 0,11 = --- = 0 for some r, then
— ImG =span(u,...,u);
— rank(G) =r;
— kerG = span(v,H, el vm).

Proof: For every w =", w;v;,

min {p,m} r
= Z oW u; fZ(a,-W,-)u,- and ly|? =) of|wif?
i=1 i=1
Hence
— y €span(uy,...,u) and Im G = span(uy, ..., u,), for w; are arbitrary
— dim(span(ul, ey u,)) = r, for u;j are linearly independent

—y=0<«<= w;=0, VieZ.,
(remember, o; # 0 for all i € Z1_,). O



Direction matters too
Rank decomposition

Given a G € FP*™ such that rank(G) = r < min{m, p}, there are full row
rank Ginp € F™™ and full column rank Goy: € FP*" such that

G = Gout Ginp-

In this case ker G = ker Gjnp and Im G = Im Ggy¢. This follows directly from
the SVD of G (as0; #0 < i <r):

r 01 i V{
G—E 0~u-v’—[u ] :
= UiV — 1 0 U :
i=1 or| Lv]
o1~y
_ k k .
= [ ulo’l o e uro‘r :| :
o kv |
Gout G

for any k € R.



Direction matters too

Example 1 from Ch.1: ¢ =0

11
P—[l 1] and R =kl

then (remember, u = Tcyef — Tid and e = SoYref — Tad)

RAR k+l —k 1 1]ﬂ1[oo —00i1 1]
: 2k+1| —k k+1:1 1 2[—00 o0 11

and
AR k+l —k i1 1]H_oo>1[1 —1'00]
ol T k¥ 1| —k k4111 2-1 1:00

and tracking only if yief,1 = yref,2, all disturbances rejected.



Direction matters too

Example 1 from Ch. 1: plant geometry

SVD of P:
: : : 1
1 1—1})[20}(1 [1—1])’ 7
P=|—|" e — | — 2
<\@[1_ 1 020 | \V2 |11 NG [
If « =0,
— only inputs in the direction span H] pass

1

— everything in span [ 1] is filtered out

— only outputs in the direction span [H exist
Because R = kI does not alter inputs directions,
— everything entering in span H] processed as in SISO

— everything entering in span [ %} | processed in open loop

Sl

Sl



Direction matters too

Example 2 from Ch.1: ¢ =0

1 1
P—[_l _1} and R =kl

then (remember, u = Tcyef — Tid and e = SoVief — Tyd)
k—1 kK i—1 —1} k—o00 [002 —002! —00 —oo}
—_—

[ Te: i]:—k[ —k _k_1§1 1 —00? oo2§oo 00
and

1 [k=1 'k =1 -1] kseo [ 00 —00i-1 -1
[5°-Td]_[ —k —k-11 1] [ | ]

—00 00 | 1 1
and tracking only if yref,1 = —yref,2, Only disturbances with d; = —d»
rejected.



Direction matters too

Example 2 from Ch. 1: plant geometry

SVD of P:
- (LD B G AD [
If « =0,

— only inputs in the direction span H] pass

— everything in span [}1] is filtered out
1

— only outputs in the direction span [ 1] exist
Because R = kI does not alter inputs directions and span [H 1 span [fl]
— feedback does not exist !

— everything processed in open loop



Direction matters too

Low-rank approximation

Given a G € FP*™ with rank G = r, then for every | < r < min{p, m}

r 1/2
min 6= Hl =01 snd _min G- HHF—(’_;IG?)

and the minimizing
!
H = G/ = ZO,’U,‘VI{
i=1

in both cases.



Systems as modeling tools

Outline

Systems as modeling tools



Systems as modeling tools

Generating subspaces

Proposition 2.7
A set § C F" is a subspace iff either of the following conditions holds:
— 3d < n and a full-rank matrix S; € F"*9 such that S = Im S;
— 3d < n and a full-rank matrix Sk € F("=D*n gych that S = ker Sy
Moreover, this d is the dimension of S.
Proof.

Because both image and kernel are subspaces, the “if" part in both cases is
immediate as well as the fact that dim(S) = d. To show the “only if" part,

let S be a d-dimensional subspace and {s,...,ss} be its basis. By the
very definition, S =Im §; for §; = [51 cee Sy } Likewise, if {sg11,...,Sn}
is a basis of the (n — d)-dimensional space S*, then Sx = [sq41 -+ sp ]/

is what we need. O
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Systems as modeling tools

Example: freedom of choice

Let y = Gufor G=[3 0 4]. Find all u such that y = 1. Remember that
y = Gu < u= ug+ u, for u, € ker G. A particular solution is

-1
w=|g]
To characterize the kernel, bring in SVD
, 06:-08:07
G=1-[5:00]-|0: 0 i1,
' 08! 0.6 :0
o)
—-0.87 [0 -08 0
ker G = span 0 .11 =Im 0 1
0.6 1 0 06 0
Hence,
-1 [—0.8 0
u=1|0 | + 0 1fv
1 . 0.6 O

for an arbitrary v € R



Systems as modeling tools

Exotic metrics

There may be reasons to define unorthodox metrics, like a metric in which
— xis “small" if ||x|| <y for some y >0 (uniform scaling)
— X; is more important than Xx; (non-uniform scaling)

— important are various linear combinations of x;

w\><
w\x
—
WX
SN—"
S
_|_
—
MRS
S—
N
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Exotic metrics modeled via standard metrics

Rather than dreaming up new metrics (unhandy), we can recycle existing.
For example, we can define scaled unit balls as

GB, = {X|X: Gu,

ullqg < 1}’

which would result in

3323822 BbI [88]32 BC

X2 X2
v\ //
I .
s
N O
NS |
X1 a=3 X1 RN X1
L, .

=73 7]B2

X2

/y
AN
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