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H*® Control of Systems with Multiple 1/O Delays
via Decomposition to Adobe Problems

Gjerrit Meinsma and Leonid Mirkin

Abstract— In this paper the standard (four-block) H° control
problem for systems with multiple i/o delays in the feedbackoop
is studied. The central idea is to see the multiple delay opator as
a special series connection of elementary delay operatorsalled
the adobe delay operators. The adobe delay case is solved and
thereby the general case is solved as a nested set of soluido
adobe delay problems.

Index Terms— Time-delay systems, dead-time compensation,

H® control. Ky .

I. INTRODUCTION

) ) ) Fig. 1. Original 4-block problem formulation
Input/output time delays arise naturally in numerous aantr

applications, both from physical delays in processes and

control interfaces and from the use of delays to model compii,, ¢ delays are considered and it is assumed that the dientro
cated high-frequency dynamics. Optimal control of timéagle oo access to the full plant state.

systems has been an active research area since the late 60;
first in the H? (LQG) [1], [2] and then in theH*> [3], [4]
settings.

% this paper theH > control of systems with input/output
delays is studied. The setup that we shall address is ddpicte

) . o , in Fig. 1, whereP is a given finite-dimensional plant,
Time-delay systems can in principle be treated in ﬂ]g a controller to be determined, amt}, and A, are given

framework of a general theory of infinite-dimensional sysie delay operators. Wher, = e[ and A, = e[, such
. . . . . u = y = ,
both in the time [5] and in the frequency [3] domains. Thesg oo, corresponds to the single-delay problem. In our case

approaches, however, result in rather abstract resubs, (iy,q delay operators are more general diagonal matrices (see

in terms of operator Riccati equations), fr(_)m Wh'c_h_ It MaYection 11 for details). This enables to deal with different
not be clear what the structures of solvability conditions a delays in different control and measurement channels

controllers are an_d how (if) they can be computed and imple The central idea of this paper is to split the multiple-delay
mented. This motivated researchers to seek for more preblem . )
) . : roblem to a nested sequence of simpler problems which we

oriented approaches that exploit the special structurehef . .

. call adobe problemsThe adobe problem is a problem with
delay operator, see the review paper [4] and the references. . .
therein a single delay ina part of input or output channels. We
’ ometimes distinguisladobe input delayand adobe output

Although substantial progress has been made in this é'élay problems. These are apparently the simplest nontrivial

rection QUr|ng thze last t(\)/;/o depade;, the _va_st majority of ﬂbeeneralizations of the single delay case. We show that both
results (in bothH* and H*° settings) is still limited to systemsinput and output adobe delay problems can be solved in a

with a single delay. On the other hand, in MIMO systems .. : : :
different inputioutput channels can have different delays unified fashion using the approach developed in [8] (though

.with some nontrivial modifications). The solutions to thehe

that multiple delay. results are of great. importance. Earli roblems are then tailored to constitute the solution to the
treatments of multiple-delay systems either producedequ riginal problem

complicated solutions [2], [3] or were heavily based on the The advantage of the proposed approach is twofold. First,

simplifying assumption that the delay operator commutdh Withe split of the problem to elementary adobe problems (apart
the plant [6] which limits the scope of their applicabilitin from the fact that this allows us to find the solution) clasfie

tion to this i t k by Koji d Ishiji 7 " ) i
exception to this is & recent work by Kojima and Ishijima [ ]how additional delays in certain channels affect the perfor

who derive explicit H* solution for the case when the Thi ioht b dt | th t of delav i
disturbance and/or control inputs are delayed. Yet in m/onmance. IS mig € used {o analyze the cost of delay In
each channel and to judge a relative delay sensitivity of dif

This research was supported tyE | SRAEL SCIENCEFOUNDATION (grant ferent channels. Second, the approach results in a tragrepar
No. 106/01). structure of the optimal controller. The latter consistsaof

G. Meinsma is with the Department of Applied Mathematicsiversity of finjte-dimensional system with a feedback/feedforwardt par
Twente, 7500 AE Enschede, The Netherlands. E-rgaiieinsma@utwente.nl . e . . L.

L. Mirkin is with the Faculty of Mechanical Engineering, Feton — IIT, tha_t* though infinite dlmensmnal, can be easily implemente
Haifa 32000, Israel. E-mailmirkin@technion.ac.il owing to the fact that its components may be chosen to be



2 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 2, FER005 (TO APPEAR; SUBMITTED AUG. 2003, REVISED APR. 2004 ANAJG. 2004)

The completion operator for delayed systems of the form
¢ || & e p =e™C(sI — A)'B is defined formally as
A B A|B
—hs _ _ pahs
G h(8 P)_[CeA 0} € |:C 0}
7T v (h > 0). For finite dimensionalP, the sum of & P and its
— Q completionz, (e P) is again finite dimensional.
A mappingQ € H* is y-contractiveif ||Q|« <y (when
Fig. 2. A scattering representation y = 1 we simply saycontractivg. A transfer matrixQ is

bistableif 0, 0~! € H*. The number of entries of a vector-
valued signalw is denoted a,,, for exampleu(t) € R™.

FIR. This structure is reminiscent of that of the singleagel

H® dead-time compensators proposed in [9], [10], though Il. PROBLEM FORMULATION

the presence of feedforward interchannel interconnegtisn  ag mentioned in the introduction, we study the feedback

unique to the multiple delay situation. setup in Fig. 1. We assume that the plahtthere has the
Itis worth stressing in this respect that there appears twbegglization

natural generalization of single-delay Smith predictoead- A| B, B,

time compensator) schemes to the case of multiple delays, P(s)=| Cy|D;; D1y (1)

see, e.g., the discussion in [11]. We believe that a byproduc Cy | D31 Day

of our splution might be a suggestion of a possible form %Ind that the following standard assumptions hold:
the multiple delay dead-time compensator. . N
The paper is organized as follows. In Section Il the multiple “A1° (C2. 4. B;) is stabilizable and detectable;

delay H> problem is formulated. Section Il is devoted to the 4. [ A—jol B, ] has full column rankve € R U oo-

reformulation of the original 4-block problem as an equéwvsl G D1z '

1-block problem having a special structure. In Section IV .~ [ A— jol B

the adobe-delay problem is formulated and solved. Then, iff™* [ C, Doy

Section V we show how the multiple-delay problem is solveflssymptions.4, and .45 guarantee thatD|, Dy, > 0 and

by the decomposition to a sequence of adobe problems. 9, p; ' o, respectively. Note also that we do not assume that

illustrative example is studied in Section VI. The papeoalsp  andp,, are zero as these assumptions hardly simplify the

includes two appendices. In Appendix A the solution of thgsgyts to come and, moreover, in delay systems non2eso

delay-free H> problem is revised and in Appendix B somenight appear naturally.

technicalities and proofs are collected. The delay elements are assumed to be of the diagonal form
Notation: Throughout the paper we use scattering repre-

sentations such as shown in Fig. 2. The arrows here can be

confusing: what is meant in this figure is tH4t] = G[ } | and

u = Ky. If the dimensions of; andy are the same, then each Au(s) = (2a)

K generically defines a unique transfer matgixfrom  to ¢, g sy,

denoted ag) = G (G, K). It is easy to verify that

] has full row rankVw € R U co.

r e huas Imq

I,

G(G,K) = (G11 K + G12)(G1 K + Gyp) ™" with 0 < hyy < -+ < hy g Q_m; =n,) and

Once in a while we use the conventional lower linear Iy,

fractional transformations (LFT's). For example the LFT ehsy,

Fi(P, A,KaAy) means by definition the mapping from to Ay(s) = - (2b)

z in the system of Fig. 1. '
We say thatK (s) is properif supge,- , | K(s)|| < oo for some

large enoughp € R. As shown in [12], an LTI system hasWith 0 < hy; <--- <h,, (3_p; = n,). In other words, we

a causal implementation iff its transfer matrix is propdr. [assume that there arg different input delay channels;

—hy rs
ehvrsy,

G(oc0) = I then properness ok implies properness of := different output delay chan.nels3 and, possibly,_two détag-
G (G, K), and sincek = C;(G™!, Q) we then in fact have that channels;m, = 0 (po = 0) implies that there is no delay-
the mapping is causally invertible. free input (output) channel. Moreover, all delay channets a

Borrowing from [10] we define theompletionoperatorr,, @ssumed ordered (from large to small43 and from small
which “analytically completes” the impulse response ofran t0 large in4,). These assumptions can be made without loss

delay system to a delay-free system. Informally: of generality (otherwise a simple channel permutation iseo
applied).
p(t) ™ 7h (1) The problem studied in this paper is formulated as follows:
| f\’ | SHP: Given the system in Fig. 1 with the generalized plant

0 h 0 h P as in (1) satisfying4,_3 and the delaysi, and A,
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as in (2). Determine whether there exists a prokigr
so thatK := A,K, A, internally stabilizes the system < U A,
and guarantees that
Ky
I Fi(P, AuKad)) oo < 3 Goo . .
for a giveny > 0, and then characterize all suéhy, if n Y 4y
one exists. Q

This problem is a nontrivial generalization of the singlday _
H®* problem extensively studied in the control literature foffi9- 3- An equivalent one-block problem
the last two decades [4].

is contractive. In the delay-free case this settles the Iprob
completely because the mappifig— Q is invertible,

Itis clear that the problem is solvable only if so is its delay
free counterpart (delays just impose additional condsaim

the controller). Following [10] and [8], we exploit this fatd  4ndk is proper for aimost every contractig. This yields the
reduce theour-block /> problem with multiple delays to anye|| known parameterization of all solutiorf§ to the SHP:

equivalentone-block H> problem with multiple delays. To simply take any contractivg) and the resultingk does the
this end we first need the standard solution, i.e., the miutijob_

for the situation when there are no delays.

IIl. EQUIVALENT ONE-BLOCK REFORMULATION

K =G(GL.0). (6)

B. Including the delays

A. Review of the standard delay-free solution o
In our situationK equalsk = A,K,A, and we cannot

The solution to the standard delay-frée> problem is jvert the mapping (5) because the resultikigin (6) might
currently well understood [13], [14], so we only presentehersimp|y cancel the delays in, K 4 4, resulting in a non-proper
its features that are relevant for our development. For MAtBntroller K 4.
details the rea_\der is referred to Appendlx_ A. Also, hereafte g we may begin the analysis with the simplified problem
we assume without loss of generality thais such that the o finding contractiveQ as in (5) so that th&HP is recast as
delay-free version of th&HP is solvable. the (one-block) problem of finding a propét, guaranteeing

We start with some nomenclature related to tHe&° So- ihat the mapping; — ¢ in Fig. 3 is contractive, i.e., that
lution. Let X >0 an_d Y > 0 be_ the stabilizing solutions 1 G (Goo, AuK 4. A)) e < 1. This reduction has a couple of
to the standard> Riccati equationsZ := (I —y™YX)™'  aqvantages over a direct treatment of St¢P. First, it sepa-
(well-defined by the solvability assumption); 1€y and F>  rates the delay-free problem from the delay problem thereby
be the H> gains associated with the state-feedback prorarifying what part of the problem may be contributed pyrel
lem and L, and L, the corresponding filtering gains; lets the delays. Moreover, it is useful to adopt chain-scager
Api=A+ BiFi+ By F, andAp i= A+ L,Cy + LGy be the  rgpresentations rather than the more common LFT’s since
(stable) “closed-loop” matrices associated with stagsback i reveals some extra structure. For example, the fact that
and filtering, respectively. Introduce also the followingrisfer s pistable simplifies the further analysis considerably.

matrix, Furthermore it allows us to consider the input and output
Goo(s) := Do [ Ar_| Boo ] , (4) delays on an equal footing. To see this, let us define the joint
CwZ| 1 delay operatorA = diag{A,.A;'} (mind the inverse A}").

where Then
Cr(Goo, AuKpAy) = G(Go A, Kyp), )
By i= [—(32+L1D12+L2D22) L, ]7 '
F, see Fig. 4. The so defined joint delay operator generally has
Co = [ Cy + Dot Fy + Doy Fy } , advance eIemen'Fs _(negative delays). Yet thi_s is not an q:ibsta
asA may be multiplied by a scalar operatowithout affecting

and Do, is a nonsingular matrix obtained by thefactor- the mappingC; (GoAa, K). We chooser to be the maximal
ization of a matrix constructed from the feedthrough term @felay term eh»-s in A,, which results in

P(s). It can be shown [14] that

Ap|=ZBs |
came L
so thatG, is bistable. = B s (8)
With these definitions, the standard solution then goes to "
show that theSHP is equivalent to finding a (prope® for
which (note that the input and output delay-free channels aredit
0 = G(G, K) (5) Hereh,iy > > hy >0 so thath,, = h,, + h,, is the

A= e Mo diag{A,. A)')
e hatrs |

Goo(s)_l = |:

ng+r

1

no
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descendantly). Thus, Dy, is as in (11), then the transfer
3 & matrix
Da(s) := A(s) ' Do A(s) (12)
G A is bistable and the mappin&, — K = G (D4, Ky) is
causally invertible.
N Yy 0 We thus end up with the following one-blo@k> problem:

OBP: Given the system in Fig. 4 witliy and A as in (10)
and (8), respectively, determine whether there exists a

Fig. 4. Input and output delays combined into one block -
properK which guarantees that

maximal delay between any two channelsand y; in the G (GA K)o < 1, (13)
system in Fig. 1. Note also that and then characterize all sudh if one exists.
Dr if p, # 0 (equivalently,py # n,) The following lemma, which was actually proved above,
o= +m, otherwise establishes that th®HP can be solved in terms of the simpler
¥y
OBP:
so thatn # 0. Lemma 3.1:The SHP is solvable only if so is its delay-free

It will be useful to perform another simplification at thiscounterpart and there exists a matfi such that (9) holds.
stage: to replac&, with a transfer matrix having the identity if these conditions hold, then tf8HP is solvable iff theOBP

feedthrough term. Toward this end, some preliminary discug solvable. Moreover, a propé solves theOBP iff
sion is needed. Note that tHeHP is solvable only if so is

its finite-horizon version at any interv@), t]. Therefore, the K4 :=G(Dy' . K)
SHP must also be solvable &, ] for T — 0. In the delay-free
case the latter is equivalent to the existence of a max A central idea of this paper is to break down BBP with

so that Fi(P(o0), Dk) is y-contractive (in fact, this is what . . . . :
conditionCy in Appendix A says). Yet delayed loops do no{ts many different delays into a series of simpler problems

participate in such a finite-horizon problem (they are open (\E?:Iztﬂ V?/glia?liég%f Ssllaaly I?o?lgrirst of its channels, problems
[0, ] whenever: is small enough). Hence, ttf8HP is solvable yp
only if there exists a matriD, € R™0*Po so that

solves theSHP, where D 4 is given by (12).

IV. ADOBE DELAY PROBLEM

p E,DyE’ , 9 -
I Fi(P (o), BNl < © By adobedelay we mean the case that the joint delay
where the matrices operator is of the form
o 0 Ny Xmg o IPO ny X po ey, 0
Eu._[lmo}eﬂz and Ey.—[o]e[R A:[ OMIJ (14)

are the directions of the delay-free input and output chk:x;mnefor Some < ny +n, and p = ny +n, — 1. These adobe
u y - tu y .

rgspectively._When therg are no delay.-free loops in theayStproblems serve as building blocks from which the general
(i.e., when eithep, orm, is zero), condition (9) reduces to the

. ) . OBP will be solved later.
y-contractiveness ab,. Also, if algebraic loops are ruled out

by | ing th 0B D E. — 0. th 9 b Note that the dimensiong:, p) need not match the dimen-
y imposing the aslsump 08, Dy, Ey = 0, then (9) becomes sions of the input and output signals. In fact, the case efn,,
D11+ Di2Ey Do E; Doy || <.

) . : . (and, consequently, = n,) corresponds to the single-delay
Now, let us rewrite the right-hand side of (7) as follows: problem treated in [8]. Indeed, for the single-delay prable
G (GooA Ka) = G (Goo DL A, G(A™ Do A, K 1)).

Ay =€, and A, =e ™S, ,

The transfer matrix L )
the joint delay operatort becomesA = diagie™1,,.1,,}

Ap | B D) ] (10) with & = hy + h,. The caseu > n, can then be thought of as
D°°C°°Z| 1 resulting from

has the identity feedthrough term, as required. On the other
hand, by Lemma 1.1D., can always be chosen in the form

G(s) == Goo(s) D} = [

Ay =1,, and A, =diag{l,, _,.e™°1,}. (15)

I —E,DyE; . , We thus call the corresponding adobe probtemadobe plant

Do =V [ 0 I } . Vis lower triangular. - (11) o,tout delayproblem. Similarly,. < n, may correspond to

It can be verified that A, =diagle™1,.1,,-,} and A, =1, (16)
[ (I) _E"IDOEV }A =A [ (I) _E”?OEY ] so we call itthe adobe plant input delagroblem. It is worth

stressing that in the last two cases controller structures a
and also that the transfer matrix ' VA is bistable (agV is interpretations are quite different (see below). On thesth
lower triangular and the delays in the diagodiabre ordered hand, theformulaein all cases above are in a sense the same.
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A. The main result and GAW ™! is J-lossless. It is readily seen that the infinite-
Let us rewrite the realization af from (10) as follows: ~ dimensional part o shows up only in its off-diagonal entries
(we assume that is partitioned according to (14)). This
fact can be exploited to eliminate the irrational part frdme t
:| ’ (17)  factorization following the arguments of [8], [9]. In [8] ith
approach was taken to tackle the single delay case. The only

where the partitioning is compatible with (14). Throughtiis ~ difference in the construction d¥” between the single-delay

section we denoté := diag{/,,.—1I,,} and we also introduce caseé and a general adobe-delay case is the replacemént of
the following two signature matrices: and—1, with J, andJ,, respectively, in the final formulae.

/ The construction of W in [8] is heavily based on the
JM:=[1M o]J[ M] and Jp;=[() ]p]]|: 0 ] assumption that

0 L detS,, # 0. 1)
(note thatJ = diag{J,,J,}). Define the symplectic matrix ] _
function X(r) as It_ is thus crucial to ensure that_(21) holds. Toward th|s_ehe|,
single-delay proof in [8] exploits the fact that on the ingr
() = [ () Y@ } = el 1g) [0.4] the system is open loop. This means that the problem is
2o1(1) Ta(1) solvableonly if G (G,0) is a contraction on the intervi, 4].
where H is the Hamiltonian matrix It turns out that the latter is equivalent to the nonsingtyar

. Hy Hp7l . [ AL—B,C, —B,J,B, 19 of |§2t?1(é) for alllt Z[%h_]aVYhICh |mplr|]es (22). . '|
= [ Hyy H,, ] = [ _CICl Al B } general adobe-delay case the system is not necgssari
wER R L pe open loop on the intervdD, /], so the arguments of [8] are

(note that H does not depend orB,). To simplify the not readily applicable and should therefore be modified. The

notations, we writeX' instead ofX'(%). Then the main result key point to be observed here is that the infinite-horiZzb

of this section is as follows: problemOBP is solvableonly if so it its finite-horizon version
Theorem 4.1:The OBP with joint delay operator (14) is on the interval[0,4]. As will be shown in§IV-C, the latter

solvable iff X,,(¢) is nonsingularvz € [0,4]. In that caseK  problem is solvable iff¥,,(¢) is nonsingulaivz € [0, h].

solves theOBP iff The rest of the arguments of the proof of Theorem 4.1 are
K= (L0161 6 fairly straightforward. With invertibility ofX,,(¢) guaranteed
- r([ﬂ 1] .0) for all r € [0, h] one can verify thatV satisfying (20) is given
where by i
) AL | ,B, + Z,,CLJ, B, W=G[ 7]
G(s) = Cun Iy 0 and thatGA has a factorization of the form
Co—JoB, 33 55 0 I,
o GA = (GAW ) (W)
is bistable,
in which the termGAW ! is J-lossless. This makes tif@BP
T Hu Hyp o By is equivalent to the problem of making
H(S) =7y € s H21 H22 _C[;,Jll« _ .
C, J,B,| 0 0 :=G(W.K)=GCG(G[ 15 9].K)
is FIR, and||Q ||« < 1 but otherwise arbitrary. contractive. This mappings causally invertible (because
The following corollary of Theorem 4.1 will be used in thelim,_, ., ('";(s)[_lg(s) 9] =1) and we end up with the formulae
sequel: of Theorem 4.1.

Corollary 4.2: Let the condition of Theorem 4.1 hold. Then
K solves the adob®BP iff

¢ I 0
G(G.G([ I ?].K)) Consider the finite-horizon version of t@BP. If A,, A,
is a contraction. are given by (16), then delayed channelsuoére zerovr €
The proof of Theorem 4.1 follows the steps in [8], thouglf./]. Hence these channels can safely be eliminated on this

the proofs of some of these steps are nontrivially different finite horizon. The system of Fig. 4 then over the fitstime
units can be described as

B. Outl_ine of the proof | | [ ¢ ] g, [ u, } uy = Ky, 22)
Details of the proof can be found in Appendix B. Here we n Ve

summarize the main ideas. The proof of Theorem 4.1 is basgdre

on J-spectral factorization arguments. We are looking for a

: AL | B
bistableW so that L|Zp AL | B
Gp(s):=G)[}] = |:CM 0 }::[ Lize }
I

C. Necessity: finite-horizon problem

®:=A"G JGA=W~IW (20)
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up : [0,h] = R¥™ and y, : [0,h] — R"™. Thus, the finite- Proof: Assume to the contrary thal,,(¢) is singular for
horizon version of th®©BP with delays as in (16) is solvablesomer € [0, #]. By Lemma 4.3 this means that
only if there exists a caus&, such that .
o= | 12 ] 20
Yo

. L exists such thaG;JG,&° = 0. Now for any suché® define
where the supremum is taken over aland¢ satisfying (22). ihe “worst” signals

The above is a finite horizon closed loop argument. Now
if the delaysA,. A, are given by (15) then dually a finite- [ ¢° ] =G,
horizon open-loop argument applies. In this case the gdast U P
channels ofy are delayed. Hence for of the formy = ]
we do not get any respongeon [0, #] whateverkK is (a long
as it is causal). Therefore for any sugheqn. (22) holds with

u, and K, void. It may be verified that every of the form as input to the system of Fig. 4. Then given any causahe

_[07. ny—p o i i
Y= [»,]:00.h] R , EB_[R IS pos&blg _by proper ch0|c_e c)fr sulting closed loop signalsy | : [0, 2] — R* are unique and
input . Hence also in this case the finite-horizon version ?Eey are such that °

the OBP is solvable only if (23) holds over all possibjen of
the form (22). The two finite-horizon necessary requirerment [ Hn° ]

1€ 12101

sup <1, (23)

||77||L2[o,h]

(notice that(¢°, n°) # 0 becauseD, has full column rank, and
that by construction||¢°(|;2(0,,; = 17°ll.2[0,7)- I What follows
all mappings and inner products are oyer]. Taken = n°

(closed-loop and open-loop) have a joint characterization n°
We start with the following technical result:
Lemma 4.3:The operatorG;JG, : L?[0,t] = L?[0,7] is Hence
singular iff det¥,,(¢) = 0. He 69) — (n°. %Y = ([H1p°. J[ £
Proof: It is readily seen tha, = G,¢; iff (. 8% = n°n) = (] ]Z ' ["°])o
=(G,[ 3 ]. 7Go°) =0.

X =Arx+ By§&, x(0)=0,
This together with the fact thgt°,°) = (5°,1°) shows that

- GP[”/’] H = G(G,K).

Yo

o = Cogx + Dpé;
ands, = G if (Hn®.¢%) = (n°.n°) = (£°.0°).
p=-App—Ci&. p@t)=0, Cauchy-Schwartz inequality yields then thig |20, > 1
& = B,p+ D& (and equality holds only iffn° = ¢°, in which casd|Hn°||, =
ot o 7°]l2, hence the name “worst disturbance” fg). The proof
Therefore £, = G;JG,&; iff is complete on noting thatH ||;2(0..) < | H | 20,5, Y <h. B
+ A, 0 X _B It is worth noting that the condition of Lemma 4.4 is actually
_ B o ' - . .
[ b } = [ —ClIC, —A, } [ P } [ C.JD, ]Sz, also sufficient (in fact that is a byproduct of Theorem 4.1¢, W

however, do not need this fact in the proof of Theorem 4.1.
!’ ’ X ’
&, =|D,JC, B, ] [ » ] + D, JD,&

with the boundary conditions D. Controller structure

For implementation of the controller in Theorem 4.1 it is

[ ro ] [ x(0) ] + [ 00 ] [ x(1) } =0. convenient to repartitioq ; 9] compatibly with the dimen-
0011 PO 01 p(t) sions ofu andy.
Clearly, G;J G, is nonsingular iff(G;JG,)~" is well-posed.  In the adobe plant output delay cageX n,) we have:
The latter condition, in turn, holds iff .
107,700 0] [’0,08}
*t = A p—ny, :
[00}+[01] (24) i, o,

is nonsingular [15] (notice tha®’ JD, is nonsingular), where ~ ~
gular [15] ( puTE gular) The structure of the controllek = G([ 4 9]G7'. Q) from

5 AL 0 Theorem 4.1 hence is as shown in Fig. 5(a). It consists of
A7 = [ _C'JC, —A } the rational (bistable) parG, a free contractive parameter
£ LB 0, and two irrational stable (FIR) blocks7, and IT;. The
+[C7le) ](D,;JDP)‘I[DI’JJC&, B | former FIR block is in fact the internal feedback in the
gue controller reminiscent the classical dead-time compemsat
is the “4” matrix of the realization of(G;JG,)~'. Direct (DTC) or Smith predictors. The only difference from the DTC
substitutions show that* = H as defined by (19). The resultthat appears in the single-deld@y*> control is thatll, acts
then follows by replacing € with X(¢) in (24). m only on a part of the measurement channels, namely, on the
Now we are in the position to formulate our main result: delayed channel. On the other hanf ,acts as an interchannel
Lemma 4.4:Let A be as in (14). There exists a caugal feedforward part of the controller and has no direct coyater
such that (23) holds only if def,,(z) # 0 for all ¢ € [0, 4]. in the Smith predictor literature.
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u u
) \ ~ N— \ ~
G 1 Iy G !
y
e o—o—= )7 - g
K 4 K
(a) Adobe plant output delay (b) Adobe plant input delay
Fig. 5. Controller structure
In the adobe plant input delay case € n,) we have: is a contraction inH>, where G and IT are defined in
. Theorem 4.1. Now we absorb the terjn/; 9] into the
[ I, 0 } 11_1; / 0 ! 8 controller, that is, we rewrite (26) as
I A o S ~ R - - .
ol Lm0 i, 0=G(GAK). K:=G(A"[ 5 9]4K).

The important point here is that owing to the lower triangula
Siructure of[ ;9] and the fact that the delays id are
ordered descendantly, the temt![ %, 9]A is bistable and
has unity direct feedthrough term. Heng&eis proper iff so

is K. Consequently) can be made contractive by choice of
operK iff there exists a propeK so that

The structure of the controlléf = G ([ 4 9]G~'. 0) nowis as
shown in Fig. 5(b). As in the output delay case, the DTC p
of the controller contains two different FIR blocks. The ffirs
one, Ty, acts as an internal feedback from thelayedcontrol
channel to the measured signal, while the second oéheg,
acts as an interchannel feedforward from the delayed cdonthd
channel to the delay-free one. | G(GA,K)| < 1.

Yet this is just another one-block proble@BP(G. A). More-
V. DECOMPOSITION over, sinceA > A, the latter problem has reduced complexity

Now we are in a position to address the decomposition 6pMParing with the original proble®@BP(G, A). We thus just

the OBP to a series of adobe problems. We return to tHyoved the following result: ,

general joint delay operatat in (8), which containsg + r Lemma 5.1:Let G be as in (17) andA as in (25). Then
descendantly ordered delay blocks and for that reason e réf'€ OBP(G. 4) is solvable iff the adobe proble@BP(G, A,)
to it as a(q + r)-delay operator In the future references, @nd the reduced complexitBP(G. A) are both solvable.
we denote thedBP with the dataG and A as OBP(G, A). Furthermore, in that case a prop€rsolvesOBP(G, A) iff
Also, given two equally dimensioned joint delay operatags K= (/1—1 [ (I)]/L 15)

and Az of the form (8), we writeA, > Ag (or, equivalently,  _ ) - - -

Ag < A,) if the last (delay-free) block aft, hasstrictly larger With K @ solution of theOBP(G, A) (hereG and IT are as
dimension than that oft . defined in Theorem 4.1).

It is readily verified that theq + r)-delay operator can be NOW, we can proceed with thgy + r — 1)-delay operator
decomposed as follows: in exactly the same manner as with tlge+ r)-delay operator

before. More precisely, let us substitule— G, A — A, and
A=A A, (25) K — K. Then, repeating arguments from the beginning of
this section, the solvability of the one-block problem wiitie
where (¢ +r — 1)-delay operator can be shown to be equivalent to
the solvability of a adobe problem with

o [ 0

7h1s
A1:=[e T 0} (With py = n0)
0 Ipz ] (p2 =Ny +nl)

0 Iﬂl
is the joint delay operator of the adobe problem, cf. (143 an
A is actually a(g + r — 1)-delay operator with arine + n,)- and a one-block problem with & + r — 2)-delay operator.
dimensional delay-free channel (i.el,~ A) and the smallest This procedure can obviously be repeated r times, each

delayh, — h;. From (25) we get time resulting to at©OBP with a “smaller” delay operator, until
_ we end up with a one-block problem with)-delay operator,
G (GA,K) = G(GA1, G (A K)). the solution of which consists simply of the inversion of its

~ —_ . . “G" transfer function.
As the delay blockA gbovejust imposes addltlonal constraints +h.ogp (and therefor&HP) can thus be solved iteratively,
on X, theOBP(G, 4) is solvat_)leonly if so is the adobe delay in ¢ + r iterations. Theth iteration involves solving the adobe
problem OBP(G, A,). According to Corollary 4.2, the Iatter0|e|ay problemOBP(G:, A;), where
problem is solvable iff the condition of Theorem 4.1 holdsg an - ; 7
g thi=hi-osp, 0
Ai — |: M

0 :=G(G[ 1 §]. G(A.K)) (26) 0 1‘,[} (b = Tjeom)  (272)
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and (bistable)5; is generated by the following sequence: K4
G;=Gi_; [with G, = G as defined by (10)] (27b) R ! e
_ _ - Ky It i
where G;_, is the “G” matrix appearing in the solution of = s
the adobe problenOBP(G;_,,A;_;). The solutions of all -
iterations are then combined to constitute the solutiorhto t
original multiple delay problem. The theorem below, whish i

11
N i ) ) b21
the main result of this paper, summarizes the reasoningeabov

Theorem 5.2:The problemOBP is solvable iff so are all
OBP(G;, A;),i=1,..., g + r. In this case, all solutions to the
former are parameterized as

Hpzz+ e~ "1 [y

Fig. 6. Optimal estimator in the example

K = G(4G4", 0a),

whereG, = G,,+r is bistable and finite dimensional, _
We assume also that there are two sensors that measvitk

q+r . -
_ different delays and noise:
M= A" A4 9]
i=1 Yit) =x(@—hy;)+oiwn,; (¢t —hy;), =12,

is bistable, and), is an arbitrary contraction. whereo; and o, can be thought of as the intensities of the
Note that the steps of the iterative procedure of Theorem $%aasurement noise,. ; andw, ,, respectively, and, | < f,.,.

can be tailored together neatly to result in a closed-forf,e problem is do design an estimaios € H> of x so that
solution. Because of space limitations, this procedurd \_N{he error system from the inpuis,, w,; to the estimation
be reported separately [16], see also [17]. Here we jUstor is stable and ité/*°-norm is smaller thary.

present the closed-form solvability condition resultimgnh This problem can be recast as the problem in Fig. 1 with
this procedure. To this end, rewrite the transfer madix)

from (10) as follows: 0(1 0 O
N A 10 0 0.-1
Ap |Bq+r ... By P(s) = 1'0'61"0'*-0- ,
G(s) = |:AL B :| _ Cq.+r In‘i-“ 0 ’ 110 0 02; 0
C Mmn, : . A, = diage™v15 e7hv25} "and A, = 1. Note that(4, B,) in
Co 0 ... Iy, P(s) above is not stabilizable, yet we also do not require

where the partitioning is compatible with that of the joiedaly the |nternallstab|llty c.)f the system, so that our for.mulae
apply mutatis mutandis(can be proved bye-modification

operatorA in (8). Define the following sequence of matrices:

arguments).
O = AL 0 It can be verified that the delay-free version of the problem
T =Cic —ay | is solvable iff
. . T B ' | S U
Hi+1:Hi+|:é/jl_i|[Ci JiBil]’ i=0,....q+r—1, 0<6_12+6_22_F='K'
ivi

Furthermore, the solutions of the two Riccati equations are
X =0andY = 1/«, the transfer matrices in (12) and (10) are
D, =diad{l,y/oy,y/0,} and

— |1/(yx) —1/(016) —1/(02K)

whereJ := diag{/,,,—1,,} andJ; are its diagonal sub-blocks
partitioned compatibly with (8). Then, introduce the feliog
matrix function, defined over € [0, 21;4,]:

2(t) — efli+1=hy) H eHj(hj_hj—l)’ t € (hi hisi], G(s) = 1/y 1 0 0 (28)
e 1/o1| 0 1 0 ’
. . 1/0’2 0 0 1
where we suppose that = 0. Then theOBP is solvable iff
detX,,(t) # 0 for all ¢ € (0,h,4/]. respectively, andt = diag{e~s .05 e7hss 1}, whereh; :=
hy2 —hy,1 is the delay excess in the second channel (so that
VI. |LLUSTRATIVE EXAMPLE hy = hs andhy = hy,1).

When g, — oo, only the first sensor is usable and in

To illustrate the proposed approach, we consider the pro[n:,jIt case the optimal delay-free (corresponding:tg = 0)
lem of signal reconstruction from delayed noisy measurﬁérformance level iy = o,. We now consider whether/how
ments. The signal to be reconstructedis assumed to have 8this performance can be recovered dslayedmeasurements
bounded (in the.? sense) velocity, i.ex = 1w, for w, € L2. with the help of the second sense (< o).

o ' . ' To this end, consider the application of the procedure
INote that for almost ali either J; = -1 (i <r)or J; =1 (i =1 +2).

Potentially, only.,+; might contain both negative and positive elements (ifjescribed in Sections IV and V to (28) S}Jbiecb/t& o1 Two
both mg # 0 and po # 0). adobe problems have to be solved: the first one with2 and
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o[ A4 01 B B, [ D}, Du—y*I DDy, | '[ D,,C; B]]
T oo A ~C{Dyy —C{D1, || D\,Diy  D},Din| | D}|,Ci B |
and
g A 0 [ ¢ c; [ buD) —y* DD, 1 '[ DuB, Ci]
v | —B1B] —A -B\D}, -B\D}, || D, DY, Dy Dy | | DuBy G |
h = hs and the second one wifh= 1 andh = h, ;. It can be ACKNOWLEDGMENT

verified that the first adobe problem is solvable for/gll(in The authors would like to thank Banu Ataglar for careful

that caseX»(r) = 1). Then, applying the criterion from the reading a draft version and finding errors in some formulae.
end of Section V, the second adobe problem (and therefore

the whole problem) is solvable iff cog) # sin(aLl)M,

g : o1 APPENDIXA
Vt € (0,hy,1]. This is clearly equivalent to DELAY-FREE H® SOLUTION
hy1 < hy, =0y arctan il N The purpose of this appendix is to present the solution to the
02+ hs standard delay-fre® > problem. The formulae are essentially

from [14] with some generalizations. We assume thhi 3

When botho, and; vanish,i, ; — Zo,. This is the absolute(ﬂ%d and we define the following quantities:

upper bound on the measurement delay for which the sec
sensor can help to recover the reconstruction performance Ve = (I = D12(D},D12) ™' D1,) D,
achievable with the del_ay-free f_|rst sensor. Any worsening Yw = [ D1y (I = D}y (D21 D}y) " Day).
of the second sensor (i.e., the increase of eitheor ;)
decreases then this upper bound. An interesting obsenvatiotroduce also the Hamiltonian matricé& and Hy as shown
here is that the effect of the noise intensityon the achievable on the top of this page. Thgnis admissible for the delay-free
performance is exactly as that of the delay exdgss version of theSHP iff the following conditions hold:
Furthermore, the optimal estimator (i.e., the one corredpo  Ci: max{y..yw} < v;
ingtoy =0y, hy,; = hy,;, andQ = 0) can be shown to be of C,: Hy € domRic andX := Ric(Hy) > 0;

the form depicted in Fig. 6. Here C3: Hy € domRic andY := Ric(Hy) > 0;
Cy p(XY) <y.
hgs —1+ehss [ o, 4 p.( ) <7 .
[Tos D ]=————5—| =~ 1| Define now the matrices
o) 1
- F _ B D]
x(02s —hs —0y) + €vas F = [ Fl ] =-0;"' ([ B ]X + [ D j|C1)
Ilp21 = 7.2 ) 2 2 12
ois?+1
1 _ 207 + B+ hso)s —03) = (hss — Dehre and
b22 = ) B
ops*+1 L=[L L, ]=—(Y[c] ¢;]+B.[ D} D} ) 65",
are FIR and the optimal “central controller” is the statiénga \,hare
Ko=x[hs+o 2 ]. o [ PiPi—y?1 DDy
: ‘ Di,Dyi DyDis |’
where y := 1/y/o% + (hs + 02)2. Note that the FIR transfer 9 DD}, —y*I DD},
functionsZ—;Hbl and %Hfl are those resulting from the first v D, DY, Dy Dy |

adobe problem andl,,; and g—;nbgz are those resulting from TheseF and L

are the full-information and the output esti-
the second adobe problém

mation gains, respectively. If the solvability conditioaisove
hold true, then the matriX := (I —y~2YX)~! is well-defined,
VII. CONCLUDING REMARKS the matrices

In this paper we have derived the first complete solutiondr := A+ B1F) + BoF, and Ap:= A+ L,C; + L,C,
go the standgrd—l ! problgm for systems_ having multiple '/Oare Hurwitz, and the inertia of the matrix
elays. The idea is to split the problem into a nested seguenc
of elementary problems, calleddobe delayproblems, the Mp = —y? [ D}, D}, } o1 [ Dy, 0O ]
solutions of which can then be combined to end up with the 0 -7 Y | Dan —1
general solution. It also turns out that when combined, theincides with that off = diag{ Ly, —1In, }.

adobe problems fall into place leading to subsequent simpli \yjt, these definitions, all controllers solving the delagef
ersion of theSHP are parameterized a5 (G, Q), where

fications and the closed form solution. These simplification,
are reported in the second part of this paper [16]. G, is given by (4) with anyD,, satisfying

2The multiplier 2L above results from incorporatind 4 defined by (12). D] JDs = Mp (29)



10 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 2, FE 2005 (TO APPEAR; SUBMITTED AUG. 2003, REVISED APR. 2004 BNAUG. 2004)

and Q is an arbitrary contraction fronH>* and such that APPENDIXB
liMRes>0,5—00 Cr (D), O(s)) is well-posed. PROOFS AND TECHNICALITIES
Note that the factorization in (29) is not unique. We exploit
this freedom to bring>, to a special form which is important
when dealing with multiple delay systems in Section Ill.

In this section we present the details of the proof of Theo-
rem 4.1, outlined ir§IV-B. Having proved the invertibility of

X5, in §IV-C, the rest of the developments follows the ideas
of [8] with some modifications caused by the fact that the

A S_peual_form oD, " _ partitioning of A in (14) need not match the signal partitioning
Itis readily seen that conditioty, together with the Parrott's j, Fig. 4.

Theorem [18, Sec. 2.11] guarantees that there exists axmatri
Dk such that _
Dy, = ﬁ([g;} 35],D1<) A. LowerS- tra-nsfo-rmat-lon - o
_ _ . The derivations in this paper are substantially simplifigd b
is well-defined and| Dy, || < . o the use of the “lower Schur complementation” transfornratio
Lemma 1.1:Let Dk be as above. TheR, satisfying (29) ,(0) introduced in [8] (see also [14, Ch. 4], where similar
can always be chosen in the form transformation was introduced). The lowgtransformation is

Do = V[(I) —£1>1<] defined for a2 x 2 block operatorO as follows:
with a lower triangularV/. $/(0) = 011 — 01,05} 051 01,03}
Proof: It is readily verified that Y= — 05, 0y; o |
o1 — 1 0 G- It is clear that the loweS-transformation is well-defined iff
v | Dx(I —D5YD)'Dy, 1 the lower right subblock 0 is nonsingulars-transformation
I Dy(I — DgDy) ' Dk can be thought of as the “swapping” of the lower part of the
0 b ; inputs and outputs, namely
where o o ) |:§li|=0|:771i|<=>|:§li|=sl(0)|:771:|
@:[@211 le]::[DnDiljyzl DHDIZI] 82 N2 N2 )
21 O Dy Dy, DDy, (provided the mapping is well-defined). The relation above
Hence, prompts an elegant way to perforfatransformation for sys-
) I 0 - I —Dg tems given by their state-space realizations. Indeed, if
Mp = -V D. I Va@ Va 0 I >
—Mk A¢ B¢1 B¢2
where (p(s) = C¢1 D¢1 0 s
V.= [ Di(I = DgD22)™! 0 } Co2| O Dgo
D22 —I + D2 Dg then the straightforward flow-tracing yields

We thus only need to show thay2V/©~'V, can be factorized

' Ap — Bs:D g3 Cpo | By ByaDy,
asyiJv. NP . - Si(@(s)) = Cor Dy 0 (30)
To this end, note that sinc®,; is nonsingular® can be 4 1
—D33Cp2 0 Dy

factorized as follows [18, Sec. 2.3]:

- T 07[ Oy 07[1 6716y, Another advantage of looking at ti#etransformation ofo
6= [ 62,67} 1 } [ 0 A } [ 0 I } instead of atO itself is that
where A := ©,, — @21(5);11@12. Since®,; < 0 (by construc- SAEBNO[L 9D =S10) +[_%, . (31)

tion) and the inertia o coincides with that 0®,, (which,
in turn, coincides with the inertia 6fJ), A > 0. Bring in two
lower triangular Cholesky factorizations

This relation will be used in the following subsection.

VIVi = —(I — Dby D) ™' D1, 07 Dia(I — Dx D)™, B. Proof of Theorem 4.1
VjVa = (I — Dj D)) A~ (I — Dy, D), This subsection is devoted to the proof of Theorem 4.1. By
Lemma 4.4 solvability of the@OBP guarantees thak,,(¢) is
and also define nonsingular for alk € [0,4]. This fact will be exploited in the
< o~ _ proof.
Vs 1= 0210 Dio(I = Dk D)™ = Daa. The proof of Theorem 4.1 is based on thlespectral
Then factorization arguments of [8] which, in turn, root in [9]h&
V= y[ Vi . 0 ] main and technical part of the proof is the construction of
Vol =Dy D)™ Vs V2 a bistableWw that satisfiesA~G~JGA = W~JW. Now if
is the required factorization. B A~G~JGA would have been rational then this would have

The proof of Lemma 1.1 is constructive, so the requived been a standard problem. However, because of the delays,
can be formed following its steps. A~G~JGA generally is not rational. Owing to the specific
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structure ofA in (14), though, the delays enter only the off-The HamiltonianH as defined in (19) is in fact thed*matrix”

diagonal blocks, of this £2,
A~ [ v e Ay — By J,Cyp = [AL B _,B’JJ"B’/’ ] = H.
:=A G JGA - |: e—hs‘I,21 ‘1,22 :| e _C[,LJCM _AL + Cpo
with Inspection of the realization of the lower-left block@fshows
that the completiodI(s) := — (€ £2,,) equals
_ Ui Yo .~
v = =G"JG.
l1121 l1/22

II(s) = my, (ehs [4’7‘] Ié Bgl i|) .
The nonrational parts can be removed by an appropriate pre- P2

factorization as we shall now show. We contemplate a prévhich coincides with the formula fod7 given in Theo-
factorization by a bistable factor of the forfn; 9]. The rem 4.1) and then®°2,, —IT is rational with
guestion then is: for which stablg is

-1
~ e, = [ JHC |z OBW ] (38)
[1 o}(p[l o] ~JoCu2 |
n I i in which X := X(h) with X(¢z) := exp(Ht). Combination
rational? The answer to this question is simpler affer of (37) and (38) yields a realization & as defined in (32),
transformation as that transforms the above multiplicegtio H | X7'By BuaxJ,
into addition. By Eqn. (31) we have that E=| CuZX Ju 0
. —J,Cyr| 0 J,
=S5 @[L0]) =Si1(@)+ [ _37 1_([) } so that (taking into account thaty = H + By,J,Cy»)
P 7= [h9] 0L h8] =52
=A SI(‘I/)A+|:_H 0 ] |: Aq/ |Equzl Bq/2:|
ehs - = Cg;lz Jl/« 0 (39)
_. | A& | By
In this form it is clear how we should choo%E so as to make o [ Cg| J ] '

E rational: definelT as Note the strong resemblance with the realizatiowdh (35).

M(s) = —mp(e™ 2a). (33) SinceX is symplectic we have tha¥[ % §]=" = % {] and
hence the B” and “C” matrices of the above realization obey
Using the fact thatS;(S;(0)) = O then gives us the rational the symmetry property

matrix we are after, [ 5By, Bus ] _ [f)z 5][ £'Cy, Cy, ] (40)

Vo= e[ ] =515). (34)  Now we are in a position to derive a (rational)spectral
. . . factor G of
These manipulations have a counterpart in state space, ; ~ o
which we shall now document. Given the realization (17) of Ue=[h9] @[f9]=G"JG. (41)

G, a realization o' is To this end we exploit the resemblance of (35) and (39) and

v=G~JG the fact X,, is invertible and thatr has.J-spectral factoiG.
The “A-matrix” of the inverse of (39) is readily seen to be

AL 0 B, B Lo
, , , ! - the Hamiltonian
_ | =CIuCu=CJ,Cp —Ay | =Ci I =ChJp 1
BI,L ‘ Jl/« 0 ka, = qu—27 BQ/IJMCle—Bq/zJquzz
B, 0 Jo =H-Y"'ByJ,Cp ¥
=X""(H-BuJ,Ce1) X
= (35) A
_ —1 G—1 k
L 42
Note that this realization obeys the symmetry property that Hy
[ Bor Bux ]=[%1][Cor Con]- (36) Wwhere Ag-1 is the “A-matrix” of G~' and hence is stable.

(In fact the matrix Hy in the middle of (42) is simply
Next we form a realization of2 := S;(¥) which using (30) the Hamiltonian “4-matrix” of the inverse of¥ = G~JG.)

follows as Because of the similarity offy and Hy; it is immediate that

Ay — Byad,Cun | Bo1 Busl, the stabilizing solution of the Riccati equation
2=5W)= Cy1 Ju 0 (37) [ I ]
—M; I |Hyg =0
—J,Cus 0 Jy [ v 1]1H; My
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is determined by the property that

Im[]é@ } —Imz-! [ AL} (43)
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©(h) implies thatC, (@ (h), Q) is a contraction if so i), see,
e.g., [9, Thm. 6.2], hence for any contractihwe have that

G(GA,K) = G(OMW.K) = G(O(h), Q)

where My is the stabilizing solution of the Riccati equationg 4 contraction, which is what we need. The inversion of

associated withHy,

[ My I]HW[A/L}:Q

Because of (42) and stability of;-: it is direct thatMy =0
and then (43) gives

Mg = (27D (Z7HY

(1]
=X 5. 2
The second equality here exploits thet; is symmetric and

that X' is symplectic so that 3]

X, =X
1l — |: 22 112 ]
_221 211
. . [4]
It is now easy to verify that
= AL |1 O]B@] [5]
G= 44
[ JC@[MIJJ] | 1 49

satisfies (41), and sincl#y; is stabilizing it follows thatG is
besides stable also bistable, as required. Substitudgg=
—X5,1 5,, in (44) results in the realization of as given in
Theorem 4.1.

In summary: if theOBP is solvable therd := A~G~JGA
has aJ-spectral factorization

(8]

El

A“GTIGA=W"~JW (45)
[10]
and W can be taken as
w=6[1;9] (46) (1]

What remains is to show that invertibility df,,(z) for all
t € [0, h] is alsosufficientfor the OBP to have a solution, and [t
that all solutions can be parameterized by an appropriale LF
The arguments are fairly standard. [13]

By construction of, see (45), we have that

IC(GA K1 <1 <= [[Qllz= <1

[14]

[15]
for O defined as

0 = G(W,K). 47)

Now sinceW (co) = I this O is proper iff K is proper, yet the
set of proper operators ih™ is in fact H>°, [20] (see also [21,
AB.26.c, AB.27]). So ifK solves theDBP then necessarily)
is a stable contraction. This condition @his also sufficient
as we shall now see. The thing to note is that

O(h) == GAW™!

is not only stable and/-unitary (i.e., @(h)~JO(h) = J)
but in fact J-lossless (meaning that in additio®,, (k) is
bistable). Indeed, from@(h)~JO(h) = J it follows that
Oy (h)~ Oy (h) > I, and asO(r) exists and is stable and 21l
continuous as a function ofe [0, 4], and®,,(0) = I it follows

that ®,,(h) is bistable. It is well known thaf -losslessness of

[16]

[17]

(18]

[19]

[20]

SGenerally, solutions of Riccati equations need not exi8}, [however due
to Lemma 4.4 we know thaks; is invertible so thatM; heredoesexist.

(47) yields then the parameterization of all solutions:=
GW 0 =G 9167 0.
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