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1 Topics

Linear algebra revision, matrix functions, Cayley—Hamilton theorem, matrix calculus.

2 Background

2.1 Linear Algebra Revision

Let A, B € R™*" be real valued square n x n matrices.

2.1.1 Eigenvalues and Characteristic Polynomial
The characteristic polynomial of A is:
xa(A) == detQl — A) = A" + g A"+ 4 p1d + 40 =0

The solutions to the polynomial A; € C are called the eigenvalues. The set of all eigenvalues of matrix A
is known as its spectrum, denoted spec(A4).

2.1.2 Eigenvalues and Eigenvector

A vector 0 # n; € C" is a right eigenvector of A associated with the eigenvalue A; if
(Ail = A)n; =0

and 0 # 7; € C" is a left eigenvector associated with the eigenvalue A; if

(T —A) =0

2.1.3 Multiplicity

The algebraic multiplicity of an eigenvalue A; is the number of times it appears in the characteristic poly-
nomial. Its geometric multiplicity is defined as n — rank(A; I — A), where n is the the dimension of matrix
A and rank(A) is the rank of A (the number of linearly independent rows or columns in it).

2.1.4 Similarity

We say that a matrix A is similar to a matrix B (and vice versa) if there exists a nonsingular transformation
matrix T, such that
A=TBT™!



2.1.5 Diagonalization
We say that a matrix A is diagonalizable if there exists a matrix 7 and a diagonal matrix A4 such that
A=TAT™,

where the diagonal elements of A4 are eigenvalues of A and the columns of T are the right eigenvectors
of 4,1i.e.
T=[m n2 -+ 1] €C™”"

or, conversely, we can write the transformation as
A =T AT,
where the rows of 7" are the left eigenvectors of A (transposed of course),
)
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If n; and #; are normalized, then T = 7.
Theorem 1. A matrix A is diagonalizable iff the geometric multiplicity of each its eigenvalue is equal

to its algebraic multiplicity. Otherwise, there exists an eigenvalue A; € spec(A) such that its geometric
multiplicity is smaller than its algebraic multiplicity, and A is called defective.

2.1.6 Real ”Diagonalization” of a Matrix with Complex Eigenvalues

If there is a pair of complex eigenvalues A;,A; = o + wj, then we also have two complex conjugate
eigenvectors,
ni, M =axjp
where «, 8 € R” are real valued vectors.
We now show a special representation of the matrix called “real diagonalization of a matrix with com-
plex eigenvalues.” We first define two linear combinations of our eigenvectors,

ni +ni — o and m—_m .y
2 2j
Defining
A o
T—[oz ,3] and AA—|:_0) o]
we get that

A=TAT".

Note that when doing this form of “diagonalizing” of the entire matrix A, we get A4 with either real
eigenvalues or blocks of 2 x 2 A4s on the main diagonal:

Ar O 0 O
0 (o)) (0)) 0
AA = 0 _a)z 02 O
0 0 0 A3



2.2 Matrix Functions

Let f : R — R be analytic, i.e. representable via its power series
o0
f@) =" fix) = fo+ fix+ fox” + -
J=0
Its matrix version f : R™*" — R™*" is defined as

fA) =) fi4l
j=0

for the very same scalar coeflicients f;. We can use two methods to calculate f(A):

1. Via diagonalization: If A4 is diagonalizable, then

f() 0
A=TMT' = f(A)=TfANT ' =T""! T
0 S (An)
If A has a pair of complex eigenvalues, we can use the “real diagonalization” form for that spesific

block:
A=TAT' = f(A) =Tf(AHT!

2. Via Cayley-Hamilton: By Cayley—Hamilton arguments we know there is {g; }"_, such that
00 . n—1 .
Sy =) fial =3 gid
j=0 i=0

In order to find the coefficients g;, define g(x) := Z?;Ol gix" and, assuming that all the eigenvalues
of A are simple, obtain that

[g0 g1 -~ gua] =[fR) fQ2) -+ fO)]VT!

where V is the (invertible) Vandermonde matrix

1 1 1

Al ,\2 An

V=1 . . :
)&’11_1 Ag—l . Az—l

If there is an eigenvalue A; of A, with the algebraic multiplicity u; > 1, then we need to add extra
conditions, viz. _
d/f(x)

dx/

_ d’/ g(x)
dx/

. Vi€

x=A;

x=A;



2.2.1 Matrix Exponential

The matrix exponential is a particular case of matrix functions, which is of a special interest. Let f(x) =
exp(x) = e*. Its power series is

1 1
x _ 2 3
e —1+x+2!x +3!x—|—

The form of the matrix version of this function that we are interested in is exp(At) = e4?, where ¢ € R.
The solution to the matrix function is as before. Specifically,

1. Via diagonalization,
et 0
e = TeMiT 1 =T T-!
0 ehnt

Or for the “real diagonalization of complex eigenvalues,”

eAt — TeAzT_l — TeUt COS(a)t) Sln(a)t) T—l
—sin(wt) cos(wt)

2. Via Cayley—Hamilton:

[g0 g1 -+ guo1]=[eM et ... eMl]YT!

where V' is the Vandermonde matrix.

2.3 Matrix Calculus

The derivative of a matrix A(¢) by a scalar ¢ € R is done component-wise:

ap(t) app(t) -+ an()
%(A(t)) _ dzl:(f) 5122‘(1) d2n:(t)
dnl(t) an(t) dnn(t)

Some properties:

CAOAH0) = S A0 + 40 (4:0)

d . _ i -1
A (1) =—A (z)(dlA(t))A (1)

d _
E(At)k = Ak (kt*1)
(;1_teAt — AeAl‘ — eAtA

The derivative of f : R™ — R” by its vector argument x € R™ is defined as

n o,
% — 9x1 dx2 0Xm c R<m
dx : : :

Un U .. n

0x1 x> 0xXm



3 Problems

Question 1. Consider the matrix

4 0 1
A=|-1 -6 -2
5 0 0

1. Find the diagonalizing transformation of A (in the real form if it exists).

2. Calculate the matrix exponent e using diagonalization.

3. Calculate the matrix exponent e’ using Cayley-Hamilton.

Solution.

1. First, calculate the characteristic polynomial:

A—4 0 —1
xa(A) = det(Al — A) = det 1 A+6 2
-5 0 A
A+6 1 2
Ri<R>
= det 0 A—4 —1 (Ciec;)
0 -5 A

= (A + 6) det ([1:54 _AID =A+6)((A—4H1—5)
=A+6)A2 =41 -5 =LA +6)A+ 1A —-5)

Therefore, the eigenvalues are

Ay=—-6, Ay=-1, A3=5

Now we calculate the eigenvectors:
For A; = —6:

Al =A)m =0

-6 0 O 4 0 1 M1
0O -6 0|—-|-1 -6 =2 maz| =0
0 0 -6 5 0 0 M1,3

_—10 0 —1 _T’]]’l

1 0 2 Mya2| = 0
L ) 0 —6 L71,3

[—1071,1 — 11,3 ] 0
mai+2ms (=10
L—511,1 — 67M1,3_ 0
To solve the set of equations we demand: 7,; = 1713 = 0, and 7, is a free variable. Thus, the
eigenvector that corresponds to an eigenvalue of A; = —6 is:
0
m=|1

0



For A, = —1:
(A2l —A)n2 =0
—1 0 0 B 4 0 1 2,1
0O -1 0 |—-]-1 —6 =2 22| =0
0o 0 -1 5 0 0 N2,3
-5 0 -1 M2,1 Rs=Rs—R, -5 0 -1 N2,1
1 5 2 M2 | = 0 1 5 2 N2 | = 0
=5 0 —1] [n2.3] 0 0 0JLms
[ 5021 — 123 0
N21+5022+2m3| =10
0 0
To solve the set of equations we demand: 7, 3 = —51,,1. Choosing 1,1 = —5 we get .3 = 25 and
N2 =—9
-5
n=|-9
25
For A3 = 5:
(A2l = A)n2 =0
500 4 0 1 n3,1
05 0|—-]-1 -6 =2 2| =0
0 0 5 5 0 0 n3.3
1 0 -1 n3.1 Rs=Rs+5R, 1 0 —1 n3,1
1 11 2 Nz =0——m |1 11 2 N2l =0
_—5 0 -5 N33 0 0 0 n3.3
[ —ma -3 0
31+ 11n32 +2n33 | = |0
B 0 0
To solve the set of equations we choose: 131 = 13,1 = 11 and 3, = —3:
11
n2=1|-3
11

The diagonalizing transformation is therefore A4 = T~'AT, where:

-6 0 0
Ag=]0 -1 0
L0 0 5
[0 —5 117
T=|1 -9 -3
0 25 11



2. To calculate the matrix exponent we’ll use the diagonal transformation:

eAt — TeAAtT—l
— -1

[0 —5 117 [e™® 0 0 0 -5 11
=1 -9 -3 0 e’ o 1 -9 -3

0 25 11][ 0o o e*]lo 25 11

[0 —5 117 [e~® 0] 1 —24 330 114
=1 -9 -3 0 e’ 0|—|—-11 0 11

- | 330
0 25 11l 0 0 o] 25 0 5
55(e7" + 5¢°) 0 55> —e™?)

=330 3(33e —8e % —25e>) 330e7% 3(38e7% —33e~! — 5e)

275(e> —e™) 0 55(5e7" + e)

3. To calculate the matrix exponent using Cayley-Hamilton we first define:

2
eAt — ZgiAi
i=0
Using the eigenvalues of 4, we can find these coefficients:
Ml = 8o+ gih1 + gzk%
et = 8o+ g1A2 + gzlé
M = go + 143 + €243

Or in matrix form:
1 1 1
[elll‘ Elzt EA3t] — [go 21 gZ] A'l A,z k?,

330

[—30e76 + 330e™" + 30e”

AA A
Substituting the values of A1, A5, A3:
1 1 1
[e—6t et 65t]=[g0 g1 gz] -6 —1 5
36 1 25
thus,
11 17!
[0 &1 g]=[ec% e &]|-6 -1 5
36 1 25
| 1 1 1
=[e™® e’ | _—Adj||-6 -1 5
330
36 1 25
. [-30 330 307
=[e7® e esf]% -24 —11 35
| 6 —11 5
L [0 24 6 '
=[e7® e eS’]% 330 —11 —11
30 35 5

—24e7% — 1le™" +35¢>  6e ¢ — 11e™" 4 5¢>]



Substituting the coefficients back into the matrix function:

e = gol + g14+ g2A4?

1 100 | 4 0 1
= ﬁ (_306—61 —+ 33oe_t + 3065t) 01 0 4 g (—246_6t - lle—t + 35651) 1 -6 -2 n
0 0 1 5 0 0
4 0 177
+— (67 —1le™" +35¢) | -1 —6 -2
330 5 0 0
1 1 00 1 4 0 1
= ﬁ (—306_61,‘ =+ 33Oe_t + 30e5t) 01 0 + g (—246_6t . lle—t + 3se5t) 1 -6 —2 n
0 0 1 5 0 0
1 21 0 4
+33 (6e™® —11e™ +5¢>) | -8 36 11
20 0 5
557" + 565t) 0 55(652‘ —e™)
= 330 3(33¢™" — 8% —25e%) 330e%" 3(38e % —33e~! — 5e°)
275(e> —e™) 0 55(5e7" + &)
\Y,

Question 2. Let A be the matrix:
-1 4
-1 -1
1. Find the diagonalizing transformation (in the real form if it exists).
2. Find the matrix exponential e4’.

Solution.

1. To find the diagonalizing transformation we’ll first find the eigenvalues and eigenvectors. First we’ll
calculate the eigenvalues:

A+1 —4

det(Al — A) = det (|: 1 PR

D:Az+2x+5:0

Solving the quadratic equations gives the complex eigenvalues:
klz=—1:|:2j=0':|:j(1)
While the eigenvalues are complex, the calculation for the eigenvectors is still the same,

(A2l — A2 =0
“1£2j 0 ~1 4 B
(e S e EESL
£2j =4 |m2 1] Ro=%2jR> [:I:2j —4} |:7712 1}
. S . T 1=0
[ 1 :|:2J:| |:7712,2 +£2) —4] | n12,2

£2jn12,1 — 40122 _ 0
0 0



We choose 71122 = 1 and get 112,17 F 2j, thus:

—2j
M, =—14+2j) = 1

2j
N2,(Aa=—1-2j) = 1

We can rewrite the eigenvectors in the following form:
10 " 2.
nl - 1 0 J
10 n 21.
772 - l 0 J

In general, in this course we can say that complex eigenvalues come in pairs because the matrix A
(which will usually represent masses, forces, moments, etc.) will be real. So we can always write:

N2 = o+ Bj

=[]0

In order for us to calculate using real values only, we define two new vectors:

~[o-[3

Using these two vectors we define the modal matrix:

and in our case:

and the real ”diagonal” matrix is:

o -1 2
Ad = |:—a) ai| N |:—2 —1]
2. The matrix exponential can be found using the “diagonalizing” transformation:

e = TeMT ! =[a Ble” [ cos(wt) sin(a)t)] [ ﬂ]—l

—sin(wt) cos(wt)
[0 =21 _,[cos2r) sin@)][0 —21"
- [1 o}e [— sin(2¢) cos(2t)] [1 o}
[0 =271 ;[ cos2t) sin2r)|1[ 0 2
N [1 0 :| ¢ |:— sin(2¢) cos(2t)] 2 |:—1 0]

- cos(2t) 2sin(2t)
—° [—O.SSin(zt) cos(ZI)]
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Question 3. Let A be the matrix:

1 2 =8
0 -1 4
0 -1 -1

1. Find the diagonalizing transformation (in the real form if it exists).

2. Find the matrix exponential e4?.
Solution.
1. We first find the eigenvalues and eigenvectors:

A—1 =2 8
det(Al —A)=| 0 A+1 —4 |=A-DA>+21+5 =0
0 1 A+1
From Question 2 we know that there are two complex eigenvalues, so in total the eigenvalues are:

/\.1 - 1,A23 = -1 :|:2J

We now calculate the eigenvectors:

For A, = 1:
0 -2 8 N1 1
0o 2 -4 Mma|=0—=>n =10
0 1 2 n,3 0
For A, = —1 + 2j:
-2+ 2_] -2 8 N2.1 1+ 3] 1 3
0 2j 4| m2|=0—>m=| =2j [=|0[+]]|-2
0 1 2j N2,3 1 1 0
Defining:
1 3
Ol4+j|-2|=a+jB
1 0

We know that 75 is the complex conjugate of 7,. Constructing the transformation matrix 7' (notice
the order of the columns) in the real form:

1 1 3
T=[m « B]=|0 0 -2
01 0
and the real diagonal” matrix is:
Ay 0 0 1 0 0
Ag=|0 o w|=[(0 -1 2
0 —w o 0 -2 -1
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2. We can now use the “diagonalizing” transformation to calculate the matrix exponent:

eAt — TeAAtT71

1 1 3 el 0 0
0 0 —2||0 e ’cos(2t) e 'sin(2¢)
01 0 0 —e’sin(2t) e cos(2t)

1 1 3
0 0 -2
01 O

-1

e’ 1.5e?' —0.5sin(2t) — 1.5cos(2t) —e?' —cos(2t) — 3sin(21)
2sin(2t)
cos(2t)

=e'| 0 cos(2t)
0 —0.5sin(2¢)

Question 4. Let A € R"*™ be a matrix and x € R be a vector. Calculate the derivative of

y = Ax e R"
by x.
Solution. Let us first express the vector y:
ap apz -0 daim X1 apxy +appxy + -
daz1 dzpx -+ dom X2 az1X1 + dxpXxy + -
y=Ax=| | . . L=
ap1 dp2 *°° Adpm Xm Ap1X1 + ApoXo + - -+

The derivative of y by x is done element-wise so:

%(Z;n:lalixi) %(2121011%) N ar
dy % (X072 azixi) % (X azixi) - e
ax =

% (sz:] anixi) % (Z;n:l am-xl-) .. an1

AimXm
AomXm

AnmXm

agz
az

An2

PR ATEY
> i a2iX

die1 AniXi

Aim
aom

Anm



4 Homework problems

Question 5. Consider:

1. Find the diagonalizing transformation of A (in the real form if it exists).

2. Calculate the matrix exponent using Cayley-Hamilton.

Solution.

1. The characteristic polynomial:

-2 -2
—2

A+1

+1
-2 A+1
B
2 2]
A4+1 =2
—A—3 A+43]
—4 2
A-1 =2

A
ya(A) = det(A] — A) = det
P A+ 1
=7 et -2
0
A+ 1
— Ot et || 22
L0
— (A + 3)det ([Ajzl

—4
A —

0

1

A+3

D =A+3)(A+DA=-1) =8 =---= A +3)21-3)

The eigenvalues are therefore:
k]z = —3, A3 =3

where A, has an algebraic multiplicity of 2 and A3 has an algebraic multiplicity of 1. Now we
calculate the eigenvectors:

For A1, = —3:
(A2l —A)n12 =0
-3 0 07 -1 2 2 N12,1
0 -3 0 — 2 —1 2 N12,2 =0
0 0 -3] 2 2 -1 N12,3
[—2 2 2 _7712,1
-2 -2 =2 N2z | =0
| =2 =2 2] [m23
Notice that:
-2 -2 =2
rank -2 -2 =2 =1
-2 -2 =2

So the geometric multiplicity of A1, is also 2, thus A is not defective and is diagonalizable.
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After some row reduction, we get the below system of equations:

Ni2,1 + Ni2,2 + N12,3 0
0 =10
0 0
Choosing 712,2 = s and 112,3 =t we get:
Nz, = —8s —1
thus,
N12,1 —s — 1 —17] -1
N2 = |MN22| = s =1 |s+]| 0|t
N12,3 t L 0 | 1

Since the above equation is valid for all s and ¢, and so for s = ¢ = 1 in particular, we write:

-1 -1
N1z = span 11|,
0 L1 ]
From here we have two eigenvectors corresponding to the eigenvalue A;, = —3:
-1 -1
m=1|11|.n=
0 1
For A3 = 3:
(A3l —A)n3 =0
300 —1 2 2 n3,1
0 3 0(—-(2 -1 2 N2l =0
0 0 3 2 2 -1 n3,3
N3,1
32| =0
—2 —2 13,3
0 6 €] [m
32| =0
n3,3
R“;{fh 3,1
2 O N2 | = 0
0 0 0 n3,3
N32 — 13,3 0
na—m2| =10
0 0

So the eigenvector corresponding to eigenvalue A3 = 3 is:

73,1 1
N3 =1M32 | = 1
13,3 1
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We can now diagonalize the matrix using the transformation A4 = T~!AT, where:

-3 0 0
Ag=|0 =30
L0 0 3]
[—1 —1 1]
rT={1 0 1
L0 1 1]
2. We now use Cayley-Hamilton to calculate the matrix exponent. Since the multiplicity of 1, = —3

is 2 we need to use the extension of Cayley-Hamilton. We are looking for coefficients gg, g1, > that
fulfill:

2
exp(Ar) =) gid'
i=0

Using the eigenvalues of A, we can find these coefficients:

et =g + g1hi2 + 824,

A2t = gy + 2g2A12

M’ = go + g1As + £2A3

Or in matrix form:

1 0 1
[eti2t A ER2t EMT =Tgo g1 g |Aiz 1 A3
AL 2h A3

Where due to the fact that A1, has an algebraic multiplicity of 2, we also had to use derivatives of
the CH equations. Substituting the values of A5, A3:

1 0 1
[e7¥ =3¢ e¥]=[g0 g1 &]|-3 1 3
9 -6 9
thus,
10 17
[0 &1 g]=[e* -3¢ &¥]|-3 1 3 =
9 -6 9
[0.75 —1/6 —1/36
=[e7® 3 e¥]| 15 0 -1/6|=
1025 1/6  1/36

= [—(15/4)e™ + (1/4)e* (=1/6)e™ + (1/6)e* (17/36)e™>" + (1/36)e* |
Substituting back into the matrix exponential:

exp(Ar) = gol + g14 + g24> =
= (—(15/4)e 3 + (1/4)e>) I + ((—1/6)e 3 + (1/6)e> )4 + ((17/36)e™>" + (1/36)e)A? =
2e—3t/3 + e3t/3 e3t/3 _ e—3t/3 e3t/3 _ e—3t/3
== | e}¥/3—e3/3 2e73/34+€¥/3 e/3—-e/3
e¥/3—e3/3  e3/3-e3/3 (2673 /3 +e%/3



15

Question 6. Find the derivative of the vector f € R as a function of x € R?:

X3 — 2x2 + 5sin(x2)

Xpe*! — 3x,
X1

l—xz—x§
Solution. The derivative of f € R3 by x € R? is:
gﬁ gﬁ
o _ | i
=l 2
ox o an
0x1 0x>

Calculating each scalar derivative individually we get:

fi _ Ax] —2x2 + 5sin(x2))

= 3x?
Bxl Bxl e
0 A(x3 -2 5sin(x2
aft _ (x7 —2x2 + 5sin(x2)) — —2 + 5cos(x2)
8X2 8x2
afs  0(x2e™ —3x2) X
—— = ——— = = x5e
8x1 axl
Ofa _ 000e™ =3x2) _ 4
sz 8x2
X
o _(=5)
ox; 0x1 N 1 —xp —x3
il
% o 1—xo—x5) I+ 2x;
Xy 9x, (1 —xp, —x2)2
Plugging into the matrix:
3x2 =24 5cos(x
of 3 N (x2)
— X2€ (& -3
dax 1 1+2x>
17x27x§ (lfngx%)2

Notice that when differentiating a vector of size 3 x 1 by a vector of size 2 x 1, we get a matrix of size
3x2. \Y%

Question 7. Find the derivative of matrix 4 € R3*3 by scalarz € R:

t sint Se !
A=| Int L@ (2t +1)* (3t — 5)?

N3t 412 312 -2t +1 In(e! + 1)?
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Solution. The derivative of A by ¢ is done element-wise:

dt—l
de

d

—(sint) = t

" (sint) = cos

d (1 _, L1, 1
a(t—ze )Z—t—36 —t—ze :_[_36 (1+t)

d 1
—(Int) = -
dt(n) t

d cost _ (=sint)(1 +sinr) —cos?s  —sint —sin’t —cos?1 14+sin 1
dr \'1 4+ sin¢ (1 4 sint)? N (1 4 sint)? (1 +sint)2 (1 +4sin)
d

5 (2t + 1)*@3r —5)%) =82t + 1)°(Br — 5)> + 6(21 + 1)*(3t — 5) =

=2t + 1)@t =5 1[803t =5 +6Q2t+ 1)] = (2t + 1)*(3t —5)[241 — 40 + 121 + 6] =
=22t 4+ 1)>(3t — 5)(18t — 17)

d 3421
— (V3 +2) =
dt( ) 24/3t + 12

d
— (B2 =2t +1)=6t -2

dt( +1)

d

a(lnz(e’ +1)) = 21In(e’ + 1)e’

So the matrix derivative is:

1 cost —&e (1 +1)
1 1
GA=| b a2+ 1)3(3t,_ 5= 17)
m 6t —2 21n(e + l)e

\Y%

Question 8. Let A() € R™™P, B(t) € R?>*™ and C € R™" be matrices that depend on scalar ¢ € R. Prove
the following statements:

L S(A0)B(0) = ($A0)B(@) + A() (L B()).
2. £(C7H@) = -CTH(F @)
Solution.

1. We first express the matrices A(¢)B(t):

ajp dip2 ... diyp b11 b]z b]m
dzy dzx ... dzp b21 b22 e b2m
A()B(t) = -
| dn1 dn2 ... dpp bpl bp2 Ce bpm
[\ P p
Zizl aiibip ... Z,~=1 aibim
D D
_Zi=1 anibin ... Zi:l anibim
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Differentiating element-wise by ¢ gives:

d % (X aubn) ... % (XL aribim)
E(A(I)B(t)) = : . :
%(Zf:lanibil) %( P anibim)
Py ((%ali)bil + ali(%bil)) - ((%a”)bl,m + ali(%b;m))
> ((Sani)bin + ani(Sbi1)) ... P ani)bim + ani (Lbim))
(Xl (Gaba) e X (Grnob) P (b)Y (b))
L2 (@anb) o B (Gandbi) ] LE0 (ani b)) o S (ani(Gbim)
(L£A®)B®) R
= d A(t) ) B(t A(t d B(t
—(a ()) 1)+ ()(a ())
Q.E.D.

. Using the definition of matrix inversion:
c'lc=1
Deriving both sides of the equation:

d d
—(C7'C) = —1 = 0x
i )= nxn

From section 1 of this question:

d .. d, L, d
(€710 = (CTHC+CT L (O)

therefore,
d d
—(CTHC +C7'—=(C) = Onx
(CTNC + €T (C) = Oy
d d
—(Cc™hHhc =-c'=(C
€ o ©
Multiplying both sides of the equation by C ! from the right gives:
d d
—(CH==-Cc"'=()c!
7€) ©

Q.E.D.



