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1 Topics

Laplace transform, Z transform, Region of Convergence, partial fraction expansion.

2 Definitions

2.1 Fourier series

If x : R — R is T-periodic and continuous, then we can decompose it into a Fourier series

+o0 )
x() =Y X[k]el*
k=—o00
where
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X[kl == / x(r)eTieokt gy
T J_1)2
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T
2.2 Fourier transform
The Fourier transform is defined as
+o0 )
X(j) = @) o) = [ x(O)e o dr
—0o0

Under some mild conditions (see slides), the inverse Fourier transform is

+o00o
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3 Problems

Question 1. Consider the signal x defined as

(1) = [sin(@xt + ¢)| = /\/\M

—p/ox 0 (1 — )/ t

1. Identify the period T and the fundamental frequency wy.
2. Decompose this signal into its Fourier series.

3. Apply the Fourier transform to this signal.

Solution.
1. The period of the sine wave is 277 /wy, but the period of our signal is half that.

T 27
T = — — w0=7=2wx

2. By the definition of the Fourier coefficient,
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where the fact that |sin(wt + ¢)|e i*0k! is T-periodic for all k € Z and is used, in addition to
Tw, = .

In figure 1, we show the partial Fourier series.
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Fig. 1: Partial Fourier series.

3. A T-periodic and continuous signal x can easily be transformed to the Fourier domain. We shall
denote the Fourier coefficients by X’[k] in order to avoid confusion with X (jw).

+o00
x()= Y X[k]elok

k=—00
I +o00
= X(jo) = (3’{ Z X[k]ejwokt}) (») = Z X[KF {ejwokt}
k=—00 k=—00
+00
=X(jo) =27 Y X[k|§(@ — kay).
k=—00

where we used the fact that § {e/*0%'} = 27§(w — kwo) as was seen in the lecture. We can now use

this result to calculate the Fourier spectrum knowing that X'[k] = %.
ei20k
X(jw) = 27 Z —kz)S(w kwo) = 4 Z T 8@ — ko)



The magnitude of the Fourier spectrum is shown in figure 2.
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Fig. 2: Fourier spectrum.
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Question 2. Match the signals in the time domain (figure 3) to their corresponding magnitude Fourier
spectrum (figure 4).
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Fig. 3: Signals in the time domain.
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Fig. 4: Signals in the frequency domain.
Solution.
x(@) | |X(jo)|
(a) 2
(b) “4)
(c) (D
(d) 3)

Periodic signals are always characterized by Dirac pulses in the Fourier domain. Signals (a) and (d)
only have sinusoidal components and therefore fall into this category. The main contribution of signal (a)
is slower than signal (d), but signal (a) also has an extra high frequency component.

Signals (b) and (c) are rectangular pulses and are therefore aperiodic. The shorter pulse is more
stretched in the Fourier domain and vice versa. This is known as the time scaling property. Take ¢ > 0
(see question 8 for ¢ € R). If y(¢) = x(ct), then

+o00 ) 1 +o0 »
Y(jw) = / x(ct)e idr = c / x(ct)e 356D d(cr)

oo —00

1 [t w0 1 1
= —/ x()eeldy = —X (—ja)),
S J-o0 S S

with v = ¢¢. Therefore, stretching the signal in the time domain will cause the signal to contract in the
Fourier domain.
What about a shift in time as is the case in signal (b)? If y(¢) = x(¢ + 1), then

+o0 ) ) +o00 )
Y (jw) = / x(t + r)eldr = eIt / x(r 4+ 1)e T4 + 1)

o0 —00

. +w . .
= eJ“”/ x(v)e™Ydv = T X (jw),

o0

with v = x + 7. Therefore, the shift in time only influences the phase of the signal and therefore has no
effect on the the magnitude of the spectrum | X (jw)|, which is what we plot in figure 4. \Y%



Question 3. Consider the signal y shown in figure 5 defined as

y =Syparect=S_jprect = y(r) =rect(t + 1) —rect(r — 1),

with
1 |t <1/2
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0 otherwise
y(t
) (t)
05
0
-05r
_1 -
-2 -1 0 1 2
t

Fig. 5: Signal used in question 3.

1. Show that y(r) = & tent(t).
2. Find the Fourier transform of y.

3. Find the Fourier transform of the following signal by using the previous result.
r 1 t 1
y(t) = rect (— + —) —rect (— — —) ,witha > 0
a 2 a 2

Solution.

1. The tent function is given by

1—t if0<t<l1

L= if o] <1 .
tent(t) = ] =314t if —1<t<0.
0 if |t] > 1 )
0 if || > 1
Deriving this gives

-1 ifo<tr<1

dtent(z) ]
= if —1<t<0,
dr
0 ifjtfl>1

which is equal to our signal y.

2. We will use the following two things you’ve seen in the lecture to find the Fourier transform of x.

(F{tent}) (jw) = sinc*(w/2)
y =dx/dt and ) liril x() =0 = Y(jo)=joX(o)



The first statement is left as an exercise to the reader (see question 10). The second statement is the
differentiation property and will be proven here.

+o0 ' oo qx . oo
vior= [ vweta = [ Seta = [

(o¢] —0o0 oo

= [e‘jwtx(t)]f: — /_+°°

where we used integration by parts. Combining both of these results, we get

x(t)d(e™ ") = jw[ x()e ldt = jwX(jw),

oo —00

Y(jw) = jo(F{tent})(jw) = jo sinc*(w/2)

3. We will use the time scaling property:

Y(0) = x(ct) = Y(jw) = - X (%‘w)
5] S

In our case ¢ = 1/a > 0. Therefore,

Y(jw) = I/Laj% sinc? (1/%/2) = jwa? sinc*(aw/2)

Question 4. Consider y = sinc, where

sinc(t) = sint(t) .

1. Find the Fourier transform of this signal.
2. Use Parseval’s theorem,
1
2 2
= — Y s
15 = o113

where [|y|3 = fjozo|y(t)|2dt and Y |3 = f_JrOZO|Y(jw)|2dw, to calculate the 2-norm squared of y.

Solution.

1. We will use the following result you’ve seen in the lecture (see also question 9).

(F{rect})(jw) = sinc(w/2)

We will also use the duality property, which we will prove here once again. If y = X|,=;, i.e.
y(t) = X(jt), where X(jw) = (F{x})(jo) = ffoox(t)e_j“”dt, then

o0

+o00 +o00
Y(jw) =/_ y(t)e @l ds =/ X(jt)e*tds

oo —00

2 +o00 ) B
= X(j@)el9%d@ = 27 x (—w)
T J-co

where we used ¢ = @ in addition to the definition of the inverse Fourier transform.



Now we can apply these things to our signal. y(¢) = sinc(¢) = X (j¢). By using the scaling property
and linearity, we know that
(F{rect})(jw) = sinc(w/2)
4
(§{P1/2 rect})(jow) = 2sinc(w), where (P rect)(z) = rect(t/2)
4

1
(S { EIPI/Z rect}) (jw) = sinc(w)
From this we can deduce that the left-hand-side is x(¢), i.e. x(¢) = rect(z/2)/2. Therefore,
1
Y(jw) =2nx(—w) = 2715 rect(—w/2) = wrect(—w/2) = mwrect(w/2),

where the fact that rect(—¢) = rect(¢) was used.

2. Tt s not trivial at all to calculate the integral of the sinc?. Luckily, we can use Parseval’s theorem.

+o00 1 1 400
i3 = [ sintodr = viE= o [ lrreatto/2)Pdo
400 0.5

+o0
- / rect(w/2)dw ( -z / rect(@)de =7 | do =7,
2 J o=w/2 —00 -0.5

where we used the fact that rect® = rect.



4 Homework problems
Question 5. Consider the signal x defined as
x(t) = 5sin(2¢) + 0.1 cos(10¢)
1. Our signal contains a “slow” and a “fast” part. Identify them.
2. Identify the period T and the fundamental frequency wy.
3. Decompose this signal into its Fourier series.

4. Apply the Fourier transform to this signal.

Solution.
1. 5sin(2¢) is the slow part, while 0.1 cos(10¢) is faster, because 2 < 10.

2. The period is the least common multiple of the periods of both parts. In our case it’s simple because
10 is a multiple of 2.

(1)():2
2
Tz—j-[:n
wo

3. We can use a trick here to make our lives easier.

e_]'2[ _ e—j2[ eja)ot _ e—ja)ot

sin(2t) = =
=0 2j 2j
ell0f 4 o—jl0r  ojSwot 4 a—iSwot
cos(10t) = + = i
2 2
eja)ot _ e—ja)ot ejSa)()t + e—ijOt
= x(t)=5 - + 0.1
2j 2

= —2.5jel*" 4 2.5je7I*0" 4 0.05e°?0" 4 0.05¢ 3!

Now, we can easily identify the Fourier coefficients.

F2.5] k==£1
X[k] = 10.05 k=45
0 otherwise

4. We can use the result from question 1.

+o00
X(jo) =21 Y X[k]8(w — ko)
k=—00

= 27 (—2.5j8(w — wp) + 2.5j6(w + wp) + 0.055(w — 5wp) + 0.058(w + 5wp))
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Question 6. Show that X(jo) = X(—jw) if x(¢) € R.

Solution.

+o0 +o0 +o0 )
X(—jw) = / x(t)e iCoidr = / x(1)eletdr = / x(H)e 9 dr = X(jw),

oo —00 —00

where we used the fact that x () = x(¢). An important consequence of this is that | X (jw)| = | X(—jw)]|
and arg X (jo) = —arg X(—jw).

We can also prove this by using the conjugation property, i.e. if y = X, then Y (jo) = X(—jw). Apply-
ing this to our real signal x(¢) € R, we get

x =% = X(jw) = X(—jw)

Question 7. Consider the signal x defined as
x(1) = [sin(wxt)]
1. Identify the period T and the fundamental frequency wy.
2. Decompose this signal into its Fourier series.
3. Derive the time shift property of Fourier series. If y = $.x, then Y [k] = el®o™* X [k]

4. Use the previous results and the time shift property to derive the Fourier series of the signal in
question 1, i.e. x(¢) = |sin(wxt + ¢)|.

Solution.
1. T = a’f—x,a)o: 27” = 2wy.

3. If y(t) = x(t + 1), then

+T/2 ) +T/2 -
Y[k] = / y(t)e_J“’"ktdl — f X([ + I)e_onk’d[
-T/2 -T/2
e +T/2+7
= etk / x(t + T)e_jw()k(l+r)d(l + 1) — elwotk / X(S)e—jwoksds
T/ s=rtT —T/241

_ +T/2 ‘ _
= elootk / x(s)eﬂ“"’ksds = eJ“’“kX[k],
—T/2

where we used the fact that x (s)e™i90%$ is T-periodic.

4. The time shift is equal to T = ¢/wy = 2¢/wy. Therefore, we get el®0™* = ei2¢%  Thus, X[k] =
2ei20k

-4k

Question 8. Show that for any ¢ € R, the following is true.

y=Px=x(st) = Y(jw) = EllX (éjw)



Solution. See the lecture slides.

Question 9. Show that §{rect} = sinc(w/2).
Solution. See the lecture slides.

Question 10. Show that F{tent} = sinc*(w/2).

Solution. See the lecture slides.

Question 11 (Signals and Transforms, exercise 3.10). Let x(¢) be the 2-periodic signal such that

x(t)=1> —nw<t<m

Determine the Fourier coefficients X [k] and write down the Fourier series of x.

Solution.
+o00
x@)= Y X[kl

k=—o0
where wg = 1 and

”i k=0

XkI=4 2 s
(D5 k#0

Question 12 (Signals and Transforms, exercise 4.4(f)).

1. Determine the Fourier transform of the following signal.

x(r) = e

2. Use the above result to calculate the Fourier transform of this signal.

1

) =
x() 14122

Solution.

2
1+w?”

L _ 1
(sl )@=

1. By integration, we get (§{e "1})(w) =

2. By using linearity, we know that

By duality, we have

1 +1¢2

(3{ ! }) (w) =2nx(—w) = 271%6_'_‘”‘ = re 1@l
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